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DB 

INTEGRATIONE FORMVLARVM DIFFERENTIA- 
LIVM SECVNDI GRADVS SIMPUCIVM. 

Definitio. 

701?. 

Pofitls binis Yariabilibus x et y, fi vocerur t>r=pdx et 
dp — qdx, aequatio quaecunque, relarionem inter quati- 
titates x, y, p ct q definiens, vocatur aequatio tiitTerciicialis 
fecundi gradus iurer bmas varialiiles x ct 3. 

Corollarium 1. 

707. Quemadmodum ergo littera p impllcat ratio- 
nem diffcrcnrialium primi gradus, dum eft /> = ita littera 
¥ = j| implicat rationetn differentialium fecundi gradus. Sum- 
to cnim vt vulgo fieri folet, elemento dx conilancc , erit 
i)p — idcoque q — ii?. 

Corollarium 2. 

708. Quatenus ergn in aequatione propnfita littera 
f ineft, eatenus ea eft differentialis fecundi gradus. Si enim 
q abeflet, ob folam p eflct tantum diflercnttalis primi gradusj 
ac fi nequc p neque q incMet, aequiitio foret inter x et y, 
neque quicquam praeterea quacrcretur. 

Coroilarium 3. 

700. Mcthodus crgo dcfidcratur, propofita aequatlo- 
ne quacunque piaeter binas variabiles x et jj etiam quancita- 
A a te» 
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tes p — ^ er f — J| inuoluente, inueniendi rclationem in- 
ter ipfas x et .r, vnde pateat, qualis y lit funftio ipfius *, 
feu vkillim, 

Scholion i. 

710. Hoc modo litteram q introducendo aequationes 
differcntio - differcntiales 3 conditioue illa, qua quodpiam dif- 
ferentiale primi gr.idus pro conflante affumi folet, liberantur. 
Cum enim ad meras quantitates finitas rctiocentur, quae ra- 
lionem diffcrcntialium primi gradus exprimunt, confideratio 
differentialis conflantis ne locum (juidem habere poteli. Quan- 
do ergo aequationes difierentio - differentialcs more folito ita 
exhibentur, vt ouodpiam differentiale conflans fit afiiimtum , 
introducendo liiteras p — t2 et g =z if , fpecics cifferentiali- 
um pcnitus tollitur, dum aeqn.itio tantnm quanritates finitas 
compleflitur. Arque etiarn vicitlim propofita acquntione inter 
quantitates finitas x, y, p, , ea ad formarn vulgarcm infinitis 
modis teduci potell, prout aliud atque aliud diffcreutiale pio 
conilante alfumitur, quae ramcn omnes formac fpecie diuerfae 
inter fe pcrfctfe conncniunt, quin ciiam nullo diffcrentiali 
couflante alfumto euolutio in formam foliram fieri potefl. 

Scholion 2. 

711. Primum igitnr brcuiter cxponi conucnict, quo- 
modo aequatio more folito per differcntialia fccundi gradu» 
exprefia ad formam noliram reduci queat, quodcunque diffe- 
rentiale conilans fuerit afiumtum. Sit ds hoc diffcrcntialc pro 
conllanie fumtum, cuius ergo ratio ad <)x, ob t2 — p, per 
p et fortc iplas vaiiafailes x et y datur; ponatur ergo 9r 
z^vdx, vt v fiat quantitas finita. Iam cum in acquatione 
occurrant ddxctddy, vcl altcrutrum faltcm, loco ddx fcriba- 
tur 3j.<K^, q^uVpb Ds cpnftans fit vtiquc ds.d. if = ddx. 
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Erir. ergo 33 x =$id . I = — l£z ■ Slmili modo loco 39j> 
feribendo d i . 8 i-d.^&u 3 3r = • 
Cara igitur v per p, x et j dctur, erit 

3w = Md^+N3^ + P3^ = 9*(M:*Nj-»-Ptf)j 
ob 3p^:y3jr, Gcque fiet 

33* = — ^(M-l-Np-r-P?) et 
3 3j — '*-($ v — Mp — N'p* — P f ?)» 
hiquc vaiores loco 33* et 33r fubftituti in aequatione tantum 
diffl-renmlut primi gradus rclinqucnt, quibus omnibus sd t) x 
redudlis, aequatio per diuifioncm prorfus a differentialibus li- 
bcrabitur. Dcindc vidlbm hniusmodi aequatio inter x,y,p 
ei q propofita in formam folitam, fumto quopiam clemento 
conftante, euoluetur, fi primo pro p vbique fcribatur loco 
g auiem L 3 . i2 - ybi quidem nullius adhuc 

elemend conllantis ratio tft habita. At ob ds=.vdx con- 
flans, infuper erit 

vddx-t-dvdx = Oi feu ob 3w = M3* +- N3/ + P3. 12 t 
v 3 3 * -h M 3 ** -i- N 3 x 3 y -+■ U^±y=i2il^ = o , 
vnde, pro lubitu vel 33* ve! 33f elidi potelt, neutro au- 
tem elifo iniiuitae formac aequiualentes exhiberi poffunt, 

Scholion 2- 
■jri. Htnc crgo praefUntia formae finirae, ad quam 
hic aequationcs differcntio- diffcremialcs rcuocamus, prae more 
folito eas exhibendi liiculenter pcrfpicitnrj cum cadem aequa- 
rio rnore foliro infinitis modis, prout aliud aiqne aiiud ele- 
rnentum conftans affumitur, rcpratlentari poHit, dum nollro 
inore eadem aequatio femper ad vnicam formam reduciiur. 
Quodfi crgo nollro more aequariones prodeant diuerfae, cer- 
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tum eft iis qnoque diuerfiis relationes , inter variabiles x tt / 
exprimi, cum conrra iolito more diucrfiliimac aequationes diP- 
ferentio-difrerentiales eandem relationem inditarc queant, ex 
quibus plerumque difficile eft eam cligere, quae ad retolutio- 
jiem maxime fit accommodata. Cnm igirur Iiic eiusmodi me- 
thodus requirarur, cuius ope propofira quacunque aequarione 
inter quaternas quaotitates x, j, perq, relatio inter binas va« 
riabiles x et y definiri queat, quaniam haec quaeltio vires 
humanas fnperare videtur, a cafibus fimpliciliimis erit exordi- 
endum. Caliis autcm fimplidillmi fine dubio funt, qaando 
in aequatione propofira duae tantum infuot quantttares, fcili- 
cet vel x et q tantum, vel j et q, vcl p et q; boc cft fi j 
aequetur fundtioni vel ipfius x, vel ipfius y, ve! ipfius p tari- 
tum; quos cafus in hoc capite cuolueie conftiruimus. 

Definitio. 

713. Formula differeniio - difTercntialis fimplex eftj 
quando pofito d}—pdx et dp~qi)x. (]uaiitiras q aequa- 
tut fuoflioni vet ipfius x, vel ipfius j, vei ipiius p tantum. 

Corollarhim 1. 

714. Triplices ergo habcmus formulas differenrio-dif- 
ferentialcs flmplices, quarum rclblurionem in hoc capite do- 
ceri conuenir, prout quanriras q vcl per functionem ipfius p, 
Tel ipfius Xy vel ipfius y tautum deterniinatur. 

Corollariiim 2. 

715. Si errjo X denotet funftionem iplius x, Y ip- 
fius », et P ipfius p tantum, tcrna genera harum formularum 
fimplicium funt i) q — X, 2) y=:Y, 3) S — P; "n quibuf 
«ontiuetur cafus fimpliciffimus j =l Conft. 

Corol- 
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Corollarium 3. 

716. S! has formulas morc folito exprimere Telimiis, 
ob q = t£ ~ ~-d. fumto elemento 3 Jr conftante , erit 
y — ilf; fumto clemento dy conftante , erit q~ — ; 
nullo autem fumto cooftante, erit q ~ — quibuj 
fimplicitas earum formularum haud mediocriter offufcarur. 

Corollarium 4. 

717. Si elementum / (3 x* -+- 3 t'), quod faepe flt; 
conftans accipiatur , erit dxddx-i-dyddj' ~ o; Tnde po- 
ftremus vnlor iplius q , vet ob 3 dy — — abit in 
g== — tiZLtgeim, vel ob dd^^-iiiL? abic in 

Scholion. 

713. Repudiara ergo penrtus Tnlgari ratione aequatio» 
nes differentio - differentiales exprimendi , quippe qua fbrmo 
lae in fc fatis limplices vehcmenter complkatae euadere pos- 
fent, ratione hic ftabilita vtamur, indeoue refolutionem huiua- 
modi formularum fimplicium doceamus. 

Problema 92. 

719. Polito dy —pdx et dp=qdx, fi q aequetur 
fundtioni cuicunque ipfius p , iuuenire relationem intcr ipfac 
variabiles x et y. 

Solutio. 

Sit ergo q — V, denotante P funftionem qnamcunqne 
ipfius.p: quooiam igitur eft q - i| , erit Dp-Vdx, tnncque 
3 jr — ^ , et Zy = pdx = tp. 
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Ex quo eonfequimur integrando 

ita Tt tam x, qmm j per eandem nouam variabilem p deter- 
minetur. Atque eum duae nouae conftantes a et b pcr du- 
plicem inregrationem. fint iutroductae, lioc integrale pro con> 
pleto etit habcndum. 

Corollarium i. 

710. Acquatio ? = P, cuius integrationem hic tradi- 
■dimus, (i in formam confuctam, fumro ax conftante, rcfolua- 
tnr, ob q=*J-{, transmutabitur in idy =3*"/.: ||j quae 
e(l acquatio difFercntio-.difFerentialis, iu qua. ipfae variabiles * 
et y non occutrunt. 

Corollarium 2. 

711. Talis quoque forma prodit, fi elementum 3j> 
vel alia cxpreflio differentialis, in quam ipfac * ct y non iu- 
.grediuntur, veluri / (3 x* H- oy l ) pro conftante fumatur. Hoc 
_ergp modo omnis aequatio diffcrentio - differentialis in quam 
ipfae variabiles x ct y non ingrcdiuntur, intcgrari potcrit. 

Corollarium 3. 

712. Sin autcm Iiuiusmodi elementum y 3 x — xoy 
«onftans affumatur, vt y 3 3 x — x d dy =-o , ob ■ 

q = £ 3. i2 — 122*2=121}*. , fict 

f nn-,i)|»t It» — *3yW S? f 

quae exprefiio, fi acquetur funfliont ipfius p _: ~ , integrari 
poteiit. 

Corol- 
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Corollarium 4. 

•723. Si fuerit P quantitas conftatis, Vt fit ?-/, erit 

jt=b*i(x-d?, feu yzzlfxx-efx+laaf+i, 
feu mutata furma conftantiurn j> = if x x -+• C x -+- D. 

Scholion. 

■724.. Cum fciiicet aequatio differentio - differentiatii 
duplici integratioue indigeat, fi vtraquc omni extcnfione infti- 
tuatar, duac nouae conftantes atbitrariae introducuntur; in quo 
criterium , num huiusmodi integrale fit completum , confiflir. 
Queinadmodum enim acquationum differeutialium primi gradus 
integratio cnmpleta vnam conftantem nrbitrariam implicat , ita 
fi aequatio differenrinlis fuerit fecundi gradus, binae conftantes 
nouac in intcgrale complctum ingrcdicntur , tcroae autem ac 
plurcs , (i acquatio differentialis fuerit tertii altiorisue gradus. 
Problemata autem, quorum refoludo ad hniusmodi aequationes 
diffcrentialcs altiorum graduum dcducunt , naturn liia ita funt 
comparata, vt folutionis determinatio totidem conftantes requi- 
rat. Ita in acquatione q — /, feu fumto Sx conftante, ddy 
= fdx 1 , acquatio iutegralis complcta y = ',fx x -+- C x -+- D 
duas conftantes nouas C et D inuoluit , quod etiam in fub- 
iunflis cxemplis patcbit. 

Exemplum r. 

715. Acquoiioms iflffcrentio - dtfjirtnlioHs adSy-dxdy, 
in ana elemmtum d x canfians tfi famttim , integrale completum 

Pofuo dy=pdx et dp = qdx, erit ddj = qdx*, 
bincque a q = p, et P — Quorirea integratio praebet 
Vol. II. B " x = 
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*=/l|± = C + a/p et j=fad?=V + ap. . 
Cnm igitnr fit 

f = 2=5, erit jr = C-ha 
quae eft aequatio inregralis completa binas conftantes C et D 
inuolucns. 

Exemplum 2. 

756. Pq/eft» 3r con,1aitte, inuenire atquationem imtr x 
tt j, vt fiat l )1 '±. j m' t J L±- 1 /' — a. 

Pofito ^y—p dx, ob 9.v conftans, crit 93^ = 9^9*, 
iicque noftra aequatio eft " . " f _J " ~+~ tt> dx^za, vnde fit 

—*P t et gj= — 
(i-hppf (■-+-?*/ 
Per integrationem ergo nancircimur 

ynde conclndimus 

(A — xy-h(j — B)*=oa. 

Corollarium, 

727. Si JT et .r denotent coordinatas reftangulas lineae 
enruae , formula '* J ' ±jjlI2J.tfl^: J ■>' _ > cxpnmit eius radium 
ofculi , qui crgo vt (it conttaus = 0, acquatio intcgralis in- 
Tcnta circulum radio a defctibendum indicat. 

Exemplum 3. 

723. Pofito 3j = / (djr*-t-3/) ro?(ff /bw« confiante, 
imitnire atqualionem inttr x tt y, vt fiat — ^y-. 

Pona- 
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Ponatur dj> =p 3ar, erit ds^dxy^i-hpp), 
ob 9 S conltans 

9 3 x V (' +PP) -f- i^^j = °i <™ 

vnde aequatio propofita abit in 

tl£gL±f*l (i +pp)=±, feu 
?p 



P(i-+-PP? (.*-*-Pt)* 

At pro illa formula ftatuatur ? — J-, eritqnc 

nrrSr fi r> r a dr 

Tndc fit integrando 

*_C — ^^^^-r-^fr + /(i+fr)], feu 

Exemplum 4. 

729. Po/Tto ^/_V'C^**+^J , ), tleainto /um- 

to canjianic, fieri oporteal = a Ang. tang. 

Si fiat vt antc 3j_p3*, orietur haec acquatlo iu- 
tegranda 

___LL±iJ__aAng.tang.p, feu 

B 2 3 * = 
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3 x — -J T a3p . Ang. tang. ?, et 

dy z= — _ ?&? _ Ang. rang. 
( 1 -H p f ) 

Cum uunc Ct d. Ang. tang. p := t - * p ■ , erit 

' = TclTpyi Ans ' taog - f " " / h " t ■ 

Quamobrem colligimus 

. J- = D— 7i l^ T) -+- 7T ^ T? . ] Aos.UIig.p. 

Corollarium r. 

730. Si jr fit abfcilTa et y applicata curuae , radius 
ofculi proponionalis efie debet angulo, quem curuae rangens 
com axe conftituit; vnde patet hanc curuam fore quandam 
Ipiralem, ciica originem abfcifiainm fc euolueutem. 

Corollarium 2. 

731. Si angulus illc, cuius tangens ~p, pouatnr 
— <P, erit p — tmg. Cp, hincque 

x = C — a cof. Cp — o <p Iio. £p, et 
3 = D — d lin. (p a $ cof. Cp; 
vnde colligitur ■ 

. cof. $ + y fin. CP = C cof. $ -f- D fin. Cp — a. 

Corol- 



Corollarium 3. 

732. Vt fumto $=ro, ambae x tt j> euanefcaoti 
■fiimi debet C~a et D — o, eritque 

x — a — a cof. $> — a <P fin. et 

y = — a fin. (J) -f- a $> cof. (?) ; 
Yndc quamdiu angulus $ eft minimus, crit 

* = —■ i atp<p-i-ia Q> ec^ = — in^-j-^cf)*: 
ideoque proxime 

J^ — feu^j^:— 1^'. 

problema qj. 

733. Pofito 9.7 =r p 3 jr et r)p — qdx, fi quamita« 
f aequetur funftioni ipfius quae fit X, definire relatiouem 
inter binas variabiics x ct /. 

Solutio. 

Cnm crgo fit q ~ X , erit ^ 3 jr — — X 3 * , vnde 
integrando colligimus p — /X d x -+- C, atque hinc ob dj =: 
pdx adipifcemur 

At eft 

/ d x f X d x — x/X d x — / X x 3 i , 
Yti ftimcndis diffcrcntialibus fponte patet. Quate aeqnatio in- 
tcgmlis complera relationem iuter binas Yariabiles x et y con- : 
tinens eft 

y = x/Xc>x—fXxdx-\- Cx-i-D 
duas conilantes arbitrarias C et D inuolucns. Qusc crgo erit 
algcbraica, fi ambae formulae differentiales X3jt et Xxdx 
integrationem admittant. 

B 3 Co- 
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Corollarium i. 

734- Qnodfi ergo llt ? — o, fen fiimto 3jt conilsn- 
te, ddy=o, vt fit X — o, erit aequatio integralis eompleta 

CoroIIarium 2. 

735. Aequationes ergo differentio-ditferentiales, quas 
hoc modo intcgrare licet, (umro 3 x conftante, in hjc formi 
3 3 y = X 3 jr 1 continentur, vnde prima integratio praeber 
3.7 = 3*/X3A--t:C, et altera j^fdx/Xdx + Cx + D. 

Corollarium 3. 

736". Sin autem differentiale i)^ capiatur conftans ob 
p — i2, crit 9^ — — i^iii r^; j 3 jr , et forma acquationum 
hoc modo mtegcandarum erit — dj/ddx=. X3jt*. 

Corollarium 4. 

737. Quodil elementum ds — ^(3 a-" -+- 9^*J iit con- 
flans, ob S^S^jr-f-^^aS^— o, erit 

ttp — **»?-*?»JL — ffiVj-» = J 3x. 
HiflC forma aequationum hoc modo intcgraudarum efl 

— 9^33* = X3x J 3j-. 
Ve! cum etiam fit , 

3p — q 3 jr = -|- illii2 , 
ea erit 3 / 3 3j = X 3 x*. 

SchoIIon. 

75 S- Ilic manifeftum cft, quintnm inrcrfit aequatfo- 
w, ditTerentio - diffcreniiales a forma folita , vbi elementum 
i]uodpiam conftans eft aifomtum , ab hac conditione liberare 
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et ad formam h!c ftabilitsm redueere. Si enim proponatur 
haec aequatio 9 r 3 3 y ~ X 3 jt* , in qua elementum d s — 
/(3 jt* + 3/) conflans fit affumtum, haud facile patet, quo- 
modo eius inregmtio Ct fufcipienda. Noftra auiem meihodo , 
li ponamus dy — pdx, Tt fit 

di — bx-/(i,-hpp) et Zdj^pddx-hdxdp, 
induit ifta aeqnalio hanc formam 

3 •/"(*. -+-*>£)(/> ddx-i-dxdp^z—Xdx* feu 
f p 3 3 * +- 3 * 3 >) f i + p p) — X d x\ 
At quia d.', ac proinde quoque df — 3 jt 1 (i -^pP) cft con- 
ftans, etit 

ddx(i-t-pp)-t-pdxdp=:o, feu 9 3* — ~ s T ~? r - , 
ideoque . - . 

pddx-i-dxdp ~ Mrj*l, 
ita Tt fiat 3 /> ~ X 3 jt, quae aequatio ism facillime tratfatur, 
Hic fcilicct in fiibQdiurn vocari debent en, qnae fupra de in- 
tcgrationc (ormnlaruin dirTcrcmialiuin fimplicium funt tradita. 

Exemplum i. 

739. Stimto dx conjlante, fi ftierit 3 dj> ~ a x" 3 
inegrale compleium inuejligare. 

Cum fit -iii — n.jr" 3 j:, ob 3 j: confhns, erit inte- 
grando ~ ^—^ x~~ t ~~ -f-C, hincque denuo integrando 

y — — ^ + , + Cx + D: 
vbi cafus n — — 1 ct n~ — 1 feorfim funt euoluendi. 

I. Ergo fi n~> — 1, erit ^ = !if, hincque 3 ^~ 
alx-h C, vnde cum fit S^^aSWJf-t-C^*, crit denuo 
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integraudo y — axlx — a x -+- C * -+- D, fen loco C — a 
fcribendo C, babebitnr y=: a*/*-t-Cx + D. 

II. Si b = — i et *£J = ££, etit i^ — n£-[-C, 
hincqitc / — — a / * + C # D. 

Exemplum a. 

74-0. Po/Irs 3 1 = j/ (d ** -f- dj') confiame , fi futrit- 
l*±il — > cof. i , 
intttnirt inegrate complttum. 

Es fiiperioribus conftat fore — 'j - " — y, ita vt pco- 
pofira (it hacc aequatio y =: J cof. j-, vndc fit 

qdx^dp— — cof. — 
ct integrando 

p=i fin.?-+-C = ^. 
Quarc obtinebitur 

j. = — ^ coC 5. C * + D, 
quae cft aequario integralis completa. 

Problema 94J 

741. Pofito dj — pdx ct 3p = ^3*, fi quantitas 
f acquetur fuuciloni ctiicunquc ipfius y tanrum , quac fit Y , 
inuenire aequationem inrcgralcm completam inicr x ct y. 

Solutio. 

Cum llr j = Y = ii, crit Bx — ^, bincquc pdx 
— t£f; vnde conficiiur liacc acquatio intcr p ct y fc- 

parata |>3p = Y9v, quae intcgrata prjcbet 

ipp =/Y ds + i C « p = /CC ■+■ */Y 3^) = K- 
Binc 
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HIiic ergo porro concluditur x— f -.^ quae integra- 
tio dcnuo conttantem arbitrariam inducit, ita vt hoc modo 
nequatio iniegralis complcta inter x Kj obtiueatur, 

Corollarium i. 

742. Cum (it q = i| et dx — ^, erlt q = EAE : 
Qoare cum nequntio propofira Jit ? — Y, erit *±Z =_ Y, hinc- 
que £dp:_Y9j, vnde praecedens iutegratio fponte dedu- 
citur. 

Corollarium 2. 

■743. Sumto elcmcnto dx conftantc, eum fit ? = ^?, 
aequationes hic integrarae habebnnt hanc forrnam ddj-\dx', 
cuius integratio fi pcr d.f multiplicctur, clt manifefta, fit cnim 

iSy — 3*-/Y 9j-HiC3^, 
ob dx eonfians, hinccuc 3 x __ ___— , vt ante. 

Scholion. 

744. En crgo (pecimcn aequationum diffcrcntinlium,' 
quae par idoneum mnltiplicatorem inregrabiles rudduntur, cx 
quo intelligitur hanc methodutn etiam in his acquationibus 
vfum haberc pofle; dcinceps autem lo.-us erit hanc metho- 
dum vbcrius excolcndi, cuius quippe ifus pmecipue in ac- 
quaiionibns difTcrcuiiulibus altiorum gradunm cli infignis, vbi 
Tariabilium lcp;iraiio nihil lubfidii aifcrt. Atqnc hanc ob cau- 
fim iam fupra hauc methodiim pcr multiplicatorcs integrandi 
tommcndanimus , altctiquc pcr fcparationcm proccdcnti longc 
anietnliniiis. 

Exemplum i. 

_ 74S. Po/ito dx confiam, fi fuerit aaddj=jdx* 
. Vol. U. C Mul- 
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Muitiplicetur aequatio propofiw per 2 3j>, tc prodcaf. 

e a a dy d dy — a y dy S x', 
quae ob 9.v conftans habebir integralc 

aady=yydx x -+-Cdx' t 
rade colligitur 

quac dcnuo intcgrata dat 

Tnde concludimus, fumto r pro numero cuius logarithmus efl 

Ct irrationalitatem tollendo 

tbeT~aiy £ — C, 
ita Tt Ct 

at forma eonltantiiim C et b mutata , habebitur 

.y = c4--HDf-T, 
quae eft aequatio lategral» completa.' 

Exemp!um 2. 

745. Po/ito 3* tonjlame, ft fuerit aaddj-i-jdx* =z e£ 
btunire iitlegrah tomplttum. 

Multiplicatiotie per a 'by fafla , aequationi* 
20 aSjidy~{- s> 3**:= o, 
integrale eft 
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a a dy' -f-.f j- d x' ~ 1 1 9 x', 
Tnde deducimus 

quae denuo integrata dac 

x = a Ang. fin. -H f. 
Erit ergo 

2- = fio. ?~- = Cof. t fin. 5. — fin. t cof. J-," 
Tel mutatis eonftantibus A et f, ita vt lit 

*cof. |-=C et — cfin. t~D } erit 

j — Cfin. J-H-Dcof. £. 
Vel rctenta prima forma , habemus 

j-=Cfin. (=.+ *). 

Corollaruim. 

74-7. Hoc excmplum ex praeeedente refolui potnlflfet; 

cum fit 

^-'^cof. u-t-/— i.fin.u et (- u¥ '- , =co£0— /— i.fin.if, 
»c vicirfim 

cof.i»/— i=ie"-t-;*-" et i = ribi«"—^i«~*' 

Exemplum 3. 

748. Pfl/Bfl 3 x eoaflanU, fi fueril ddy V aj> = d 
integruk completum inuenhe. 

Cum ergo fit a 3,}- 9 3 j = . 3 x" , 
erit integrando 

3/ = t»yy? -f. 4.» 3 ** = t^-y^ 

C a 
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vnde colligimus 

Sit commoditatis gratia n/ a — b et Yy = ~i u« 
cuias integrale eft 

^ = ;(s — ai)/(i + ^)-i-C, 
feu reflituendo 

£J = ;(/.y- 2 /0/(/r-f-A)-r-C, 

vbi f et C funt biuae conftantes atbitrariae. Er: crgo 
■il^Jl = (// - a / 0 / (VV -i- / 0 > 

pofito C— et fumtis quadratis 

Scholion. 

■743. Forrna ergo vulgaris aequattonum hoe modo m- 
tegratidnrum, futnco cJcmcuto d x conltante, eft t)i}f — Y3*', 
qu;ic per 3/ multiplicata manifcllo fit ititcgrabilis. Sin autem 
elementum dy capiatur coniiaus, ob q ~ i£ et p— i^, erit 
q ■— — ^i-f^i hincque forma vulgaris 3 y 3 3 x — — Y Sx'. 
Porro fumto elemenio 3 / — / (3 x' ■+- 3/) conllante, vt ilt 
djad^-r-a^aSj-^o, ob Sp — iiiiL^izAif , erit vel 
S — — T^rjy Ytl ? — m^ ) vnde nafcitur naec forraa 

cjuae etiam per t)y muliiplicatac integrabiies euauunt, etinmfi 
1 hoc 
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hoc iam miuus pateat. Simili modo fi elementum j 3 x fu« 
matur conflans , vr lit y d d x x i> r — o et 9 Sjt- — ^i?, 
ob dp — -+- orietur haec forma jt><)j-i-dj*=Yj$)f t 

cuius membrum prius integrabile reddiiur, li pcr funtTtionem 
quaracunque ipfarum y d j et y 9 x muliiplicetur, ergo etiam 
per f'? -,, quci multiplicatore fimul alierum membrum Yjdx* 
rcdditur integrabile. His igitur cafibus fimpliciffimis aequa- 
tiouum differcntio - diffcreQtialium expeditis, qui ne vlla qui-. 
dem difRcLil:ate laborant, ad difficiliotes progrediamur , ac 
primo quidcm ad eas aequariones, in quibus altera binarum 
variabilium x et y ipfa non incft; ita vt aequatio propofiu 
ternas tantnm contineat liitcras x, p et q vel j, p et q y vtri- 
laque eaim latio feie pccinde clt compaiita. 



capvt n. 

DE 

AEQVATIONIBVS DIFFERENTIO-DIFFERENTIALI- 
BVS 1N QVIBVS ALTERA VARIABILIVM 
1PSA DEEST. 

Problema 05. 

75 0. 

poJTio dy=zpdx et — ?9r, fi derur aeqnatlo euae- 
cunque inter ires quantitaie; jr, p et in quam alier* 
variabilis y non ingrediatur, inucftigare rcktiouem inter ipfa» 
variabiles * et _y. 

Solutio. 

Cum aequario propoiita. fias fres quantirates x. p et f 
contincat, loco ? fcribaiur eius valor atque habebitur ae- 
tjuaiio differeniialis primi gradus duas tantum qnanritjtes va- 
riabiles x et p inuoluens, qunm fecu ndum praecepia prioris 
partis traifiari, ciusque integrale inuelligari oporter. Inte^rali 
autem inucnto, quod fi fticrit completum conftantcm arbitra» 
riam completfetur, indc vel p pcr x, vel x per p determinart 
potcrit. Priori caru quo p pcr x definire licet, vt p aequatur 
funclioni cuidam ipfius *, quae fit —X, ob p — X fict 
pdx = dy = Xdr, vnde reperitur y = fX dx -4- Conft. 
quac acquaiio relationem defideratam inter * ct y dcfinit. Po- 
ftcriori cafu qno x per p dctnr, ct lunclioni cuidam P jpfius 
p acquatur, vt fit x = P, erit y = fp 3 x = fp d P, feu 
J = Pp — fPdp. 
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Sin autem neque x per p, neque j» per * dcfiniri 
queat, vidcndum clt, num vtramquc pcr nouam vaiiabilem u 
exprimere licent, vnde fiat x — V et p=:Ui tum euim ha- 
bcbitur y—fVd V. 

Corollarium l 

•751. Huiusmodi ergo aequationum difTerentio - ditTe- 
rentialimn refolutio ita inflituitur, vt reuocetur ad aequatio- 
uem differcntialem primi gradus inter binas variabilcs x et p; 
quae fi integrari queat, timul illius aequatiouU integratio ha- 
bebkur, acccdcntc quadam noua couftanre. 

Corollaritim 2. 

7S*. Si acquatio inter jt, p ct q propofita, ita fuerit 
comparara, vt q vnicam dimenftonem non exredac, vel fi ad 
talem formam reduci patiatur, orietur aequatio diffcrcntialis 
iimplex, differentialia vnius tantum dimenfionis iuuoluens, vbl 
praecepta. aute tradita in vfum lunc vocaniia. 

Corollarium 3. 

•}5t. Sin aurem qiiantitas q plures obtineat dimenfio- 
lies, vel adeo tranfccndenter ingrediaiur, tentanda funr ca ar- 
ficia, quac in fine fnperioris partis circa. refolutioneia huius- 
modi acquaiionum lunt tradita. 

Scholion. 

7S+. Quando in aequntione inter x, p et q littera f 
vnicam habet dimenfionem, indeque pofito ? = aequaiio 
differentialis fimples nafcitur, praecipui cafus, quibus htegn- 
tio (ucredit, funt: i) (i aequatio hacc diffcentialis fcpar.uio- 
nein, admittat, ;) fi atiinitra variabilium p et x, diffcremia- 
lium quoquc rariuue llabita, vnam dimcnfiuncm nou lupcret, 

ac 
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ac 3) (i ambae variabiles x et p vbiqnc eundem dlmenfionum 
niimerum conftituant, quo cafu aequatio homogcnca appella- 
tur. Cafus miuus lace patentes, cuiusmodi fupra euoluimus , 
hic non commcmoramus. Deinde fi quantitas q vel pluribus 
dimenfionibus fit implicata, vcl adco tranfccndcneer iugredia- 
tur, cafus praecipui refolueionem admitientes, _ quemadmodum 
fupra docuimus, funt : 1) 11 proponatiir acquatio quaccunquc 
incer x ec 7 dcficicnic p, 2) fi acquacio tantum p et q con- 
tineat, quos binos quidcm cafus iam capite praecedeute tra- 
fiauimus; 3) fi in ueqiiaiione propofita binac variabiles p ct 
x vbique cundcm dimcnfionuin numcrum conftituanc, +) ll in 
acquationc inter x, p et q altcra binarum litterarum x vel p 
vnicam dimenlionem obtincat, dcnique ;) fi acquario ita fuerit 
comparara, vt polito x = v"- , p — et q — C, aequatio 

oriacur liomogenea inter v, z et f, quae fcilicet vbique eun- 
dcm dimenlionum numernm conltituant. Sccundum hos ergo 
cafus exempla profcramiis. 

Exemplum i, 

755- Inuefiigare aequaliomm inter x et y, uf pofito dx 
eonjfante, haec formula ( .- * ^t^ .L aequetur datae funBimti ip- 
fiui x, quae fn = X. 

Pofito by=pdx ct 3 /> =_ y d erit 

— 3 p 

vbi 
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vbi eum variabiles * et p fint a fe inuicem feparatae , inte- 
grario dat 

Ponatur f!g = V, intcgrali completo fumto , erit V funetio 
iplius j, hinc * - 

- p=:V/(i-r-J>j9 etp^j^— 
.Quare 

ynde obtinetur 

3 — / vi j— *vv i ' 
Tum vero praetcrea elicitur clcmentum 

vo^+sn^dx^+pp)—^^^^ 

CUius integrale praebec 

/ 3 x Y (z+p, p) =f ri t ^ vyi : 
CoroIIariura i, 

75 S. Si x et y firit coordinatae orthogonaies curuae, 
erir formula - 

va definitur , cuius radius citruedinis aequetur fuuitioni cui- 
cunque abfcif&e x. 

Corollarium 2. 
757- Si ergo radius curuedinis -debeat effe reciproce 
proporrionalis abfcilfae x, fumatur X =z £5 , eritque 
V =/**!£ hiw 

quae conditio praebct curuas a lamina elaftica formfltas. , 
y ol. U. D Co- 
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Corollarium. 3. 

7S8. Si fit V = Jf n , fcu X = — L-, neglefta coo- 
flante addenda, orftur j —J"^-~-^L—- , quod integrale al- 
gebraice exhibcri poteft cafibus , quibus cft vcl h = .' vcl 
B — , dcnotantc / numcrum iutegrum politiuum. 

Exemplum 2. 

7;p. 5i pojfta 3jt conflante , oporteat ejje 
ir.uenirc aequalitmem btter x ct j. 



dx(i-hpp) + xpdp= a dpy/(i+pp-), 
quae per / C*~+-PP) diuifa fit integrabilis , oritur enim 

xv , (.i-hPP) = ap-h6 feu * = /j£ ti - 
Cum nunc fit 

j =zfp d x ~p x — fxdp, erit 

ec integratione euoluta 

j---^f _ «/(1+; p)_*/tt!^l±tti, feu 

j — ^/-^, — i / P+^^-fft . 
ira vt ambae variabiles * et j- per p definiantur. 
Cum igttur ex priori eliciatur 

cric bis valoribus fubftitutis 
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j = Y(aa-hbi>-— xx)— il — — . 

CoroIIarium. 

760. Si conftans priori intcgrationc ingreffa A cua- 
nefcens fumatur, aequatio inter x et y fit algebraica, erit 
enim 1 — Y (a a — x x). Sia antera S non euanefcat, aequa- 
tio integraiis eft tranfcendens , et logarithmos iuuoluit. 

Exemplum 3. 

•jSx. Pfl/fro 3* conjlanit , fi dtbeat ejfe 
- aa 3 dy \/(aa-\-x x)-t- oo 9 xdj -ji 9*% 
bwenire aequationem inter x et y. 

Pofito dj> = p d x , habebimus hanc aequationcm 
aadpy' (aa-i-x x)-\-aap dx = xxdx, fcu 

in qna variabilis p vnam dimenuonem. non fuperat. Cum er- 
go fit 

/-r^--> = ' C* -** V C« « + * *)L 

haec aequario integcabilis redditur, fi multiplicetur per * + 

^(«a -t-**)i cum eo '~ prodit 

+ + =/ " 3 '.£°yT»'"»t,"" 1 fea 

ffcr + W* « + **)] et 
/ -tott = i (* * — 3,3 fl ) V < fl * **)+ C » 

hinc 

p |> + V (" x x)] = '""""^V^"'^ 1 ' -f- C. 
Haec multiplicetur per Y(aa-i-xx) — jt, vt prodeat, 

aap = : r; x r'"- ^""'i"--^" -t-CAan+^)- Cr, 
D « et 
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et quia dy=pdx, erit integrando 

ooj> = — s^ — \aax-\-\(aa-*-x x) ■/ (a a x x) 
— S C x x ■+■ C / 3 x y (a a -t- x x). 
Qnodfi ergo conftans C euanefcar, acquatio intcr x et j erir 
algebraicaj fcilicet 

9 aaj-\-6 aax-+-x* = 2 (aa + xx) -/(ao-hxx), 

Exemplum 4. 

•jffi. Pafno d x conftante, imienire integraJe buius oequa- 
thnu .dijerentio - dtffeeentialis 

(a a dj>* -h x x d *») 3 aj = n * 3 x> 3 y. 
Fiat dy = 3 et ob 3 dj — dpd x habebimus 

(a a p p -i- x x) d p = n p x 3 x , 
quae aequatio cum Ct homogcnea, ftatuamus x = pu, erirque 

pp(aa-\-uu)^p — nppu(piu-\-'udp-) t fen 



quae integrata dat . 

Ip = l [a * -H (1 — ») « «] + Conft. 
Hiuc colligitur 

£ = C [a o (1 — n) u «]■<"—■>, atque 

* = c « 1« c* — « «r^ 57 - 

Cum minc fit 

y =px — fxdp et 9j) = Cnu9a [aa-*-(i — ") "*]*'' — "'» 

erit 

>^CCH[afl-^Ci-n)wa] r:::ii -»CC/Baaa[a3-(-Ci--fl)i/(<]' TT ^. 

Cafti 
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Cafu autem n = i erit 

}p = ±?- ■+■ C, et s = a]/sa, hinc 

ct^ = a/'i>/i;e-_a/p3^ l /a;£., 

Corollarium. 
763. Si fuecit n = i, erit 

j = c c a (a a -+- J « *) - ^r 2 + D = c C* ( a a •+■ i B ") ■*■ D ; 

ficque relatio intcr * et y algebraice exprimitur, quod etiam 
fit, fi » = i, vel » = 3, vel «=}, etc. 

Exemplum 5. 

•76.4. PojJw 3r conf.ante, integrare hanc aequationem 
iigmntio - differeniialem 

Fiat 9j = p 3 Jf et dp — q 3 *, Tt fit 3 3^ = q 3 *' , 
et noftra aequatio induet .hanc forrnam 

app -h = npxY(i -^aaqq), 
qoae eft Jiomogeuea inter •} et x. Statuatur ergo p = uxi 
fietque 

auu~>fqz=LnuY(i~\-aaqq}. 
Iam Tero cft 
' - ' i 3j> = q 3 * = b 9 * -t- * t> a, 
vode fit 25 = .. . 

At ex illa aequatione inter q et u colHgitur 

■ • f -',- »i--»-"-""^ < ' > v2;-""" + «' > - , ' > 

D 3 ficflr» 
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Dabitur ergo x per «, hincque etiam p—zux pcr a; vnde 
deducitur j=fpBx—fux dx. 

Corollarium r. 

765. Illa aequatio differentialis transfbrmatur in hanc 



vndc ratio integrationis facllius perlpicitur. 

Corollarium 2. 

766. Notatu dignus autem efl cafus nlt —2, quo fit 



vnde colligitur 

/jr = (i-)/a)/i(-f3-2v' 2 )'C I -'"')-t-Conft. feu 
*«>'*- au?- l ** = C. 

Exemplum 6. 

7C7. Sumio elememo a s == / (5 x' ■+■ dj*} eonfiann^ 
inuthire inltgralt buius atquatioms 

dxSdj — xdfDdj^adxds-j/Qdx^-i-d dj°). 

Pofito djf=zpdx, erit 3 r ~ dx i/ (r -f-£?), et ofa 
d d s —. o fir 

e 3 p = q b x, tum vero 

9 = p d 3 * -+■ 3; d x = q 9*« = , 



ideoquet 



CAPVT ir. 3« 

quibus fubftitutis, aequatio noitra induit hanc formnm 

p — yjr_oj, quae diffirentiata praebet — jcdy — o9j, 
idcoque dq = o et f = J . Hinc p =/j 9 j: := !if , qui 
idcm valor ex aequarione p = (jr -+- ") 1 finc inicgratione ob- 
tinetur. Tum vero t& j —fpi) X = =±1 15 H- £, quae eft 
aequatio integralis complcta binas conltantcs i ci t inuqluens. 

Exemplum -j. 

7S3, Sumto tlimeiiu 9 s — t/ (3 x^ ■+■ dy*) confiante , 
imenire integraie buius aequa:ionis differentio - digcrentialis 
dx'dj — xds'ddy = — -j^g±£jijL_ . 

Pofito 9f = p9jr et 9p = ?9jr,ob 9/=9jr /(1 -i-pp), 
ct 99j=°, erit 

ddx^^f et 99/ = ^li* — -i— = -ii^, 
ergo 3?3 3/ = f3**i vndc aequatio noftra fit 

p — gJr = --A*-- , 
quae differentiata pracbct 

— *3j = — !i -; 

(i-haaqqf 
vnde conciuditur vel 3 j = o vel x = - 



Priori cafu eft f = f, et p =£■ -T- — — j| — — , hincque 
Pofletiori cafu quo j 



p= - 
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~(i+*fl,tf /C« + ***f) + 
At eft 

9^ __!££__?, hi ncq! ,e 
(i +«(}})' 

et apc redufiionum 

y — ___l__fiA-+;u / 

,(»+«««!/ /.£i+««J?/- . 

Eft vero . i 

(i + oflj — 2n(n-fla ?? J n 2n 7 (i-*-«a?«)*' 
Ergo 

/ 1. + = — 7r. + ~*~ * f [~.l"f" ec 
Ai-t-«'a 1? 'l'+'"nl **" ' +'m 

— .TH P ^— 7 7 + ;V Al! S- [aQ S* 0 ?• 

Hinc 

A. +"!«)■ = ,17+^ + .<,"..«« - n ABg.tang.fl?, 
ideoque 

j> _ " + p -+■ ( 

+ Acg.lang.Bf, 



* :t 

(1 + fl J q $ 

vnde fic 
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, i -f-».<j ??— r 

jta vt rioc modo aequatio iuter * et ^ exhiberi poflit. Hoc 
autem integrale, Tt fupra vidimus, tantum eft particuhre. 

Problema 95. 

769. Pofito Sy = pdx et 9p = f 9*, fi detur ae- 
quatio quaecunque inter y, p ct q, ita vt variabilis x ipfa in 
ca defit, inucftigare aequatiouem integralem inter * ct y. 

Solutio. 

Cum fit.f = || et dx = *-f, eiitq = t.*l; in aequa- 
rione ergo inter y, p et q irbique loco q fubftituatur ifte va- 
lor t£2, atque habcbitur aequatio differentialis primi gradus 
bio» rantum variabiles p et y inuolucns, cuius rcrolutionem 
per methodos fupra expofitas tentari oportet. Inuenta autem 
acquatione intcgrali inter p et y, inde vel p per y, vel y per 
p definiutur , quo facilius altera integratio inftitui poiiit. Si T 
per p. commode definiri quear, vt y aequetur funclioni cui- 
piam ipCius p, quae fit = P, Tt fit jp = P, erit3x = i?, 
hincquc x = fl~ — p"*~ ^lTp' Sln 3utem commodius p per 
j definire liceat, vt fit p = Y denotante Y funiftionem quam- 
piam ipfius y, ob dx = t?, habebitnr x = [&. At & neu- 
trum fuccedat, nouam variabiiem B introducendo , pcr eam 
Vtraque quautiras p et y definiatur, vt fiat p = U et y=V, 
exiftentibus U et V funcltonibus ipfius.a, atque hinc erit 
t> x~ t^, et *=/^JI; hocque modo per dupiiccm integra* 
tionem integrale eompletum obtinebitur. 

Corollarium 1. 

770. Huiusmodi ergo aequationum differentio - dlffe- 
rentialium refolutio quoque reuocatur ad aequationem diffe* 

Vol. U. E icutia- 
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rentialem primi gradus, cuius refolutio C fuerit in poteftate \ 
fimul illius integtale exhibeti poterit. 

Corollarium 2. 

771. Si aequatio intet y, p et q ita fuerit compara- 
ta, vt ex ea commode valor ipfius g elid queat, hincque q 
aequctur funclioni ipfarum y ctp, quae fit T, crit p9p— Td/, 
quae eft acquatio diffcrcnmlis primi gradus fimplex. 

Corollarium 

772. Sin autem huiusmorii euoluiio non fuccedat, 
dum littera q vcl ad alciores poieftates exfurgit, vcl fignis ra- 
dicalibus inuoiuitur, vci adeo tranlccndentcr ingteditut, ae- 
quatio differentialis quidem erit primi gradus fed complicata , 
quae merhodis fupra expofitis erit traftanda. 

Scholion r. 

773. ' Cum paucis cafibus aequariones differentiales pri- 
mi gradus integtari queant, eosdem etiam hic notafie et pcr 
exempla illuflraffe iuuabit. Imcrim vero et rellquos cafus 
quafi folutos fpedtari conuenit, quandoquidem in aequationi- 
bus diffcrentiaiibns altiorum ordinum id potjfiimum defidera- 
tur vt eatum relblutio ad ordinem inferiorem reducattir. Per- 
petuo enim in Analyfi qtiae ordine tra&ationis praccedunt, 
tanquam penirus confefta fpedtari folent, etiamfi plurima. ad- 
huc defidcrentur, vt hoc modo multitudo defideratorum di- 
minuatur. Ita quamuis ionge adhuc abfit, quominus aeqna- 
tiones algebraicas omnium ordinum refolucre valeamus, dum 
adeo vires nofirac non vltra quartum extcnduntur, tamen in 
Analyii fublimiori omtiium iftarum aequationum rcfolutionem 
pro cognita habemus. Quod etiam vfu non catct, cum in 
prajii refolutio pcr approximationem , quam quousq"e luberit, 
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exicndcre licet, fufnccrc pofTic. Simili modo etiam, quoniam 
mechodum tradidimus, aequatiorium differentialium primi gra- 
dus integralia proxime inueniendt, meriro totum negotium , 
Tt planc confeitum, elt cenfendum, fi eo refolutionem aequa- 
tionum differentialium altiorum graduum reducere potuetimus. 
Qaue ia hac fecunda- partc ftatim atque aequationem diffe- 
icntialem fecundi gradus ad ptimum gradum perduxerimus , 
lotutn negotium pro' confefto eric habendutn. 

Scholion 2. 

77+. Aequationes ergo differentio-differentiales, quae 
hoc modo ad diffcrentiaiesprimi gradus reducuntur, ita funt 
comparatae, tc pofito dy = pdx et dp = qdx, Tariabilis 
X ipfa inde tollatur, et aequatio inter folas tres Tariabiies j, 
f cr q oriatur. Cafus crgo quibus talis aequado rcfolutioaem 
admirtit, duplicis fnnt gcncris, ad quorum prius rcfc.cndi 
funt ii, quibns q vnicam obtinet dimenfioncm , Tndc q fun- 
cUoni euipiam ipfarum y et p aequari poteft. Cum igitur fit 
q = t£t=f:(j et p) quairt ponamus =T, refolutio fucce- 
det. 1) Si T fit funilio homogenea Tnius dimenfionis ipfa- 
rum y et p_ 2) Si fuerit T^.JL^ defignantibus P et C» 
functiones quascunque ipfius p tantum, binc enim fit' 

Pdy = r ? 3 P -j-C}/i9/-; 
quorfum etiam refertur cafus, 

j>-hQ.r 

3) Si fucrit T = p(Yp-i-Z), fi quidem Y et Z Gat fun- 
ftioncs quaecunquc ipfius y, quia tum aequatio 

*P = YpVr-hYdj, 
ob Tnicam dimcnfioncm ipfius p eft incegtabilis, quorfum et- 
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iam refcrendni elt e.ifuj T =: /> (Y /> Z p*;. Pro altero ec~ 
nerc li quantlm q plures habeat dimeitfiones, ve! fignis radi- 
i :.\ - ■ lit [mpllcata, vd adet> tianfcendcntcr iogrediiwr, ae- 
quatio inter j, p et •. , refnlotiooem admitter. i) Si pofito 
9=pa, vr (it « = aeqii.nio rcfultet hotr.ogenea inter y 
et p, in qua feilicet > ct p vbiqne eundcm dimei-.fitmum nu- 
inerum compleant, wcunqne raetcrum u in eam ingrtdiatur. 
s) Si io aequatione pnft fuhllitutitinem q—pu inter y, p 
et u orti, altera quantitas j> vel p vnicam obtineat djir.cnfjo- 
nem. 3) Si pofito y — u", p — z 11 "'"* ct u=:(* aequatio 
oriatur liomogenea' inter temas qtiantitas v, a ct f, huiusnio- 
di enim acquationes fupra refoliicrt; docuimus. 

Exemplutn 1. 

775. Pojito eltmtnto t>x conflante, fi habtatur baet ae- 
quaiio difftremio - differmialU 

cius iniegrale tompletum invtnire. 

Pofito dy ~ p 3 x ct dp — q d x , aeqantio noftra. 

f + Aj+Bj = o, feu p3p-i. ApSj + Bja^^ro, 
quac cum fit homogenea, pofito p — vy, abit in 

v vj •+■ vj/y d v -+-A 3j -t- Bj 3> = o, 

Tnde fit 



fiit »« + An + B= (v+-a) (i;. 
«fit*+|3 = AdiiS=B erit 



hincque intcgrando 
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y = a(v + pj^ (v -f- 3) 5 =*, ideoque 

■ p =vj ~av(v+- (v ■+. *)^=*. 

Tum Tcro eft 

3x = ^ = i?, vnde ob 
a,_ -v>/ erlt 



x — / J^* + Conft. 
Verum haec relblurio fic facilior fcquenti modo : 



^ + adx — et -+- p 3 x = hinc 

/j- -*-«* = /<» — /(«-»- (3) Ct /j-i-px = Ib — / (o-t-a). 

Ergo 

*H-(3=|.f-" et v + it-tr» 1 , 
Tnde fit 

ideoque mutaris conflantibus 

j = ar"" + S8r» 1 , 

quae integratio iocum habct, fi a. ct (3 fint quantitates reales 

ct inacquales. Cum igirur poluerimus 

M + Ao-t-B = ((i + i)(n-(-p) erit 

« = !A + /(J A A — B) et |3 = i A - /(JAA-B), 

hinc prout expreffio JA A — B fuerit vel pofitiua, vel nega- 

tiua, vel euanefcens } tres habebimus cafus euoluendos : 

E 3 u 0 
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i) Slt i A =: m et y (k A A — B) = n, erit aeqna- 
tionis propofitae integrale complctum 

y — ar m+n* + afl»— !* — (a e -« + <-,*"). 

s) Sit iA = « ot VCSAA-B)=ii¥'-I ( ob 
— cor . - - _i_ l £ n . n * et 
« — coi'. n x — 1? — I. fin. » 
ciit conftantibus mutandis 

j = t- n * (ffcof.Br H-ffifin.li*') _= l_e-~'"cof.(n--t-i)- 

3) Sit i A — m et /(J A A~E) = o, fcu in cafu 
primo n—o, ob £-**__: i — nx et e" _= i + n» fiet . 
^__:E-'"Ce-f-"i*). 

Corollarium i. 

776. Ad aequationcs ergo propofitae integrale inue- 
niendum, aequationis tv + A 0+ B_: o radices inuelligari 
oportet, quibus innentls facile erit iniegrale completum af- 
fignare. 

Corollarium 2. 

777. Haec autem aequario quadratica (Hi+Au+B;o 
infignem habet analogiam cum ipfa aequatione propofita- 

d 'Hy -+- A df b x ■+■ B y 3 x' — o, 
ex qua quippe oritur fcribendo i, it, v* loco_y, i2 et ji^. 

Corollarium 3. 

778. Formata antem aequationc- hac algebraica tt + 
Ati + B-ro, li eins faclor fit . _--|_«, ex eo flstim inte- 
grale particulare deducitur — _(~°", fimiliterquc alter fa- 
flor o-+-(3 inteerale particulare dabir y — fte^P*, quibns 
coniuncns obtinetur integralc complctum j - a «~ OI -Kf5<^" pI . 

Scho- 
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Scholion. 

■775. Infra methodus faciiior tradetur huitismodt ae- 
quationes differentio-differentiales tratfandi, quae adeo ad ta- 
lem formam 

patet, vbi P et Q lint functioncs quaecunque ipfius x, qaae 
etiam extendetur ad formam ■ 

Bdj-h?dydx-h(l^dx' = Xdx', 
fumcndo pro X funflioncm quamcuu.que tplius x. Methodus 
fcilicet ea inde haurietur, qiiod in huiusmodi aequationibus 
Tariabilis y cum fuis dirTcrcntialibus Dy et bdy Ybique vni- 
cam dimenfioncm co"nflituat vel etiam nullam; eiusque ope 
tefolurio ad aequarioncm differentialem primi gradus reduce- 
tur, quo ipfo ncgorium pro confeflo crir habendum. Quan- 
do autem hoc modo aequatio diffcrentio - differentialis ad ae- 
quationem differentialem primi gradus reducitur, probe cauen- 
dum ell, ne . hacc reduftio pro integratione habeatur, quippe 
ad quam tanriim ope idoneae fubititutionis efl perueutum; ni- 
hilo enim minus duae adhuc integratioues fupcrfunt abfoluen- 
dae , quibus to;idcm conftantes arbitrariae introducantur , fi 
quidem integrale completum dcfideretur, quemadmoduin in 
hoc cxcmplo et praecedentibus clarc videmus. 

■ Exemplum 2, 

1$o. Propofita acquaiione differcntio - differtntiali 
abddj^dx^iyj^x^-i-aa $y l ) , 
tius imegrale inuefiigare. 



PoCto dj~pdx et dp = fd*, haec aequatio abit 
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quae cum fit homogenea ponatur p = i, erit 

j ?r V (i 4- = (« dj — s 3 »)>. fcu 

u a 3 j / (b u -i- u «) r« A « b j — o * y 9 a, vndc fic 
., ■»»■ 

j ii.-uyin+ni _ ^ 

Ponatur / (o a ■+- u u) = / a ,' erit u a — -i^- , 



pofito J-=t«. Ergo 
ideoque 

>rt»+.i = C[/- n 4-/^-+»M"- yt "" + " 

Dacur igitur y pct /, vt Cc — S, hincque 
u — ^ [t '_ ,j « J> — : -T- " n '~ " i atquc 
3* = ;v44=7Tifc» 3*=: ■■ . .TI^jv-v.m 



quae formula nd rationalitatem pecduci et per logaiithmos feu 
arcus circulares imegrari potcft. 

Exemplum 3. 

781, Pe/^d dy = pdx et dp=adx, inutnirt intt- 
greli huius aequationis ttlJZlStlgLt^Ul — ny. 

Cum fit q erit 

3>'(^p-t-j'j')v'OP-^rj')== a 8pPr3j'-*-w'3f--wjf , 3#» 

ob cuius homogeneitatem ponatur p — uy, fietque 

y*dy(uu-htf — znuu^dy+nydy—nitjidj—nufdu 
Tude coilieicur 
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et f per " definitur; ex quo erit p = uy ec 

3*==*?= -,„:.v,..-.. u - 



i quo b = > 



-»>11 _3vf,- l -V{llB -t-.)] 

mTT^ — — - -* 



3 x — " a * u [ ' t ^ ^ ; Eft ™° 

fsj&zi^lfiSbiSi* /'^^^TTi = -^-An S■ fall S' ^, ; 

/ _* t_ - / ___*___. , f„£\+ tt = - t£ai±«i 

Tnde colligirui 

J = = C C ' + Tjrefer-O «* 

*= D -1- -_-^_i-l -t- Ang. cang. u. 
■Inde eft 

,'(..H-.)=J-,i«' = ! TSr ! -'' 

ideoque 

* = D -t- V 1 + An S- c ° r - *fz ' 
qme fbrrnulae introducendo angulum $ cuius eoiluus eft 
ita commodius exhibentur 

j — et * = < -i- <j> -+- cot. ; $>. 
Corollarium r. 

■781. Ek aequationc feparata primam inuenti folurio 
particularis cruitnr, tribuendo ipfi " ciusmodi valorem conftan- 
rem, vt denominator cuancfcat, qui eft 11=1/(1»— 1); hinc 

P=^/(»8 — O « 0=T?l Vnde £t 

f,=-/a-t-*/(nf> — i> 



+ 1 
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Corollarium 2. 

783. Cafu quo n~ 1, hic cafus particularis praeber 
y~a, pro valore quocunque alterius variabilis; fit enim 
S = o, ideoque et p ~ o, ita ¥t cs. aequationc dy—pdx 
quantitas x noa determinetur. 

Scholion. 

78+. Si y defignet radium veftorem cx punflo fixo 
ad curuam quampiam duftum, et * angulum, qucm ilte ri« 
dius cum refta quadam politione data conftituit , formula 

(j.f-HJ.H/lpi.-t-j J] 

exprimit huius curuac radium curuediuis. ln exemplo crgo 
propofito ciusmodi quaeritur curua, cuius radius curucdinis 
aequetur ipfi ny, cui quaefiioni cafu n~i vtique fatisfacit 
Taiorj — fl, qui praebet circulum, qui etiam ex aequatione 
integrali colligitur y ~ ^^"^ 1 , , fumendo conftanlcm G 
nihilo acqualcm, tum enim neccQe cft fit u=zo et p~o, 
ficquc angulus * non detcrminatur. Praetcr circulum autem 
infinitae aliat lineae curuac fatisfaciunt. At ft aj*i, folurio 
. particularis ly ~l « + * j/ (nn — i) praebet fpiralcm loga-. 
rithmicam, praeter quam antem ctiam infinirac aliae cnruae 
fatisfaciunt; cafibus autem »■< t nulla huiusmodi folutio par- 
ticularis Jocum habct, fcd formulas pro ct dx inuentas 
rcuera integrari oportct. 

Exemplum 4. 
785- Poftto dy — pt>x n <ip~qdx, intienirt rtla- 
liontm inttr x ti y, vt fiat 'S1^ 2i^fZ:ti£ . ~ a. 

Cum fit j — Sit, ponatur pp-hyy ~zz, ob p dp 
— fdy erit f dy -t-yby ~ z dx, feu q -*-y = Aequa- 

tio 
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tio antem propofita induit hanc formam: 

s' = a (a x z - y 3 - ? jO — " O = * - *t~.) • ftu 

!s3; = 2js3ji — ay dz, 
Tnde fit 

quaro integrando eolligitur .. 
At eft c = £22- y , ergo 
Hinc igitur oritur 
fic ^j 1 — : a, erlt 

Hacc aequatio craflabilior redditur ponendo 

u~ laa — C -+- a a cof. tj) y 1 (a a — C), 
Gt eoim 

.a^-im- ,,,.^,;»,,,,,.., , 

quae integrata dat 

t x = %~tp — Ang. cof. gjSgj&j, "'■ 
pofito w — l^LL t^- ^l, vt fit ' - ■ 

wde fitj , - . _ ^ ■ 
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j[i-t-7li-™ntj ' 

Corollarium i. 
■j&6. Cum fit yy = V4-'ytT"^tif ' erit 

= a a-h A *-f- a a * cof.fJJ, , ' ; . , , ; -, 

fi ponatur b — ° , vode fit 

hincque ... 

= — Ang. cof. V^"*"'£| » 

a * = < — <p — Ang. iin. Ii i~^jW_ £ . 

CoroIIarium 2. . . 

757. Si vt fupra radius veflot y cum angulo jr re- 
ferstur ad lineam curuam, h.inc ciiruam circnlum. efie oporter, 
radio = a defcriptum. Fit autem 3 x = ^VZiAtj^ fum ~ 
to ." = <»«-+-* i — autcof. <f>, liincque 

" =<-t- Ang, tang. ,. 
cuius applicatio ad Geometriam ,em facit perfpicuam. 

Exemplum 5. 

788. Sumfo ehmmo. dx. eonftame t fi propenatur bate 
atquatia ddyfjdy-haBx^ — ^y^x^-i- dy 1 ) , eius integrale 
inuenire. 

Pofito dy = pdx et bp = qdx habebimus 
»(*J + «) = J»(! + <* Ob f = ^E, 

5/>Cf^-r-<i) = SjCn-^pJ, fiuo 

5/ 
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quae integrata dat 

__-JL_j — ? -^s£_ 1 *'-+- *, ideoque 

.r = Bp-MY(i-Hpp) « 

* =/y = a lp -4- A /[/> 4- / (1 + J> •>)]-+■ c , 
ita Yt * ec y pcr eandem variabilem p ejtprimanrur. Si con- 
ftans b fumatur =0, obtinerur inrcgrale particulare 

3 = apctx — alp-i-c=:al£-t-c, 
feu iu exponentialibus y-c e" a . Sin autem /umatur b-a, ob 

x - o i 2 » ~ ° ° -+- e fcu j- j = 11 fl -I- : 

Exemplum 5. 

•789. ^aml» 9jt (onjlante, buius aequationis diffcrentk- 
differentialis 

integrale inutnirt. 

Fofito dy=pdx et 3 /> = q 3 r, etit 
j> p ~ q y = * ✓ (p p -+- a a q q) , 
quae faflo f-pti, vc fit Zfz~pu idcoqne dp = udy, abit in 
pp—puy-npy{t + aauu) fca 
p — + 
lam quia dp-udy diffcrentictur haec aequatio, prodibitque 
-^»- ,"".'.'.., ' 
- Wnc «1 3 a = o vel j = i,,,JLV.V ~* 
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*) Cafu 3«ro fit u z o, p = ■+■ (3, et Siz-iil-^ 
hinc «jr^/^ + pjH-C. ' 

O s i ->' = i> l r".". > ' cric 

bincque 

d = et * = - a Ang. tang. ow-|-C, ' 

Tel ob u = __--JL___. , aequatio inter * et quaefita erit 

~5_ Ang. tang. -_-_i-__-- Ang. fin. i, 
vnde fit j = n a fin. Haec aiitem relatio tantum pro in- 

tegrali particulaii cft habenda. 
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DE 

AEQVATIONIBVS DIFFERENTIO-DIFFERENTIALI- 
BVS HOMOGENEIS, ET QVAE AD EAM FOR- 
MAM REDVCI POSSVNT. 

Froblema 97. 

A.equationum differentio - difTerentialium homogenearum na- 
turam explicare, atque ad formam finitam ponendo dy—pdx 
ct dp — qdx accommodarc. 

Solutio. 

Sumto elemento 3i conftante, aequatio difTcrcntio - diP- 
ferentialis vulgari modo exprefla dicitur homogenea , fi non 
folum ipfis variabiiibus x et y , fed etism earum differentiali- 
hus t) x et 3^, itemque ipfi dhy, fingitlis vnam dimenfionem 
tribuendo, omnes aequationis termini eundem dimenfionum nu- 
rrierum contineant; veluri in hac acquatione 

jr x 3 3/ ■+■ x 3 3 = o, 
Tbi in fingulis terminis ternae infunt dimcnfioncs. Quodfi er- 
go ponamus ac j| — ygj, ~ q , littera p nullam di- 

mcnfLonem, littera vero q vnam dimenfionem negatiuam con- 
tinere erit ccnfenda. Hinc aequatio dilTercntio - diflcrentialis 
ad formam hic rcceptam reducia, vt nonnifi quantitatcs finitas 
x, y, p et q comineat, erit homogenea, fi litteris * etj vnam 
dimcnfioucm tiibucndo , litierae p vero nullam , at litterae q 
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vnam dimenfionem negatiuam, In fmgulis acocationis termlnis 
idem oiiatui dimenfionum nnmerus. Viciflim ergo qnoiics 
hacc proprietas in acquatione inicr quaternas quanritates x, f, 
p ct q propofita deptehcnditur , ea acquatio crit homogetiea. 
et forma vulgari expreffa manifefto homogeneitatem prae fc 
feret. 

Corollarium i. 

791. Si ergo in aequatione tali homo^enea inrer x, 
y, p tt q ftatuatur y = ux et q = ^-> omnes termini eandem 
potcftatcm iplius x cominebunr, qna crgo per diuifioncm fub- 
]ata, aequatio prodibit trcs tantum variabiles u, v et p in- 
voluens. 

Corollarium 2. 

794. Criterium igitur aequationis homogcneae intet 
qnatuor quantitatcs x , y , p et q propofiiae in boc eonfiftit, 
vt poiito y = ux et q = ~ , quantitas x proriiis ex calculo 
«tcrminetur. 

Corollarium 3. 

793. Fafla itamie hac fubftitutione, qua obtinetur ae- 
quatio imer ternas quantitates u, v etp, ex ea pro iubitu vel 
p per » et v, vel v per u et p , vel u per v et p definiri 
poterit. 

Scholiori. 

704. Simili modo ideam homogeneitatis in aequatio- 
nibus differentit) - diifcrentialibus conilituimus, quo in aequatio- 
nibus differenrialibus primi gradus ftimus \'fi. In his quidem, 
cum differentialia fponte eundem dimenfionum numerum con- 
ftirncrc dcbcant, homogencitas ex folis ipfis variabilibus x tty 
diiudicatur. At in acqnationibus diffcrcntio - difFcrentialibus 
praeter ipfas variabiles * et y etiain litterac q ratio in com- 

puto 
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puto dimenfiomtm haberi debet, ita tamen vt [pii vna dimen- 
fio riegatiua fit tribucnda; lirtera autem p in hunc computurn 
plane non iugreditur, quac crgo vtctmquc aequafioni implice- 
tur , homogeneitatem non turbat. Plurimum autem intciclt 
probe nofle iudolem- differcntio - differentialium aequationum 
homogenearum, cum earum rcfolurio ad refolutionem aequatio- 
num differentialium primi gradus reduci pofTit, ita vt fi haec 
fuccetferit, etiam ipfarum acquationum difFerentio - differcntia- 
lium integratio habeatur, id quod in fequenti problemate lu- 
culentitis oftendemus. 

Problema 95. 

'jpSt Propofita aequationc differentio - differcntiali ha- 
mogenca, eius refblutionem ad integrarioiiem aequationis diffe- 
leutialis primi gradus reducere. 

Solutio. 

Redufla sccnatione poncndo dy-pdx et dp^qdx 
ad formam hic rcccptam, vt habeatur aequatio inter quatuor 
qnanrirates finitas x, y, p et q, ponatur y ~u x cr q — , 
ac cum aequatio fit homogenea, hoc modo quantiras x peni- 
tns cx calculo clidctur, ita vt ptoditura fit aequatio intcr ter- 
oas quaotitates n, u et p, cx qna vnam per binas reliquas de- 
finire liceat. Nune igitur cum fit dy=pdx t erk »3* + 
x t) u — p d x, hincque ~ = ~~ , Deinde ob 9 p — q 9 jr, 
crit dp — , ideoquc ^ = 1?; cx quo duplici ipfius ~ 
valore colligitor = ^ , feu v <> u-p d p — u 3 p. Quodli 

crgo ex illa aeqiiatitme quantitaa v definiatur per binas p et u y 
habebitur aequatio differentialis primi gradus inter binas variar 
biles p et u, cuius integratio fi fuerit in poteftatc, vt p per u 
iunotcfcat, aequatio — — ~~ , in qua variabilcs x ct u funt 
Vol.ll. * G fepa- 
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feparatae, integretur, flcqne x per u definictur, vnde fit y-ux'% 
feu ftatim in hoc integrali ioco u fcribatur et habebitur 
acquatio inter x et j quaefita. 

Corollarium i, 

7pff. Totum ergo negotium reducitur ad integraticw 
nem huius aequationis difFercnrialis firnplicis vdu=pdp — udp, 
quae fi ope regularum fnpra traditarum cxpcdiri queat , fimul 
aequalionis differentio - difTerentialis integratio habetur. 

Corollarium 2. 

797. Simul autem patct refolntionem. huiusmodi ae- 
(jiiatiounm duplicem integrationcm requirerc, vude duae quan- 
titates arbitrariae conflantes ingrcdientur, quibus iutegrale com- 
pletum conflituitur- 

Corollarium 3. 

79S. Etiamfi autem intcgratio vdu~pdp — uDp 
non fuccedat, tamen ingens lucrum efl rem eo perduxifie, cum 
fupra merliodus generalis fir tradita integralia omnium acqua- 
■tionum diffcrentialium primi gradus proxime afljgnandi. 

Scholion. 

7Pp. Operae igitur pretium erir eos cafus perpendere, 
^ulbus aequatio vdu — pdp — u i>p integrationem admittit; 
quarnobrcm cxamincmus, qnalis funiftio v debcat eiTc ipiarum 
p et 11, vt hoc eucniat. Primum aurem patet hoc ficri , ii V 
fuerit funflio homogcnea vnius diirenfionis ipfarum p et », 
quoniarn tum ipfa hacc neqnatio fit homogenca ac pcr rcgu- 
las fupra expofitus ad integrationem perduci potefl. Deinde 
etiam integratio fucccdir fi fncrit v functio quaccuncuc ipfius p, 
fluouiam tum altera variabilis u vnam dimenfioncm non fupc- 

tat, 
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J> 



rat, et aequationis 3 «4- ^Af = tlf integtale eft 

Tertia integrationem abfoluere licebtt, (3 v fuerit funclio qnae- 
cunque quantitatis /> — «-. Pofito enim p — u=.s, vt fit D 
fimflio ipfms J, ob p^J-f-u, noflra aequatio crit vdu-sds 
ideoquc Bu — ^ s et u~f^-, quae integratio 
adeo ad- formulas llmplices eft rcferenda. Quarto manentc. 
t — p — «, fi P, Q, R denotent funcliones quascunque ipfius 
aequatio noftra oDa = fD; + j3u tractari poterit , fi fue- 

rit V — S-\ lS , tum enim fit P3a = Q«9j-+Rtt n 3y. 

Qa-t-Ra- 

Quinto etiam patet , fi denotantibus V et U funftiones quas- 
cunque ipfius u , fuerit u — r+ V»+Ui n , integrattoncm 
quoque fore in poteflaie , fit enim aequatio noflra Vi3« + 
Uj° — 'du^di. Aicue in generc fi acquatio diffarentialis 
3* — Zi)u fucrit integrabilis , cxiilente Z (unflione binaiutn 
variabilium j et «, euin otiltra aequatio fit sbs = (v — s)du, 
habebimu» b = j + Zj pto omnibus cafibu» iutcgraiionerri 
adrmttcmibus. 

Exempkim i. 

800. Sum'6 elemento d x conftante , fi proponalur baee 
aequatio x x d dj — x d x d y -+■ ny 3 x', eius iniegrale inuenirr. , 

Pofito dy=pdx et dp — qffx, erit qxx-px-t-ny, 
vnde failo y — U x, prodit q x — p -t- n u ~ n , ita vt v fit 
fuuftio vnius ditjienfionis ipfarum p et U, et aequario noftra 
(_p-+-nu)du=zpdp — udp fiat homogenea. Cum ergo lit 
nudu-r-pdu-r-udp—pdp, erit integrando 

C + ituu-r-apu — pp et 

p = « -i- / [C -+- (n -+- i ) u ti] . 

G a Ha- 
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Habebimtis ergo ~ ~ y qnae denno integrata dat 

l x = / ■ >■'" ± ± yf+ a - »■ fen 
D #rt»+*J — ■ /.(« ,) - j/ [c + C»'i- 1) » «] 

ilncque 

D . j.. v 1 !«+.)_ 4 D |. +,) a y. (a + t y __ c . 
Sit D=//(» + 0 e t C = s(« + i) 
Tt habeatur 

— jy^yiBH-,]^—,^ exiHente »=£. 
Cafu quo n — — i, ob if — iH, erit et 7 i = B = ideo- 
que y = a x t i . At fi s-H i fit numerus negariuus integra. 
tio etiam angulos implicabit. 

Corollarium i. 

8oi. Si fit » — o, huius aequationis xx ddy=xdxdf 
integrale completum crir ff x' — afy—g, qui cafus per (e- 
eft pcrfpicuus. Cum ex = ?3 fluat 

||=/* et •>=/*.* — £.. 

Corollarium 2. 

Soa. Si fitn=3, aequationis x X h d-y -x 3 x dy 
Sydx* integrale completum eft jf ** — ifxy = g. l&m 
eucnit fi ioco / (« -|- i ; fcribatur — a, fit enim 

— H?, = g M ff — mfxj — g "«% 
Vtraque redit ad j = 4- p 

Exemplum 2. 

803. .SWa ehmtnio dx conflmue, fi propmatur baee 
atquatio = Y(mxxd J f-i-iij>jdx') s em mtegrale 

tomplaum inuenire. 

Ob 
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Ob %y — pDx et Sp-=qdx, habebimus q x x =S 
■^(m,ppxx-r-nyy), quae pofito k x abit in 

qx = /(mpp-r-nuu) = v, ob I==-|. 
Quis ergo eft £f = ^ — U , erit 

duy(t*pp -r-nuu) = (p — u)dp, 
quae cft acquatio homogenea. Ponatur ergop = / a; et prodit 

duY(mss-r-n)=.( S — i)(sdu + uds)i 

bincqne 



ex qua fit 

taic tam s = i quam * per candem variabilem S determl* 
natur. 

Exemplum 3. 

804. Sumto elemenio d x con/tante , fi proponatur baec 
eequath n x> 9 dj = (y 3 x — x 3 j)\ eius inttgrale inuenire. 

Pdfito 3j = pdx et 3 p — y 3 *j crit nx 3 q-(y—pxf 
—nxxv ob ¥ = -5-- Si iam ftatuatur j = u x, ficr 

m>=(«— «' « ^ = j^ = ¥ — (0$ri 
Tnde habetur ndp = pdu — udu: quae fatfo p — u = s, ah!t 
in n 3u -t-n9r = j du feu 3 u = r^nr> mnc > — 
Tum vero ob f> — k = j, crit 

?T = t = nf^Ti cc '* = 't^) " deo 1 De 

Cum ergo fit 

; =: —^, tnity^ttxl^if^ 

G 3 _ Co- 
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Corollarium. 



Soy. Aequatio n x' q = (j — p x)' facilins rcfoluitur," 
ponendo y — p x ~ z , vnde fit — xdp = dz; quare ob 
q d x = d p , erit 

nx* dp =zzdx = — nxxdz, 
ideoque . 



Exemplum 4. 

80S. Sumio dx eonjltmte, fi proponatur baec eequatta 

jniegrale inuettire. 

Poliro dy—pdx et dp = qt>x, aequatio propofita 
hanc induit formam 

C '+ P p) V (t -+- p p) = n q V (* * -+- 3 y) , 



( L i-+-pp) l du=n(p~ B)3j)/(iH-*«) 
cuius refolutio non fpontc patet. Calculum autem ad angu- 
los reuocando, fit p = tang. tf> ct « tang. u, erit 






3*= 
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P~ M=J if $Zt? *i bincque 

3u = n 9 0 flu. (0 I - = 3 0 -l;d'0 — 9 u) ergo 

PoCto crgo 0 — u — \p, erit 

* =/i=Sfer " " - + i 

hinc ob p = tang. 0, ct u=tang, u, obrinetur 



. . . ^coj.u tjf.uli — ™jjn- +J* 

Cafu n = i , fit 



$ = tang. -f- ^ = l^* + a, 

i u «J. 5 .■oj. + -t-/ra. ~T. + ' 

Cum autem fit 0 — tt = / j | , etit 



Corollarium 1 

So-j. Si cafu n — i fumatnr conftans a infimta, erit 
fin. \p = r , hinc \p — jo° et &j = 0 — 90° , tum Tero 
S£== ?jtffiP ) Ueoque x = a fin. 0, et u = — cot. 0, ergo 
j = — acof.0, et xx-\-jy = aa. 

Co- 
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Corollarium i. 

8oj. Eodem antem cafu » = i, quo conftans a non 
fumitut infinita, fraflionis cui i- aequarur, numerator com- 
mode eft differentiale denominatoris ; vnde fit -< 

x = a [($ — «)' Jln. $ — fin. (J) a ($ — a) cof. tp] . 
Tum Tcro eft 

w = tp — Aug. tang. ' i^5j!~J , 

ideoque 

tar-g. $ — !£^!1±J 

H = -2. _ tang. (i) ~ ; j — -3 — ^-i fen 

' 1 + l .±- tang. ip 



* — i$ — »)■ j,,.. <p — /w. f^pi((7= li»? ' 

Confequenter 

3 - — a [ ($ — a)* cof. 0 — cof. (p — 2 (tf) — a) fin. <J>] ct 
/(** -W) = [(4>— «/-J-i]. 

Scholion i. 

805, In genere ctiam inregrarionem. abfoluere licet. 
Cum enim fit 

34> = r4^«" = "-^--' crit 
(P + «= y ( ,_..„ Ang. eof. ^Tjfcfr J 
vnde pofito 

($ * «0 / (1 _ « ») = *, erlt cof. f = i 

hincque 

jin. 4» = n z r t gi et c01 "' 4* - 1'^", "'■ ■ 

At ob (0 = tp — \]y , habebitur 

H CcJ. $JE1. i ;■ ]i -r. ai-t-jir.. 4: ,n_ tlf.il ' 
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-3$fin.<£finJ/(i-n»)-i-3;t)cof.C>cofJ(i-n») 

-+B£X$cof.<J) — dOcof.ifcofJ-i-dClJfin.CtJfinJ/fi — nn), 

quod redic ad nScJlcof.Cp^i— ncofJ) ipmm fcilicct numerato- 

rem. Ita vc fic 

xz_[cof.CpfinJ/(i—Hn) + fiii.<p(« — eorj)] 

feu ___ cof.u (i — n cof. $), ideoque 
= __-::_ fin. _ (i — n cof. fl). . 

AffumCo ergo angulo $, quaeratur angulus \p, vr fit 
fin.^-jl^I et cof.vPr^^/Ci-™), 

tum ^ero fiat 

eritque inregrale completum 

x=a(_i— »cofJ)cof._ et j__(i — ncofJ)fin._. 

Scholioa 2. 

8io- Ac fi numerus n fic vnirate maior , haec ince- 
grario fit ima!;inaria , quod incommodum vC CollaCur , notau- 
dum eft, aequationis dQ>=— ' j| a ^ intcgrale effe 

Quare fi ponatur ($-!-_) /(n» — i)_$, vt fic 

ae = 3$/(nn-i) ec u = <p- >J, ~ _-_!__- __-»)/, 

r»+i _ /ft-i)ft.«.fl l i.-) _ (»-i)(--t--ii.^) . 
f 1 — j i/(»-t-iXi— iw.^; cof. 4- ij ' 
Ynde reperitui 

Fo/. J/. H _- 
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fin . + = _£i£±£ u cor. * = 

ita vt ex angulo i definiantur angifli v(<, <P et u. Cum iam 



jt cor.$iC£ , -e- i Ji/(M>i-i)+fiu.cPt.' ! -^2n+0 ' 
vbi iterum commodc cuenit, vt numcrator fit iplum differen- 
tialc dcnomiii-ioris, quemadrnodum differemiationem inftitucnti 
mox patebit. Hinc crgo crit 

A- 0 [cof.cpCe'-0/C'"'-')+fin- < I 3 C £, + :1 ' I + t "M fcu 

x^acoUin^-t-^ne-'), ct ob «=-£:_ tang-U fic 

j=*fin.»(V-f- _.+>.*-•). 
Quocirca es augulo 6 ptimo quaeratur anguluj \Jj, yt fit 

fin. + — — s r ct cof. v^ — 1 __ £ -__., 

quo inuento capiatur angulus u a — \J/ , ac for- 

mulae illae pro x et y innentae dalrnnt intcgrale completum 
ob duas conltantes a et a introduflas. 

Scholion 3. 

8ir. Cum hic pr.iecjpun pars integntioiiis fortuito 
fucceliifTc videatur, opcr.ie praetium crit in eius cautam iuqui- 
rere , uum forcc ratio iniegtandi darius pcripki queat. Cum 
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in hanc refoluitnr 
quae ob 

9$ = ,^»^ et K9$fin.>)t = 9u, 
induit hanc formam integrabilcm 

¥ — , -« Jm.+ -«t/.V~» 

cx qua elicitur 

En ergo in genere aequaiionis noftrae hanc imcgrationcm. 
Anguli oi et \[/ hanc iuter fe tencant relationem, vt fit 

tum vero erit 

x — ^ et y — ^/"j." ^ . 

Quodfi ergo ponaituis / (* jt -t-jj) =s, vt (jr. 

a- = s cof. iu et y = a lin. w , eiit 

g — ■ — a * - ^ ■ ct fin. vp — , hinc 

8a-'£--;''.t. At fit 

3tJ — ,^ L .'.',T- t V— ■■] 

vnde angulus a per z definiinr. Ad irralionalilatcm tollen- 
dam, fi ponamus 

i/[bbs* — f* — <0*] = .f («8-r-Sf — fl), fit 
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quae iategratio eft manifefta. 

Frpblema 99. 

815. Si aequatio differentio - diffcrentialis tum demrjm 
fiat homogenea , fi altcri variabili y tribuantur n dimcofioocs, 
cius integrationem ad aequationem differeDtialem primi gradus 
reduccre. 

Solutio. 

Pofito Sy=pdx cr dp = qdx, vt oriattir aequatio 
inter quatcrnas quaotitates finitas x, y, p et q, quae quomodo 
ratione homogeneitatis /utura fit comparata, videamus. Primo 
ergo cum pro x voam dimcDfioDcm oumcrando , variabilis y 
habeat n dimenfioDes, quaotitati p^^-2 tribnendae funt n — x 
dimenfiones, quantitati q — if vero n — i dimeofiones. Quo- 
circa ponamus 

et ob dy=pdx et 3 p = q 3 x, habcbimus 

xdu-t-nudx=tdx ct xdt-t-(n— i)tdx=vdx, 
vndc colligtmus 




ideoque 

9 u [v — i)*] = dl 0 — n u) . 
At factis fupcrioribus fnbltitutionibus in acqiutionc inter x, j, 
f et q, pcr hypothcfin variabilis r ex calculo cxtruditur, ita 
vt prodent aequatio inter trcs tanmm variabiles u, t et i>, ex 
qua littcram v per binas t et u deiinire licebit. Quo valore 
fubflituto habcbitur aequatio diflcrcutialis primi gradus intcr 
binas vatiabilcs u et ( , t\ qua / per u detcrmioari queat ; 
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ope aequ.tionis 2f ~ _£i_ definictur _■ per u, hincqite ob 
u=z~ obtinebitur aequatio iutegralis inter * et y, eaque ob 
duplicetn iutegrationcm completa. 

Corollariutn r, 

813. Acquationum ergo inter x, y, p et q Iioc mo- 
_o traflabilium hnc cft crfterium, vt poiito y = x"u, p-** - 't 
et q-x*~ exponcns n eiusmodi determinationem patiatur , 
¥t variabtlis jr prorfus ex calculo per diuifionem egrediatur. 

Corollarium 2. 

814. Si lit n_o, aequatio ita efl comparata , vt tri- 
baendo ipli y eiusque differentialibus nullam tiimenfionem fiat 
homogenea. Hoc fcilicet cafu fola variabilis x cum fuis dif- 
fctcntiaiibus dimcnfiones conftituere ccnfctur. 

Corollarium 3. 

815. Contra vero fi dimeuliones ex fola vsriabili y 
acllimentur , ita vt ea cum fuis differentialibus dy et 3 dy 
vbique eundem dimcnlionum nutncrtim conftituat, cxponcns n 
fiet iufiuitus. 

Scholion. 

816. Si fola variabilis _- cum fuis diiTcrcnthlibns vbi- 
quc eundcm dimenlionum nunierum complct, ob n_:o „[«__', 
et in aequatione inter x,y, p et q ftatui conneniet p~i- et 
q = -, quo faclo variabilis x ex calcuio demrbabititr, prodi- 
bitque aequaiio inter y, t et f, cuius ope aeqnatio differentia- 
lis dy (v ■+■ t) - 1 3 ( ad duas rantum variabilcs redncetur, qua 
rcfoluta crit = vbi cum t dctur pcr y, intcgratio 
nullam habct difficultatem. Vcrum altcro cafu, quo vavjibilis y 

H 3 fola 
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fola cum fuis diffcrcntialibus pares vbiquc dimenfiones hahet, 
ideoque exponcns n infinitus cnpi dcberel, refohuio alio ir.odo 
inltitui dcbet , quem mox docebimus, nifi forte peimutando 
variabilcs .r crj cafum ad pracccdcntem rcducerc lubuerit. 

Exemplum i. 

517. Sumio ekmcvto dx conjlame , fi proponatur knee 
aeqttatio x x d dy - ay 3 x' -t- f3 Jr 3 x By, tius imtgrgll inucnire. 

Perpendatur hic ifla conditio, qua foln vdriabilis x cutn 
fuo diffcrcntiali 3* vbique duas condituit dimcnfioiics, critqne 
n-o. Cum crgo polito dy-pdx ct dp = q<)x, liabeamus 
qxx~a.y-i-(Spx, ihtuamus p - — et q = Ji , fictquc v ~ay 
-i-(3i, vnde adipiicintur tfhim aequatioucm differentialcm 

ob cuius homogeneitatem faciamus t ~y a, critque 
a3,f-t-(f3-r- i)edy~=j>zd--r-~~dy feu 

Sit a -f- ((3 -i 1 ) z — z z ~~ (f-h ~) (g — =) 
rc iit " 

~=fg ct ,3+i=£-/, 
rcpcriettirquc 

~y a " + ~ g — z 

vnde coUigitur intcgrando 

h ~C — -JL./ (/+*) — r f-l(g — s), feu 

vCf+a^ (e — 

Tum 
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Tum Vero elt 

* = * fi^5)/+5, feu£i| — (£-) /+e - 
Vnde cura fic «:= g * - C-- — -, erit hoc valore ibi fiib- 
itituto 

f* — „ (V+t -+-*'+«), 
feu pofito j4— — e 

■ -<e+s> 

eft tcio g— /=p-HJ ct g-i-/— /((|3-{-i)'-|-4 a ). 

Corollarium. 

818- Quoniam in aequatione propofita etiam ambae 
Tariabilcs r et; liitrnl vbiquc to-idcm dimenliones habcnt , 
eam etiam fccundum praecepta praccedeutis problematis tta- 
ftare licet. 

Exemplum 2. 

819. Pofito dx conjlante, fi aequatio diffenntio-differen- 
lialh dtiobus tantum erminis canjiet, vt jit huiusmodi 

tius integrale jnueftigare. 

Pofito ^y — pdx ct dp = qdx) habcbitur hacc tor- 
ma q = ex a )fip y , vbi exponeiitem n ita deliiiirc licet , Tt po- 
llto j—x n u, p = ct q — r"~ , i>, vatiabilis x per di- 

yilioncm tolli pollit, capi enim oportct 
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tumque enfv = c<#P. Aequatio ergo differcotialii primi 
gradus rcfoluenda eric t 

eu 9 ,*a„_( n _i)t3«_t9i — nfl3», 
cx qua cum variabilis I per u tuerir determiiuffl, integrari 
oportet hanc forjnulam ^ = , qno fcito ° b H =^ ol >- 
tinebitur aequatio integralis quaefita intec * et /. 

Cafus tantum f3-|-y _ i, quo n fit infinitus, pecu- 
liarem pottulflt traftationcm infrfl exponendam, nifi fortc fimrJ 
fit y = *-+-*> tam enim exponens n piorftis arbitrio no- 
ftio xciinquitnr , at aequatio erit homogenea. 

Exemplum 3, 

820. Sumto eltmtnto dx eonjlante, fi proponaiur bate 

acqualio 

x*d3j = x i dxdj-t-zxydxdj>- *yy d 
eius iniegrale imienire. 

Hic euidens eft, fi ipfi y eiusque differcntialibus dy et 
ddy binae dimenfiones, ipfi x vero ct dx fingulae tribuan- 
tur, in omnibus tcrminis obtineri icx dimenfiones. Quore cum 
pofito dj=pdx et dp = qdx, habeamus hanc acmiatio- 
nem 

x*q = x>p-h2Xyp — facinmiis' 

y — x' u, p — x I et 9 = 0, prodibitque ■ 

At ob n = z, acquatio differentialis uoftia erit 
3s(i>— 0 = 9l(t— au), 

quio 
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quae abit in 

inde deducimus vcl r _ 2. b vei + quos binos ca* 

fus feorlim cuoluamus. 

1) Si J — a u, ob _ - fit 3 a _ o, ideoque 
(i^C, ac propterca .*■_ C*Jr, quod cft integralc particn- 
lare, aequationi propofitae vtique fatisfaciens. 

2) Sit (_«« + (-, erit ^ — _±!L_, vbi tres 
cafus funt confiderandi : 

Primo fi conflans c = i , erit 

1*- = -^ = -!?-, feu xx _(**— »J1.' 
Secundo fi conflans tf _ i — //, erit ^ — [u _ f,f _j f > 

hincque 

ergo ob u = i , erit 

Terrio fi conftans ( = i-t-ff, Ideoque ^ _ — _ 3 . ?^ j 
quae integrata dat 

/* — j> Ang. tang. feu _ fc^- 1 _ tang.// i-. 

Pro ratione ergo conftantis arbirrari;ie c integratto vel 
algebraice fuccedir, vel a logarithmis, vel ab angnlis pendet, 
vnde forma gcnerali cxprimi ucquit. 

Scholion. 

131. Integrale autem particulare primo inuentum 
j^zCxx in nulia Iiarura formarum, quibus integrale com- 
Vol. II. 1 pletnm 
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plctum conftituitur, contincri dcprehcnditiirr nihilo vero mi- 
nus fatisfacit acqumioni diffcrcntio-differentiaii propofitae. Hoc 
crgo cxcmplo magis illullramur ca, quac fupra circa hoc pa- 
radoxon fumus commentati, qnod interdum acquationi diffe- 
rcntiali fptisfaciat acquatio finiia, quae in intcgrali complcto 
minimc conrincatur. Vidcmus igitur hoc idem paradoxon 
ctiain in aequationibus dilTcrcEiiio-difftrcntialiljus locum habe- 
re. Vtrum autcm illa aequatio y~:Cxx inter integralia fir. 
admittcnda, alia cil quacftio, qiiac nondtim pctiitus videtur 
confcdla; hic quidem ipfa aequatio propofita quafi factores ha- 
bcns cft ccnfcnda, ci quorum altcm illa acquatio y — Cxx 
nafcatur, vcrum multum abcft, vt in hac cxplicationc acqui- 
efccre qucamus. Quin potius ipfa illa quaeilio, fiue geome- 
trica fucrit fiue alius difcipliuae, cuius folutio ad huiusmodi 
aequationem pcrduxerit, accurate perpeudi debcre videtur; vbi 
plerumquc haud dillicuiter iudicari poteft, vtrum quicquid ae- 
quationi diffcrcntiali latisfaciat, id etiam ipfi quaeftioni con- 
ueniat nec ne? Vcluti fi dcfcenfus grauis ex nitiiudine — a 
Jabentis definiri dcbeat, et altitudo qua iam a terra diffat fic 
x, crit ibi cclcritas vr l/ (a — x), ct elementum temporis 
d f — " • H |c quidem cuideus elt ifli aequatioui diffe- 

rentiali fatisfieti ponendo x~ :a, ita vt tempus / maneat in- 
definitum, quod tamen quaeftioni ncutiquam conuenit, quae 
noniii vcro intcgrali t— a)/(u — x) rclbluitur, 

Problema 100. 

82i. Si in aequationc differcntio-difTerentiali variabi- 
lis y cum fuis differcntialibus Hy et ddj vbique eundem di- 
menfionum numerum adimpleat, eius integrationem ad aequa- 
tioncm diffcrcntialem primi gridus rcduccrc. 



Sohitio. 
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Solutip. 

Pofito Sy — pdx et dp = qd x , aequatio ita crit 
comparata, vt in ea ternae variabiles y, p, q, vbiquc eundem 
dimeufionum numerum obtineaut, alteta variabili x in com- 
putum dimcnfionum prorlus non ingrcdicntc. Quare fi fta- 
tuatur p = uf et q — vy, in omnibus terminis inerit eadem 
ipfius y poreftas, qua per diuifionem fublata habebitnr aecma- 
tio intcr ternas tantum variabilcs x, « et <u, es qua voarrt 
per binas reliquas definire licebit, ita vt v aequetur functionl 
cuipiain ipfirum * et u. Iam ob p = u y erit dy ~ ttydx, 
ct ob d p = q d x fiet udy -\-y 3 u — v y S vnde fequitur 

idcoquc <)u -\- uu d x = vt) x, quae aequatio differentinlis 
duas tautnm variabiles x et u complcclisnr. Quam ergo li 
integrare licear, vt relatio inter x et u indc innorefcat, fu- 
pereft, vt formulac u i) x integralc inueftigetur, quo inucnto 
erit ly= «3r, ficque aequatio orietur inrcgralis inter x et 
y, quae ob dupliccm integrationem peraftam duas conftantcs 
arbitrarias inuolucc, ideoquc intcgralc complctum cxhibebit. 

Corollarium i. 

823- Hulusmodi ergo aeqiiationum integratio rcduct- 
tur ad huiusmodi aequationem differentialcm 'bu-t-uuSx-vdx, 
cuius refolutio fi fucccdat, fimol illarurn intcgratio habetur, 
cum formulae u i) x imcgratio difficultate catcat. 

Corollarium 2, 
8*4. Cnm fit ±2~udx, erit y-e 1 " 3 ", qua fubllitu- 
tione aequatio differentio - diffeteniialis propolita (totim redu- 
citur ad aequationem differcntinlcm primi gradus, erit enim, 

12 H 
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nc tum formula exponentialis fpotitc cx aequatione cgrcditur. 

Corollariiim 3. 

315. Viciflim etiam propofira aequatione differentiali 
piimi gradus r>u -+■ u u d x - v d x, in qua v fit funflio quae- 
cunqiie ipfarnm x et 11, ea pofito u — , i n eiusmodi ae- 
quaiiorem differentio -differeutialem transformatnr, io qna va- 
riabilis y cum fuis differentialibus dj et 3 dj* vbique eundem 
dimcnfionum numcrum conilituat. 

Scholion i. 

Sitf. Haec reduftio aequationum differentialium pri- 
itii gradus ad graflum fccundum lcgibus analvlcos aducrfari vi- 
detur, inrcrim tamen fnbinde vfu non caret; quodfi enim alia 
inetliodo huiusmodi aequutiones diffcrentio - differentiales tra- 
flarc liccat, dum eanim intcgralia vcl pcr icries exhibentur 
vel finite, llmut integralia aequationum differentialium primi 
gradus innotefcunt, quorum ratio plerumque aliunde vix per- 
fpicitur. Iii feqiicntibus autcrri vidcbimus, eiusmodi acqua- 
tiones differentio - diffcreiitiales in <iuibus variabilis altera y 
Ttiam dimenfionem non fuperat, per feries commode inicgrari 
poiTc, atqiie adco interdum has fcrics abrumpi, ita vt inte- 
grale finita exprcflione exliibeatur. Caeterum propofita huius- 
modi aequatione diffcrcmiali primi gradus bu -*■ u u 3 x - vdx, 
fubftitutio U--1Z co m.igis ell uotatu digna, quod fumto 
clemento d x conftante fiat 

du- 3 ^2 — yfjji ideoque 

dti -+- uu 3 x = , 
iU vt duo termini hoc modo in vnum coalefcant. 

Scho- 
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Scholion 2. 

517. Cafus hic imprimis notafie iuuabit, qiiibus aeqnatio 

fit du = Vt>x forma genetalis aequationum refolubilinm , et V 
certa fiinclio ipfarum x ct a, ac manifeftum ell fi fuerit 
v = uu ■+ V intcgrationcm fuccedcre. Primum ergo hoc 
eueniec fi iit V~l, denotante X funftionem ipfius x ct U 
ipflus u. Secundo fi V iit fiinftio homogcncn nullius dimcn* 
fiouis ipfarum x ct u. Tertio fi denotantibus X et & fun- 
fliones quascunquc ipiius x, fucrit V = X» + au". Quatto 
fi dcnotantibus P er Q fiinfliones quascunque ipfius », fnerit 

V = - . Similique modo cx nliis furmis integra- 

P*-r-Q** 
bilibus alii c.ilus condudcntur. 

Fxemplum 1. 

828. Sumio elcmtnto dx conjiantc, fi proponatitr batc 

atqttalio 

ajyddj-h(i dy' = ^ZlEjJL-, 
eius intcgrale imtenirt. 

Pofito dy — pdx ct dp = qbx, prodit 
1 y ? + (3 P p = rx^TT: ' 
quae fadto P — ity et q — vy, abit in hanc 

Tnde hanc acquiitionem reibiui oportet 

3 h 4- uHtt# — — x x ) — P"^'' 1 • 
Statuatur « =r ; , fietqiic 
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quae per + + mnliiplicata ct integrata dat 

Tht x -h Y (a a x x) ___<*, ecit 
aa=.t°- — zfx, hinc 

x = £'~~ a * = lP — laar-* tt 

= f 

3 x = S I ( C ~ ' -+- a a r " ~ ') ; 
ita Tt Jjc 

s (=: ( i -+- i-X/"? 3 iC" + <"""")' f « 
Forro cft-J' — _■_•-.:-__--; at cx acquatione differentiali cfl 

(■+4)¥= J f'+ .„.'.•-;..) '. '• f . 

hincque 

Ci+A)//=h-4-i/[*+/(aa-'-**)]=//(-i-D 
cvgo j> = BCjO°^' Q 113 ^ fliml ° C = Z±&A, habcbitur 

exiftente 

x = i(_t"-aar' e ) i tcI (-[* - 1 -/C fli, - , -*' ;r )r I > ' 
ita Tt aequ.nio inicr x et y _it 

Cf¥ = A + _!_[» + /(.» + , »)]=?■' 

+ rS;[»+i / C«« + »«)] L ? 3 - 
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Scholion. 

Sip. Hoc idem exemplum ira ell comparatum, vt alia 
rarione ficillimc rcfolui pollit; aequatio cnim 

ayq-hppp = ^ /^ ,, " 
(i pcr — mnltiplicetur, obqdx^dp et pdx-dy, abit in 

a -^£ ■+- El2 — t - g , 
cuius finguli teniiiiii (unr integrabiles. Ptodit ergo 

fj* = C [jrH-/(<i« + j:r)] 1 hincque 

yT 3 j> = C 3 x [x -+- /(a o + * *)]* , 
quae aequatio denuo iutcgrata praebct intcgrale antc inuentum. 
Forma ergo generalis neqnaiionuni Iioc modo refolubilium eft 
F dp-+-\ 3 7 + \a x — o, exiftentc P funclionc ipfius /), Y 
ipfius y et X ipfins r , quae noflro more repracfcntattir pcr 
Pf + Yp + X = o. Hinc ergo perfpicitut quomodo etiam 
aequationcs diffcrcntio - diftcreniidcs ope idonci multiplicatoris 
ad integrationem perduci queant; qiue mcthodus, cum tn ae- 
quationibus differentialibus primi gradus infignem vfum praefri- 
terit, co magis e)tcolcnda videtnr, quod ctiam ad aequationcs 
differentiales aHorum gr iduum pateat , quod argumeiuum in- 
fra fufius pertraflare conabimur. 

Exemplum 2- 
83°. Sumto elemmo r) x conjlan:e , Ji proponatur hasQ 

atquatio 

xyddj=jdxdj + xdj'-\- 7 , , 
tm integrale inutnire. 

Pofito Zy = p3x et dp = qdx, erit 
xyq=jp-+-xpp-+~ 7i **t P X x; » 

quae 
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qtiae faflo p=uy et q — vy, abit in 

vnde oritur haec acquatio difFerentialis 

du-i-uudx — u -^-\-tiudx'+- f , i 

euius integralc 

C — = — * •/ (a a — x x), fen. 

» = wt> ,"«-»! ■ er e°V- c +t v- - 

Ststuatur /(ad-u)^l, Tt fit * 9 * — 

3» isi — ji 1. cai 

f— c+Ti — T + M<+t')' 

Sit C=rniA, erit 

IJL — — „ / «i+J^i 

>bi r ei n funt conflantes arbitrariae. 
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DE 

AEQVATIONIBVS DIFFERENTIO-DIFFERENTIALI- 
BVS IN QVIBVS ALTERA VARIABILIS VNICAM 
HABET DIMENSIONEM. 

Problema 101. 
831. 

Sumto clemento conftante, fi proponatur aequario huiuj 
formae 9 dy -+- V 9 x dy -t- Q7 3 x* = o, vbi P et Q fint funflio- 
nes quaecunque ipfius * , csrn ad aequationem differentialcra 
primi gradus rcuocare. 

Solutio. 

Ponendo dy=zpdx et b p z= gdx, aequatio propofiti 
induit hanc formam q -+- Pp -\- Q? — o , in qua fi methodo 
ance cxpofita ftatuamus P — uy et q — <oy, obtinebimus hanc 
intet x, a ct a aequationem b + Pb+Q:o, hincquc D = — 
F u — Q. Tum vero fit 

dy — ujbx et u dy 3 u — vy d x, 
ita vt fit 

i£ = 8 d x = ?.?'- J -s , 

idcoque 

3a-|-f<B9*-t-PB9jr-r-Q3*=:o 
fubftiruto pro v valore. 

Frf. i/. ' K Qtu 
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Qiia aequatione rcfoluta crit ly=fudx. Vel fine 
his fub-tirutioiiibus ftatim in ipfa aequatione propofita ponamus 
y — t s%ix , vndc fit 

df-^^udx, et 93j=f J " JX C3u9*+tt«9**), 
et cum facla fubftitutione quaptitas cxponcntialis e s "** ex cal- 
culo tollatur, obtinebitur praecedcns aequacio differ^ntialis pri- 
mi gradus 

dn-{-uuc)x-\-Tudx-\-Q_dx=o, 
a cuius refolmiooc integcatio aequationis diffecentio - differen ■ 
tialib propoiitae pendet. 

Corollarium i. 

832. Haec aequatio differentialis primi gradus pltirl- 
bus modis in alias formas iibi fere iimiles rransmutari poteft. 
Veluti fi ponamus u = Mz, prodtt 

■vbi pro M eiusmodi funflionem ipfius x accipere licct, \t ter- 
minus ipfa litera z affeclus cuanefcat, qnod fic ii 
JM + MP3i = o feu M^Cf^ 1 . 

Coro]]arium 1. 

833- Similis forma prodit poriendo u = JL) enim 
— U2 -f- }Z -4- -4- 112* -{-Q_dx = o feu 
Kdz-«(_dK-*-KPdx)-Q_«ehx-KKdx==o, 

vbi fecundus tecminus, fumeudo K = C f~ J1 ' JI , pariter euanefcir. 

Corollarium 3. 

834- Similis transforn.atio gcncralius inftituitur, poncn- 
do i-K + M», prodit enim 

+ 
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3K+-M3a+-s3M-t-KK3.v+-aKMs3;r-*-MMEe3jc' 
-+KPa*+-MPsd*-*-Qdjr:=o, 

quae ordinata praebet 

Mas-+-»t3M+-aKMdjr-t-MP3jO-t-MMs*3** 

+- 3 K -+- K K 3 x +- K P 3 x -+ Q9 *= o,- 
Ynde feeundus terminus tollitur rnmcndo 

M = Cr" 1(,K+P| feu K — r ^ . - 1 ^ . 

Corollarium 4. 

835- Adhuc generalius (imilis forma oritur , ii pona- 
tur u — »+■ n * , vnde prodit 

asCLM-KN) + L3K-K9L-)-z(L9M-M9L+N3K-K3N) 
->-2aCNaM-M3N)-i-CK-f-M3j 5 aj-i-PCK-hMs)CL-i-Naja* 
-t-QCL+Nz) 1 ^ — c , 

qtiae reducitur ad hanc formam 

o-3sCLM-KN) 

JL9M— M3L+-N3K— K3N > 
+a l +2KM3j+P[KN+LM) 3:r+- eLN Q3jt ( 
+s<N3M-M»N+MMJ»+MNPfo+NNQ3*) 
- f -L3K-K3L-+-KK3* + KLP3*-i-LLQ3jr: 

lrbi pro K, L, M et N functioncs eiusmodt ipfius * accipere 

licet, vt formn prodcat tractatu faciJlima. 

Scholion. 

856. Quoniam huiusmodi aequationes diffcrentio - dif- 
ferentiales, in quibus variabilis y vnicam habet dlmeniionem 
frcquentillime occurrere folent, merito gcon.etrae taniopcrc in 
refolucnda aequatione 

dtt-\-Uttdx-h? udx^-Qdx — a 

K. 2 (tu- 
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fludium et opcram coilocarunt , qnac etiam formi gencraliori 
ita repraefenrari poteft, 

dz-hPzdx-hRzzdx-\-QZx = Qi 
cuius qiudem cafum eximiiim ds + zzdx^ax^dx olim 
Comes Rieeati in haud fpernendum Aualyfcos incremeutum 
propofnerat. Inter transformationes autem huius cafus praeci- 
pue notari meretur pofitio X — t* 1 *- quac dat 

vndc ponendo s = Ci"^, prodit 

C» + a) C r»"^ 3 « -|- C n l*^' v 3 ( 

+ iCCi."^(it)3< = !fl;^3; ) feu 
(» + a)C 3« -t- «CCccaf^aaa»! ■ 
ita \t hic nulla potcflas indefinira ipfius f occurrat. Si hic 
porro ponatur V — -+- 1 , fiet 

, .CC.-Jt 

vbi fi capiatur « = T^, orietur 

O 0 C 3; V a C C 1 s 3 ( = a « 3 I - li^tilii 
tjuae forma fimpliciffima videtur. 

Theorema. 

837- Snmto elemenm 3 x conftante , ii aequationi 
differcntio - differentJali 

3 d y 4- P 3 * dj -h d x* = o 

fatis- 
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fatisfaciant integralia particularia y — M, et y — N, ita vt ra- 
tio M : N non fit conllans , crit cius intcgrale complctum 
^r=aM-|-(JN. 

Demonftratio. 

Cum valores y = M et y — N fatisfaciant aequationi 
propofitae , erit 

S9M + P3*3M-l-QM^'~a et 

3 3 N -+- P 3 * 3 N -+- QN dx> = o , 
Tndc patet, ponendo ^ — iM + pN, aequationi qooque fatis- 
£eri, cum fiat 

-+-«(3 3M+P^3M+ QM3x')f _ 

+ p ( d 9 N -}- P 3 -V d N -f- Q N 3 *' ) i ' 
Quoniam vero hoc integrale j-»M + |!N duas conlfantei 
a et (3 complcctitur , quas pro lubitu definire licct , id com- 
pletum. fir necerTe cit, nifi forte N fit multiplum ipfius M. 

Corollariiioi i. 

B38- Ex datis ergo duobus integraiibus particularibus 
huiusmodi aequatiouis , cius integnilc complctum formari pot- 
e(l, liquidem illa duo integralia lint inter fc diuerfa. 

Corollarium 2. 

839- Ctlm poiito y ~ e jujz feu « = , prodcat 

d u -+- u u b x -r- P u d *■ -t- Q 3 x ~ o. 
Si huic aequarioni fatisfaciant valores a — c p'- et u rz: , 
eidem quoque faiisfaciet valor « = j | y £^liJi . 

CoroIIarium 3. 

8*°. Si ergo aequatirtnis du + uudx -t-Tudx + Q3# = o 
habcantur duo integralia particularia « — R et u — S, ob 

K 3 M = 
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iludiuni et opcram collocarunt , quae ctinm forma generaliort 
ita repraefentari potell, 

dz-{-Psdx-hR.xttdx-i-Q.dx = o, 
cuius quidcm cafiim eximium D:+js3* — ax*dx olim 
Comcs Rfccati in haud fpcrncndum Analyfcos incremcntum 
propofuerat. Inter transformationes autem huius cafus praeci- 
pue notari meretur pofitio x=:t'~-^ r ', quae dat 
dz -+- z s l»"^ 1 3 ( = ^"JL. 3 I j 
vnde poncndo a — CiS^", prodit 

(s 4- s) C (»~^~« 9 « -H C n (~"~~ f 9 ( 

+ s CC in^i v i» dt — z a f!~~~5 3t , feu 

Cn-t-2)C9w-h"-£^ii + aCCvf dr=aa3i: ■ 
ita vt hic nulla potettas indefinita iplius ( occurrat. Si hic 
porro ponatur v = -i -|- r , fiet 

-'-"- t -;; c -ii-f--(n-t-g) C 3/-)-"-^ + a C C/j3t=aa3(, 




vbi fi capiatur a~^?, orietur 

(H- t -a)C3/-»-a-CCJj3t=ft«3»~- ^ .t,— 
quae forma fimplicifiima vidctur. 

Theorema. 

-37. Snmto elcmcnro ~ x conflantc , fi aequationi 
differcntio - diffcrentiali 

a d y -t- P 3 jt dj -f- Q_j> d x' — 0 

fatis- 
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fatisfaeiant Integralia particularia y = M. et y _ N, ita vt ra- 
tio M : N non fit conftans , crit ci;is iatcgralc completum 
J = «M+^N. 

Demonftratio. 

Cum valorcs y = M et y _ N fatisfnciant aequationi 
piopofitae , erit 

93M + P3jt3MH-QM3jt* = o et . 

Vnde patet, ponendo y _ tt M -*- j3 N, aequationi quoque fatis- 
Beri, eum fiat 

+ i(3 3'M + P3*3M+QM3 **)) _ 
-+-(3(33N-+-P3.rdN-f-QN3jr*)J — °' 
Quoniam vero hoc integrale y = a M -I- (3 N duas conflantes 
n cr (3 complcilitur , quas pro lubitu dcfinire licet, id com- 
plctum flt uecefle elt, nifi fortc PJ fit multiplum ipfius M. 

Corollarkim i, 

838. Ex datis crgo duobus integralibus particularibus 
huiusmodi aequatiotiis , cius integrale completnm formari pot- 
eft, iiquidem illa duo intcgralia lint inter fe diucrfa. 

Corollarium 2. 

839- Cum pofito y = e ! " 3x feu u — , prodeat 

3u-f-ua3jr-f-Pa3jc-r-Q3jt=o. 
Si huic aequaiioni fatisfaciant valorcs k — et u = gj-i 
eidem quoque faiisfaciet valor « zu ^±E±^JL . 

Corollarium 3. 

840. Si crgo aeqtiationis 'du-t-uu dx-t-Vudx-f- Qdx~o 
habcantur duo integralia particularia u_R et B = S, ob 

K 3 M = 
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integrale 




8+1. Maximi iriomenti eft haec obfcriiatio , quod in 
huiitsmodi aequationibus ex cognitis bitiis intcgralibus particu- 
larilins integrale completum aflignari poliit. Plcrumque autem 
cognito vno integrall particulari , iti .co figntitti radicale iiieiTe 
folet, ob cuius ambignitatem duo fiinul intcgralia particularia 
imiutefcunt. Ita fi aequationi 

Bu-\-uudx-i-Pudx-hQ_ax = p 
futitfaciat valor « = T -i- / V, eidem fatisfaciet «=T — /V, 
vude integrale completum erit 



Ac fi forte fit / V imaginarium, puta '/V — X )/ — > I, ob 
f±f**yv — cof./"X dx±Y— i.tia./Xdx, erit 




feu 




feu polko 



(a — p)/— X=y ct «H-p =S, 



«=:T + Xtang.C/-X3A--r-<). 



Pro- 
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Problema 102. 

84*- Sumto elemento 5 x conftame , innenire inte» 
grale completum hiiius aequationis differentio-difTcrentialis 
3 dj -+- A 3 j d x + B^ 9 * : = o. 

Solutio. 

Pofito y = c 1 * 3 * prodit, hacc aequatio 

du-htiudx-hAudx-i-Bdx^o, iiue 
dx = la— 
cui fatisfit tribuendo ipfi u eiusmodi valorem conflantcm vt 
euadat bu-)-A«h-B = o, qut funt 
u--iA ± /(5AA-B). 
Hinc ergo cum habeantur bina integralia particularia y~c s * 3 * t 
pofito /{1 A A — B) = n, crit intcgrale completum 

j- = e -JAjf (**"-(-i3f-"), 
ac fi fit n numerus imaginarius , puta erit 

_i 4 x — ' Ar 

^ = f (fficof.m*-t-(3fin.»;j|-)_Ce * fin.(«*+y). 

Sin autem fit » — o, prodibit 

Corollarium 1. 

843. Ad inrcgraie crgo aequationis propofitac inue- 
niendnm, rcfolui oportet aeqiiationcm algebraicam kb-J-Au 
+ Bro, quae orirnr ex propofita 

_ loco y, 9/, S^y, fcribarur U*, u', k', et elementum dx 
reiiciatur, rum enim binae radkes iliius aequationis dabunt 
integralc complctum, 

Corol- 
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Corollarium 2. 

84+, Scilicct fi acquaiionis iiii + A«H-B=:o fa- 
flores fint («+/) C« + g)i oh Talores u = —f ct k= — g, 
integralc cornpletu.m erit y = -+- (3 At II fit 

4 =/, erir.f = *-' ; < (a-J-p*). 

Corollarium 3. 

845- Si aequatio u a-f- A « -+- B o habeat fartores 
imaginarios, quo calu huiusmodi formam habebit 

««+ 2/ucof.<-t-//=o ( erit 8 , =-/coE£;fc/y'-i.fin.£, 
hincque intcgrale complerum crit : 

y = (« cor./x fin. (3 Gn./_ fin. £ , fiue 

; -Cr- , ''*^n.(/ifin,^+y), 

Scholion. 

S^fi. Tdem integrale completum reperltur methodo 
confueia ex aequaiione dx = ^* + au + _ \'' pofito enim 
8 8 4- A « -»- B = (« 4-/) (« -t-g), erit 
(g-f)dx = ^ — ^, a Ct>t~"* = Z±f, 
rndc fit 

— «- £/'»-'" • ft, 

„_ — «fi"-t-pt«" 
«..-_I3,<' 

Tnm vero fit 
ideoque 
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Hinc 

y = e^'~C(u +/yt=? ( a + g) T^s, 

At eft 

W - Pft-/)." et M _._ «(g~f)t'» 

vnde colligitur mutando conftantem C 
i£* -st* 

y— — - — ■* j__ s = C c-v+v* (*tt*-t3et*),: 

(at**—(3 «/-)--/ 
&uy — ae-f-i-pe-t' 1 Tt ante. Hinc ergo patet, quan- 
tum fubfidium afferar formaiio integralis vomplcti ex binis 
particularibus. 

Problema 103. 

847- Sumto clcmcnto dx conftante, fi proponatur 
haec aeqnatio difFerentio - differentialis 

eius intcgralc complctnm inuenire. 

Sokitio. 

Ponatur dy—pdx ct dp — qhx, vt habeamu* 
? _(_ _|_ U — o, fcu q~ =A£ — 
Sit nunc />__:^, etit 3_f __: e t 

vndc colligimus 

Ar3i(-)-B9.r-+- an..v -i- (A. — i) »_.* ~ c, 
Pflt I/. l hinc. 



gl CAPVT IV, 

hincque ^ = — ix =iTT=i » cui P arcicu!ilI ' iter ftlisfit po- 

nendo u «%- (A— ij « -+■ B = o. 

Sit primo ««-t-CA— V)« + B=C«-*-/3 erit 
parllcularitcr lj=~ /'*-« ' = f*! fi mili 1 ue modo 
^,— >nae integrale completum eric 



.? = <* 



Si fit g=/i flatuatur g=/— » euanefcente u, erit 

#- J = X-- 1 . *" - X-S (i "I- 0) / X) , 

ergo hoc cafu fit 
Sit deniques 

biH-(A— 0«-^B=»a+a/Keof.^+//, etic 
ergo particulariter 

J -^/«j^ x ±/.'-.-Jm-f-^/=V^[cof.y'fin.<.^) ± /-i.fin.(/iin.<./.v)] r 
quare integrale complctum erit 

;= CW*'fc C/fin.i.lJr + v)- 
Corollarium. i. 

SiS- Huius ergo aequationis 

3 3 j -t- C/ + ff ■+■ 1 ) ^r 5 + = ° » 

integrale completum eft 

Huius autem 

intcgrnle completum eft 

,=*-'c*-f3'*)-: „ , 

Corol- 
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Corollarium 2. 

849. At £ aequatio propolita huiusmodi formam hi- 

3 dj + (1 + = /cof. 0 »22 +4t22S = o, 
tum cins integrafe eompleium erit 

— C Jf-^ * Jio. (/ fin ■ < ' * + V)" 

Scholion. 

850. Similem refolutionem quoque admittit haec ae« 
(juatio differentio- differentialis 

3 dj> — -|- A 9* + B*»\j ?*' = 0. 

t cnim a^ = *"jaa*, « cum fit 
3 dy — x - / 3 x 9 u f n x n ~ •j U d x* +. «• B J «' 9 **," 
erit per y diuidendo 

*■ 3 * 9 a -+- n x n ~ ' « 3 *■ + *' ' » « 9 ** — * " 3 *" 
+ A*" , «3:f + B*"^*" — o, 

hinc 

du + x^audx-i-Ax^udx + Ex^dx^Q, 

ideoqiie 

cui partieuhriter faiisfit poncndo »a + A»+B = o, vnde u 
duplieem conlequitur valorem conftantem quorum alter iit 
u== — / alter u = — £■ Quocirca inregralia particuiaria 
eruut 

— fx n -*-* — g**^ 

, = .-*"■ J., = . "^ 1 -. 

Sit breuitatis grii&i'— = », erit integrale completum 
n-f »• 

L = ' = 
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pio cafu fcilicet 

u u -+- A u -+- B = (v -f./) (u -+- g). 
Ac pro eafu 

^ *'» ■+■ A 0 + B = (u ->-/)*, crit j — (« + p j). 

uu-<-Au-<-B—uu-t~2fu cof. 4" -*-//, etit 

.7 = C e- /r «V- t fi n . (// fin. £ -t- y). 
Hacc integratio adeo ad hanc formam cxtendi potelt, fumendo 
pto X funi!iionem quarrcunque ipfius x 

Poflro enim dr = Xuydx feu ** = X u B x , fic 

vnde pofito /X3ar = /, integrale cotnpletum fe habebic vr 
ante. Seilicet 

i) fi A = /"-f- g er B =/g , eric integrale 

y = ar-J' -+-0«-«', 
s) fi A = ./ et B =//, eric integrale 

y — g-t* (ct + po, 
3) fi A= 2 /cof. £ er B = //, erlt inregrale 
j = Ce-StH-i fin. (/( fip. < -f- Y > 

Froblema 104- 

S$i. Sumto elemento 5* coultaDte, fi P, Q et X 
denofent functtones quascunque ipfius x, iiitegratioiiem buius 
aequationis differentio- differentialis 

3 dj -+- P r) y 3 x -I- Q.? 3 *■ = X 9 **, 
ad acquationcm difierentiaiem priirii ordinis redueerc. 

Solu- 



□igiiized b/Cooglc 



CAPVT IV. 



Solutio. 

Hic fingulari modo procedamus, loco y bitias nouas 
incogniias introducendo. Staiuatur fcilicec j — n-j, et cum 
fit 

dj=udv-i-vdu et ddj> = uddv-t-idudv-i-vddu, 
aequatio noftia induct hanc formam 

Iam aliera v iia determinelur, vt termini ipfa littera u affccu 
deftruantur, quod fit II 

ddv + Pdxdv-hQvdx^z^o, 
vndc pei fuperioia v per x determineiui, quo fafto fupeicft 
haec aequatio 

zdudv + vddu + Tvdxdu = X 3 ** , 
vnde cum t> iam derur per quamitas u definiri debet. Po- 
naiur du = sdx, eritque 

vds-t-asdv-\-T?svi)x^Xdx, 
quae multiplicau pei v e JJf ix iniegrabilis ledditur; piodit enim 

BDJf 7 " 1 =/e JI> " X v 9 x, ideoque 

i = CSm / (/'" KvSx et 

Quaie cum incognita c fuerit deteiminata aequarione 
integrale aequationis piopofltae erit 

L 3 Corol- 
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Corollarium i. 

855. Vt integraiio ad nequationem differen-ttalem pri- 
ini ordinis reuocetur, ponatur v = e" )x , et quantitas I dcfi- 
niemr pcr hanc aequationem 

quo fafto imegrale quaefitum erit 

3 = trinfr***"»' dxf Xdx. 
CoroIIarium 2. 

853- Cum fit (P-hI)3* = -^ — &fi, «it 
fW-t-tiix — f e ~f\ 5 hincque 

^•-//oF-f-.i.r.-Wx!?, 

vbi duplex intcgratio ad intcgralc complctum perducit. 

Scholion r. 

854.. Alio modo qui proplus ad ante vfitatum acce- 
dat, eadem integratio inilitui potcft. Ponatur fcilicct pro ac- 
qnsiione propofira 3 y — t y 3 x -+- v d x , ybi <e certam ipfius 
* funftionem defignct cx fundione X dctcrminandam. Cum 
igitur fit 

3 3 y — y dtdx-i-sdx(iy3x-i-vdx)-i-dvdx, 
erit fafta fubftitutione 

ydtd x -+- t tyd ** -+-P ty d x' -+- Qy d *■> _ 

+ Ji^r + Pca^+XJi' f — °* 

cuius aequationis vttaque pars, tam ca quae per y multipli- 
catur, quam altcra ab y libera, feorfim nihilo acquctur, vndc 
has duas aeqinttiones nancifcimur 

dt 
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9(-j-(/d.v-|-P'dx-HQ3* = o ct 

exquarum illa ( pcr x vt ante definiri debet, tum vero erit 
ex ifta 

lam vero ex acquatione afliimta — tjidx = vdx colli- 
gitur 

e-J ,a "j=/e--" 9 «o3jc, 
vbi fi Ioco v valor modo inuentus fubflituatur , praecedens 
integralis forma obtinctur. 

Scholion 2. 

S55. Ex hac operaiionc fequi videtur , aequationis 
propofitae 

ddj-h?Zjdx-\-(lydx' = Xdx% 
integrationem nccclfario pcnderc ab integratione huius 

^^^'^-p^v^*-^-Qv^* , — 0, 

quandoquidem hac concefla illa cxhibcri poteft. Minime ta- 
men hinc viciflim colligere iicet, fi pofterioris refolutio vires 
noftras fuperet , etiam priorem nullo modo integrari pofie , 
quin potius facile eft infinitos cafus exhibere, quibus ptior 
intcgrationem admittat, cum tamen poftcrior irrclolubihs esi- 
ftat. Sic enim P — o ct Q = *x, atque certum cft acqua- 
tionem pofteriorcm 9 d v -+- a x v 3 x' — o, nulla adhuc me- 
thodo refolui poffe, citm pofito c=(' ljl ) abeat in 

dt-hltdx-\-axdx = a; 
neque"tamen hinc fequittir aequationem priorem. 

fcmper effe intraflabilem. Infiniti cnim cafus pro X affignari 



CAPVT rv. 



poiTunt, quibus integratio fuccedat. Sumta enlm pro y funflio- 
nc quacunque iplius x, reperietur pro X eiusmodi funclio, vt 
acquationi valor pto y affumtus fatisfadat. Veluti pofitoj^^ , 
ob D — o fit X — fixx, atquc acquationi 

ddy + <txyBx'=pxxdx* 
vtique faiisfacic integralc y — Intcrim tameti hoc inte- 

gralc tantum eft particulare, ac dubium adhuc relinquitur , an 



pro integrali complcto inuenicndo prodit d dz -+- « x z 9 x 1 r o, 
quac cum refoltitLOncm refpuat, euidens elt integrale comple- 
tum etiam in gcncre cxhiberi non polTe, nili limul altera ae- 
quatio inrcgrationcm admittat. 



S56- Sumto clemcnco v x conftante, innenire integtale 
"complctnm huius acquationis diffcrentio - differenttalis 

ddy +ADrf* + C^3^ , = X3* 1 
ilenotainc X fiinaioiicm cjuamcunque ipfius x. 



Poiito y=2!(V) acquatio propolta in duas fcqueutes 
rcfoluitur 

d 3 y A 3 v 9 x -+- B o d x' — o et 
v 3 3 u -\- 2 3 v 3 u A v 3 x d u = X 9 x'. 
Quodfi ergo ex priore valor ipfius v per x definiatur , intc- 
gralc complctnin cx poftcriorc ita fe habebit , vt ob P±A 




Problema 105. 



Solutio. 




Tbi 



C A P V T IV. S? 

ybi cum dupJex integratio intcgrale completum producat, fuffi- 
ciet pro v integrale patuculare prloiis aeqaatlonis affumfifre , 
id quod ctiam ex folutiooe gencrali patebit. Oum igitnr pro 
refolutione prioris aeqi;ationis fotmanda fit liaec aequatto qua- 
dratica 1 1 -I- A 1 + B = o, pro eius mdole trcs cafus euolui 
tonucniet. 

i. si »(t-At-t-B = c-<-/)C'+s)i « A=/+ e 

et B-fg, erit v~a c~ fx -t- (3 e - ' 1 . Sumatur primo tantum 
integrale particnlare v=e -/r , et ob A=f-t-g, fiet 

fir «i/-ei*9r = 3R, et X 3 * = S, « fiat 
j — r /'/S d R = r--" (R S — /R 9 SJ; 

at eft R = jzr s (l % vnde colligitur 

y=p- tT' x S~ ^'""/^"Xa*, fiue 
(/— g ) ^ — e-**f& z Xdx-~e-f*fc f *Xdx, 

quod idcm integrale produHet, fi altero particulari v = 

■yfi effemus. 

In genere autern fumto v = ol c~ fl -+■ (3 C"' 1 , ftatuatur 

Tt ante 

' fIlilIllili:~9R, «/t^x^^s, 

Vt fit pariter 

y = vfSdR = v(RS— /RSS). 
Fingamus 

R = H£!, et ob 3i>=r — Z x + (1 g t-' x ) , 

Vol. II. M erit 
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erit 

3 R _ C e* x dx + IT 1*+ a f t-f*+flgt-") . 

Sit iam X — — g, ct Ca(/-g)_i, Tt dR datum adipi- 
fcatur valorem , ob C — - - r ^-— , erit 

R — - 

tum vero 

Tode conficitur 

-<(S A '' xa '^-?S-/' / ' x3 '-^'" xs ')- 

fcu prorius vt ante 

(f— e) r — es z fet* Xdx — f-1'ft** X 9 x. 

II. Si f t + A*-(- B — (i feu A = a/ et B =ff t 

erit ex priori aequatione v — e~f* («+ (3 -).. Ponatur vc 



vt habeatur y — w(RS — fRdS). Cum ergo iit 

■ R- 3 * ,erit R_ et 

S = *ft" X 3 * + pfef * X x 3 x =fe" X dx ( _+(3 x) , 

qnarc 

vtLS-z—fe-fft"Xdx—t-t'ft*'Xxix t et 
/R3S — — ^*X3„, 
T_de .onficitur 
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y — f~f' x ft fx X 3 * - e-ffef* XxBx; 
fcu cum fit 

erit fuccin<aius 

J= £-ffdxftt*xdx. 

m. Si + B = »»-!- a/fcoC<4-/, fen 

A=a/cof.< et B = /T, erit 

v = e -f«f-i fi n . {/* fin. < + y) • 

Ponatur 



- = 3 R ( 



e >/*^Xv3x=ir-' lm ^X3*fio.(/*fin.£>y) = 3S ) 
Yt obtineatur j = v R S — v /"R 3 S. At eft 

liinctjue 

v RSi-^r'»*^ coc c/*fiu.<+v)A /,; " ; - ; xa*fin.c/*fi n .4;+v) 

et 

/R 3 S = X 3 a- eof. (/ * fm. < + V ) • 

Quocirca obtinebitur 

/7fin.<=+r-J»* { Gn.C^Jcfin.^)/^* w - { Xa*cor.(/*fin^v) 
cof.C/* fin.^y)/"*' 1 " M Xa*fin.(A fm^+y). 

Corollarium r. 

857. In hoc poflrcmo integrali fi ponamus /jrfin.^rij), 

Cfin. 7 cof.tp- 1 -cor.vi!n.(I))/^ :c ^^X9xCcor.vcof.tp-f:n.vfin.$) 

+(fin.y fin.cp ^of.ycof.t]);// 1 " J - ^Xa^C fin -V cof - ( P- t - cor -V Cn - c I )) > 
M 9 feu 
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fen 

-t-fiti .ycoC.ycot.Qfe 1 ' "l- i Xdxcor.{p-fm.yco{.<Pfel' ei ^X5*fin.$ 
+Cor.y*fin.Cf)/f / "^Oid*cof.Cp— aa.ycor.y{m.<t>fe fxa ' < X'dx&n.qi 
+fiQ.V'fiD.0/f /lc «X3^cof.<J>4-fm.vcof.vfin.$)/^ I "^X3lfin.ci) 
-fin.vcof.VcOf-(P/^ IC5f ' i X^cor.O-cof.y ,, cof.(J)/^ e ^X9j-liti,Cl> 
Tnde parec angulum y prorfus ex calcuio excedere; fit enim 
| f /*^fi n ^-f ln ,0^/">Kx3rcor.(I)--cor.Cl)/«- fxe '^X9*fin.Cp. 

Corollarium 2. 

858- Cum igitur loco vnius aeqiiationis duas forma- 
verimus integrandas, vidimus lufficcre , fi alterius inregrale 
faltcm particulare fucrit cognitum. In ambobus enim praece- 
dentibus cafibus conftantes a et j3 integrale completum prae- 
bcntes ex calculo fponce euanuerunt, ct cafu tertio conftans 
V itidem exceflit. 

Exemplum. 

85P- Sumto tUmatto bx (onjlanie , inuenire integrale 
buiut aequalionis 

^^J-<-A^Jc)x-^■BJ^^x , 

= dx*[n 0 -.) + n A **- + B x"]. 

Hoc exemplum ita eft comparatum, vt ci manifcfto 
filtisfaciat valor y — x", qui eius inregrate particulare confti- 
tuit. Ad completum etgo inueniendum, fit A—f-hg et 
B=/gj er citm fit 

X =/g *• -f- »(/+ 5) O*»-'» erit 

/e* I X9*-=:/«s**-^.„ e s" x '— '-4- a , et 

Tade ex forma initenta prodtc integrale completum 

cr-s) 
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(/-g)j'=:/*"+n*»- , H-«e-f-g*' , _n*''~'-(3^- ) 
feu j — jf-i-jZ-r** — -S— e-l% 
rel mutata eonftantium forma 

3 = ** + a r~ * x + (3 €~ * 1 . 
Si fit £=/> ponarur g=/+tu, exiftente mrro, et ob 
= r"' 1 . f-"*=r-'" (i — »r), vnde pro<t + |3et 
— (3 u fcribendo a et (J, etit 

, = *«+<->» (a + p*). 
Sin autem fit 

+ et g = <z — by 1 — i, 

crnn fiat 

J = **^-^-"( a ^-■ 6I ''-'-t-J3^ 6I, '-■) ob 
«£*"'-' = cof. bx±V — > .fin.*jr, 



,7 = e~ " (a cof. b x + (3 fin. £ .r). 

Scholion. 

8<Jo. In genere autem (I huiusmodi aequationis 
3 dy + A d y 3 x + B y d x* = X 3 , 
eonftet integralc particulare, feu valor ipfi fatisfaciens / = », 
integrale completum facilc rcpcritur ponendo y=t-+~x. Cum 
coim per hypotbefin fit 

fafla hac fubflitutione orietur 

a9s + A9z3r + Bza* a =o, 
Tnde fi A=/-*-g et B=/g, colligitur 

s = ae-'* + (3f-« s , 

M 3 ficque 
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ficque inregralc completum erit 

quemadmodum eiiam iu exemplo allato inuEnimus. 

Froblema 106". 

8<Sr. Sumto clemcnto 3* conftantc, fi proponatur 
haec aequatio differentio-differentialis 

d By — + A*" 3^3* -t-B *• 'jdx* = X 9*', 

cxiftente X funfiione quacunque ipfius r, eius integrale com- 
plctum inucftigare. 

Solutio. 

Refolutio huius acquationis vt fupra cjc politione 
y~uv deriuari poflet, fed alia mcihodo hic vteotcs Jeui 
fubllitutione eam ad lormain Ptoblemati* praecedcntis reduca- 
mus. Sciliect ponamus *»djr = 9i, « fii x" -' = (n-t) », 
qua fubflitiniooe funflio X abeat in T funiftionem qoandam 
ipfius /. Ke jutem auumrio elementi i)r conftantis rnrbet, 
baoc conditionem tollamus poncndo dy=pdxetdp=qdx, 
habebimusque 

q — H -i- A x % p -+- B x* V = X. 
Cum nunc fit 3*-=^, crit p = hincque fumto elc- 

mento 3 r conftante 

*f — " yt ~'3* ay -+** 35 - > '-? a -- g - 9 \ 
3 ( d t 

crgo 

, dt di* * 

noftra aequatio erit 
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Sit X* = quae quantitas, polito = (« _|_ ,) t , 

vt fan&lo ipfius t fpeftari poteft, ficque fiec 
.3.y-HA-_'3(-|-Bj<3.'__0 3e, 
in qua aequatione elementuin 3( conftans eft affhmtum, cu- 
ius crgo iutegrale pcr fupetiora datur. 

I. Si A__:/-J-g et B__/g, erit integrale 
(f— g)y = t-"fe"Qdt — e-J'f e f'e 3 1, 
vbi rcftitutis valoribus dl=zx n dx et 0=Xr-", retento 
breuitatis gratia f _= _ x"^', valor ipfius j ita per x e_- 
primetur 

_. Si A = a/ et B =//, erit integrale 
/ — «-/'iTVeai — |- "/«"eij», ftB 

j = t-/'/at/e/'eat, 

qnod etgo pet * ita exptimetut 

y~e-}>f x *-dxf<"x-*XDx. 
III. Si denique A — _ /cof. £ ct B=ff, orit inregralc 
/ t :/ t "J'^IIn.<-fm.0/^'^<03(cor.$-cof.Cp/^'- c, i''i'©a;fin.Cp > 
esiftente 0 =/ ( iin. <, feu 0 =-^i „"+', ob *=__-*»+«. 
Quare aequationis propofitae integrale crit 

Corollarium i. 

8--. Si n__o, aequatio propofita abit in eam ip- 
Jam, quam problemate praecedentc traftauimus, fitquc t=x, 
vnde ctiam integralc eodem redit. 

Cotol- 
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Corollarium 2. 

S63. Sin autem fic n= — i, aequatio noflra fit 
* dy + ( A + 1 ) i>p + — X 3 x' , 
1'bi ergo eiit l—lx cc f*"' =: **, tum Tcro pro cafu ccctio 
angulus $> =:/ fin. / .v. 

Scholion. 

8tf+. Methodus qua hic vfi fumus, huiusmodi aequa- 
tiones differcntialcs intcgrandi , haud fatis naturalis videtur , 
cum ad lias quafi folas formas fit adfirifta. Quoniam igitur 
in acquationibus diffcrentialibus primi gradus inuentio faclo- 
rum, quibus cae per fe iutegrabiles rcddantur, infignem fru- 
ciuTi polliceri videbatur, cius quoque vfum in aequationibus 
dilfcrentialibus fecundi gradus ollenderc coucmur. Hic qui- 
dem nihil tam abfolutum expcftare licet, quod nd omnes 
omnino aequationum formas patcat, fcd quantillurn ctiam prae- 
ftare potuerimus, id haud contemnendum Analyfeos incremen- 
tum fpediari debcbit. Hac autem methodo cas potiflimum 
aequationcs differentiales , in quibus altera variabilis y cum 
fuis differentialibus vnam dimenfionem nusquam transgreditur, 
fatis commode tractare licet, liincque via pcrfpicictur, quo- 
modo eam magis excoli oporteac. 



CA- 
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DE 

INTECRATIONE AEQVATIONVM DIFFERENTTA- 
LIVM SECVNDI GRADVS, IN QVIBVS ALTERA 
VARIABILIS VNAM DIMENSIONEM NON 
SVPERAT, PER FACTORES. 

Problema iq/, 
865- 

J§umto clcmcnto 3x eonflantc, fi proponatnr hacc aequatio 

3 3y 4- A 3 x 3 y -+- B y 3 x' = X 3 x* , 
vbi X denotat tunflioncm quamcunoue ipfius x, inncnire fun- 
tfionem ipfius x, per quam haec aequaiio mtiltiplicata fiat 
integrabilis. 

Solutio. 

Ponatitr 3y—p3x, vt habeatur forma differcntialis 
primi gradns 

3p -\-Ap3x+Br3x = X3x, 
qiiae multiplicata pcr V, funclionem quandam ipfius x, fiat in- 
tegrabLis; fcilicet 

V3p-i-AVp3x-±-BVydx = VX3x, 
vbi cnm pofterius membrum VX3x fit integrabile, idcm in 
priori eueniat, necelTe e(t. At primo perfpicuum eft eius in- 
tegralis partcm forc Vp, vndc id ponatur VJj + S vt fit 
+ fictque 

3S=-p3V + AV p3x + B Vydx, feu 
Vol. II. N 3S 
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9 S = 3/ (A V — |3t) -+- B V/ 3 
quae forma integrabilis rcddi poteft fumcndo V — e**, cric 

3S = ^'[(A-a)3jr->-&9*] et S = (A-X) e 5 " j, 
\bi X ita debcr accipi, vt fiat 

— XX__:B fcu XX — AX+B = o. 
Tum crgo cric 

3jh- (A — \)jdx = ,->•' dx/t^* xa*, 

quae iam per e*-* multipiicata ticnuo fit integrabilis , 

datque 

Cum X llt vna radix aequa-irmis XX— AX-h-P — e>, fi am- 
bas eius railiiei ponamus / et g, vt fit X_/, etit A — X.-.£, 
et aeqintio mre,nlis 

(S'.y __/*«-■"* 3. r/f^X ,"):<-, fcu 

quae abit iu formam fupra inuentam 

J .-j_ i( -^xij--^i :J< -f-/ ( !-xdf. 
Corollarium r. 

SfS. Aeqnatio ergo propofita feu incic nata 
dp -+- A p 3 x'+ B j — X d x . 
fir integrabilis fi tincatur in e x ", cNificnte XX - AX-i-B = O, 
ficque dupiex haberur faclor vcl e fx vel e s *. 

Corollarium 2. 

8(5?. E_ autem per faftorem c s * multiplicata, cius 
integrale erit 
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3/ ■+* g y 3 x = e- jx 9 xfe< 1 X d x , 
ficque pet integrationcm ad acquationem differentialem ptimi 
gradus reducitiir, quae dcnuo integiabilis rcddimr fi per e s * 
multipJicetur. 

Scholion . 

863. Multiplicatorem V ita dcterminati oportcbat, 
Vt formula dy (A V — H- li V y t) x fieret per fe intcgra- 
bilis. Tum antcm cum V fit functio ipfius x, integrale erit 
J(,AV — j^), vnde fiat l-ccefTe eft 

AdV — *£f = BVdx, fcu ddV~AdxdV-i-BVdx'—o, 
a cuius aequationis integrationc pendct inuentio fafloris qtiac- 
fiti V. Sufficit autem eius intcgralc particulnrc fumfifte, dum- 
Itiodo enim aequatio propofira integrabilis rcddatur, conftans 
arbitraria pro integraii complcto reddendo ipfa mtegratione 
introducitur. 

Problema 108. 

aSs- Sumto elemcnto 3 x conftante, fi proponatut 
haec acquatio 

3 3 y -+- P d y d x -+- Qy 3 x' = X 3 ** , 
vbi P, Q et X (inr funfliones quaecunque ipfius r, inuenire 
imiltiplicatorcm V, qui fit funitio ipfius x, quo illa aequa- 
tio iutegrabilis rcddatur. 

Solutio. 

Quia aeqnatio per V multiplicata 

V 9 dy -f- V P dy D x -+■ V Qy 3 x' = V X 3 
integrabilis exiftit, prioris partis integtalc ponatur Vdyt-Sjdx, 
aliam euim formam habere nequir, ac ficti oportet 

N a VP 
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VVBjdx ■+■ VQjdx* = dy ^V-f- Sdsbx +j>dSdx, 
\bi cum S iit ncccflario funflio ipfius r, erit 

VP3x = dV-t-Sdx et VQdx = dS. 
Indc autcm eft S — VP — i^, quate muitiplicator V de&- 
niri dcbct cjt hac aequationc 

VQ3r = V3P-HP9V — i^, fcu 

35 V — P 5V dx-{-Vdx(Qdx~ 9P) — o, 
quaecrgo ft rcfolui potucrit, vel ii (hkcm eius int.cgr.ile qnod- 
piam particubre innotefcat, 7t habeatnr niultiplicaior V, ae- 
quatiouis propofitae incegraie etit 

V dr-hj-t-j (V Pdx — dV) — dxfVXdx, 
quae porro intcgrabilis redditur, fi ducatur iu ^e JpiI , ob- 
tinebitur enim intcgrale 

ls' r "=/^(' t, '/VX3.v, fcu 

y — e -]ej* Y f c !?*. 2-LfVXdx, 
quo duplici figtto integrali gemina cotiftans arbitraria introdu- 
citur, intcgrale complctnm conftitucns. 

Conjllariiim i. 

870. Inuentio cr;o tr.uliiplitaiors V pendcr eiiain a 
refitlutioiit aeqitatjonis dtfFeicmio - dirTenniiali», qu.ie auitm 
pnr,>ofi(i fimplicior eil nefttmanda, quod tunitioiiem X non 
innolnat, et quannns V cum fui) dirTerentialibus. i)V el cJdV 
vbique vnam ditr.enfioncm conllituat. 

Corollarium 2. 

87t, Quodfi crgo porntur V — e Sv3x , quantiras v 
determinabitur per hanc aequationem differentialem primi gra- 
dus 

3v 
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J.e + tmS* — ?vdx-t-Qdx — bP = o t 
cuius fi faltem integrale particulare conilet, integtario acqua- 
tionis propofitac ablblui potetit, 

Corollarium 5. 

872. Dato autem multiplicatorc V viciffim raiio ae- 
quationis propoiitae definitur, vt hoc modo intcgrabiiis cua- 
dat. Erit enim vel 

Q — J-Z-l-PiZ — ^J,, vel 

3 P + —^- — Qbx — ^iy , vel integrando 

PV=i-V/QV3*, feu P =: 

Exemplum 1. 

S73. Defmire formam aequalionis differeniio-differenliaHs 
3 hy + P dy d x -+- Q_? d x° — X 3 .v" , 
VI mutiiplicaia per e^* integrabitis euadat. 

Pofito multiplicatore V = ** =z c** , erit « — X, 
et fatisficri oportet huic aequationi 

XX 9* — XPdx -hQdx — 3P~ o, 
vndc fit Q — XP — XX-t-||. Primum ergo hoc euenit ii 
fuerint P et Q conihnres , puta Pz: A et Q = B, ac tum 
X definiri opoitet ex liac aequarioue X>. — Ax-f-B — o, 
qui eft cafus fupra traclatus. Practerca vcro qualiscunque 
funftlo P fuerit ipfius x, modo iit Q = XP — ^Ji + ^, ae- 
quatio in e x * dufla erit integrabilis , integrali exiftcnte 

^"PjU-rS^CP — y)"\ = dxf^*xdx, feu 

97 -+- (P — >> ) y 5 x — er x 1 d xfp * X 3 * , 

N 3 quae 
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quae vlterius per eJ*>*—*-* mplripUcata et integrata, dat 

Corollarium. 

S74. Sit P-A + « et Q— B + |3 erit 
B-hfix~A\~l-a\x — AA-f-a, ergo 
B = A?i — H+a ct (3 — oX, (i 
vnde ob X = |-, cocfficientes A, B, a, (3, ita comparatos 
effe opottet, vt fit 

B«» = A«J3 — |3f3-f- ft *, feu B« -4- p|3 = a (A|3 -f- a.> 

Exemplum 2. 

87;. Definire formam aequationis differentio-differentialis 
d dj> -i-P d y 5 x Qj> c> x' = Xdx', 
vt per e J,u3x , exiftente v = i. -+- jj. x", maltipticata fiat integra- 
bilis. 

Cum eflc dciicat 
dv-*-vvdx — P'o3jr-+-Q3* — dV=zo, erit 
-i+ — y — (tPjr" ) ^ 

ergo 

Q ~ ^JT^' — ( a x +"*0 I* *" ~ ' — (* (* ** * +" V + I* P ** jf . 
Ponamus Prl+|3i", cric 

Q^^CX-XA-h-aX-^-f-jr—^pJw-aftw-pa-aXft-ii^ 
+ *'"()3 t t- ( * f x). 
Sit Q — -+- S r" -1 e , fierique oportet 
XA_ (ll+l) X + a + y = o, 
(3(X-t-») + /J .( a - a A_») = S, et |«.Q3 — n> = #, 

vnde 
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ytide non folum pro multiplicatore litterae X et fed ctiam 
ccrta rclatio inter Jitteras a, p, y, S, e, definitur. 

Veluti fi fit y = o et 5 = o, crit (X — «) (X— i) — o, 
vnde — tum (p — .(*.) (ot -4-») = o, ergo a = X ~ — « 
etfi/j. — PfiH-e — o. Scilieet aequatio 

9 3 r -+• 3 * dj C|3 *" — i) + t *' V 3 Jf" = X 9 *■ 
multiplicntorem recipit exiflcnte i> — — - 4- jj. 

■fumto y. ita vt £it {j. (j, — y. t = o. Ent ergo multipli- 

V = ~ e^ X "' < " ct f' r ** = J-,?;nh*''~ , ~'. 
Quarc fi ponamus — — **''"'=/, erit 

J = S<-^ f**~-»*9*fdZ*£, feu 
, = e*~e»fe#-*v' x *d, f'"* 3 *. 
Corollarium i. 

87<S. Si fumatur y = o et e = o, erit 
[i = f3, 13(1 — X) — 5 et (X-a)(A— i) = o, hinc 
X = i , et 5 = (a — i) |3, ideoqne 
P-^- + p*", Q=(« — i)(3*"— , 
et aequadonis 

multiplicator V — ef v3 *, exiftente v — % -+■ p x", ita vt fic 

V = xe^ x '' + ' et »/*.»* = *V^ JrW . 

Corol- 
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Corollarium 2. 

877. Hoc ergo cafu, pofito ^i— = (, erit in- 

E y = f -9 ' 3 X * d x, 

quae formn fimplidtis exhiberi neqnir, propterca qtiod in ge- 
oerc formula x"~* d x imcgrationcm non adrnitrit. 

Scholion. 

878. Cum igitur inuenrio multiplicarorum, qui hu- 
iusmodi acquationcm 

integrabilem reddunr, refoluttonem huius aequationis poflulet 

ddV — PdVdx + Vd /(Q 3 .v — 3 P) — o , 
quae in hac forma continetur 

\idendum ed, quompdo hanc formatn eriam per miilriplica- 
torcs rractari oportear. Cuius multipiicator (i fingatur V fun- 
flio quaedam ipfius x, itcrum ad praecedenrem formam 

33V — VdVdx + Vdx(Q_tx — aP)-o, 
dcuenirur, atque fi huius multiplicaror ftatuatur U funftio- 
ni ipfitis x, hic dcfinictur per hanc aeqnationem 

aau + paua^ + Qua** — o, 

ita vt fumciar aheram hantm ijiiarum acquationum refbluilTe. 
Ac fupta quidcm, vbi y—zuv poluimus, ad hanc polkriu- 
rem acqua-tonem perueninius: at rr.irum non eft harum dui- 
rum aequarionum altenrri ab altera penderc , cum ptior ex 
pofteriori na^catnr p«i:cndo U .— i~ V, pollerior vero 
es ptinri ponendo V = e'* , "U, vti tcntanti facile patebit. 
Quoniam itjitui hoc modo difficultatem, fi quae occurrit, tol- 

lcre 
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lere non licet, inueflignndum eft, an forte einsmodi mnltipli- 
cator, qui vtramquc variabilem x ct y cum fuis differcntiali- 
bus dx et dy feu p = t2 inuolust, negotium conficiat. At 
vero facile perfpicitur exclulis differentialibus hoc fieri non 
polfe; nam ii multiplicator elfct V fundiio ipfarum x Uj, 
cx primo termino ihy nafcetur integralis pars V t)y, quae 
autem diffcrcntiata ponendo d~V = M d x -i- N dy inuoluerct 
in diffcrcntiale partem N 3.?", in aequationc non occurrentem, 
qnae etiam per reliquas integralis pattes tolli non poITet. 
Quarc rcm tentemus eiusmodi multiplicatoribus , qui etiam ra- 
tionem ditfercntialium p — i| compleflantuf ; et cum iplius f 
cum fuis differentialibus vbique Ht idem dimenfionum nume- 
rus, eadem proprietas ctiam in multiplicatore infit neccffc cft; 
fi enim diuerfae inefTcnt, fmgulae feorfim negotium effent 
confeflurae. 

Problema 109. 

870. Sumto elemento dx conftante, definirc conditio- 
nes, vt mulriplicator huius formae Mp-|-Nj, exiftente 
p= et M et N fuoflionibus ipfius x, intcgrabilcm reddat 
hanc aequationem 

3 dy -+- P d * 3 y ■+■ Q y d = o , 
vbi P et Q funt fun&iones ipfius x. 

Solutio. 

Ob d y = p d x, noflra aequatio e(l 
dp + Ppdx-t-Qydx = o, 
quae per Mp + Nj multiplicata fit 

M p 5 p -+- N y dp -+- M P p dy -+- N Py dy -+■ N Q yy 3 x — o, 
+ MQ;Jr 

quam inrcgrabilem efle oportet. Ob terminos differenliali dp 
¥*l. II. O aflc- 
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affeflos pars integrabilis erit IMpp -t-Nj p, vnde integrale; 
ipfum ftatuatur =. I M p p -+- Nj p + S. Cuius differentiale 
cum ipfam illam aequationem ptaebere dcbeat, habebimu* 

-+- M Q_j dj 

— IppZU — jpSN 

— Kpdj 

qnam ergo fotmulam integrabilem eflet oportet, quae cum 
tantum diffcrentiaiia primi ordinis 3 x ct dy cumplectatur , 
tieceffe e(l vt quantitas p ex calculo egrcdiatur. Pofito etgo 
SM = M'B* et 3N — N'3.v, ob pdx = dy, pdmus ter- 
minus contincns p ad uihilurn rcdigi debct, Tt (it 

fAVpdj — lM'p 3j — Npdj = o, feu 

M"P — :M'-N = o, vel N=MP-/1. 
Tum vcro erit 

dS=j Hj.(N P + M Q— N'J ■+■ N Q_jj 3 x, 
cuius formulae integrale cft 

S — Ijj (N P h- M Q- NO, vel S =jj/N Q 9 *, 
quas duas formas congmere oportct, vnde fit 

NP + M Q^l^ — a/N Q9r, feu . 

NaP + PSN + MSQi-QaM-^-aNQSa-^o, 
quae acqnaiio cum illa N = MP — i^- iuncta, conditiones 
uuaefitas determinat, proditque tum aequatio integralis 

i M p p ■+- N j p -+- i j j (N P + M Q - |S ) — C. 

Corollarium i. 

sso. Si fmifiiones P et Q dentur, indeque M et N 
defiuiri oporiear, ob N^MP — iKL , crit 

i 3N 
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9N = M3P-HP9M — U$, 
et funflio M definietur per hanc aequationem 

f-CPP- 1 4|+aQ)3M-*-MCaPaP-221-aPQJ*-i.aQ)=o, 
quae ob differentialia tertii ordinis parum iuuat. 

Corolkrium 2. 

881. Sin antcm multiplicator Mp-f-Nj- detttr, ip- 
fa acquatio ita definitur, vt fit primo P L -]-___:!_ , vnda 
ex altcra, quae eft 

haecquc pcr Me a /~»T multiplicata, integrale dat 
MQr 2 /^_y.~ '/^rr!» — 3. P N). 
Corollariura 3. 

88a. Sit hoc intcgrale = Z critque 
2 = r~ a '"ar (|2 _ p N) f / f 2 / TT (*_"__ ■ZjgHa ) , 
quod poflerius membrum, pro P valore fubilituto, abit in 

cuius integrale eft manifcfta r^TTH, j ta Tt fit 
Z — e ~ 'ciri^ ■+■ Cj ideoque 

O 2 Corol- 
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CorolkriLim 4. 

883- Propofita ergo hac aequarione 

H 2 * C& * ibW *w<¥ < a/£ ^ ■+■ £ - = o, 

,eam per t^H-Nj' multiplicando, integrale fit 

«>£ + 2^2 + j> (C e 3 /3 TT + i£) = Conft. 

Scholion. 

884- Cum ergo pro M et N qnascunque funclionei 
Jpfius x accipcrc Jicen, innurr.erabiles hiuc m(& fumus te- 
quationum diSereatio-djfTereDtlaijum fonr.as, quas ope multi- 
plicatons ti:-t-Nj integrare poflumus. Forma fcilicei ge- 
neralis, qua« hoc mulfiplicatore integrjbili» redditur, eft vt 
Tfdlmui 

H-_l_.(2M3N -N3M+ aCM^^J*), 
ipfo integrali exiftente 

■vbi perfpicuum eft partem exponentialem conftanti C afFeflam 
vrrinque omitti pofte, cum ca lola ilta proprietare fit pr.nedi- 
ta. Quodfi partem exponentialcm ad algebraicam reiiucamus 

ponendo r" — L , erit ~ ^ et N — ri~ ' mnc * 

que 3 N ~ ■+■ ' ' 3 " — rxiHiV» Tn( ie '1* forma 

quae per ■liU-f-jlJ^i mnltiplicata , inregrale praebet 

raf "+ + i« C + c L) . 

Vel 
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Vel fi ponamus £j! ?i _ '-i5, T t lit M _ erit noftra 
«equatio differcnrio - differcntialis 

»_» + || . « + jj. (3. ^ - + ^ + i£llif j = o, 
quae per 5J: (_ -(- ^.ZiL) multiplicata, dabit integralc 
?r fe-* + & ! +J>J' Qix^ + - CoaSL 
Exemplum i. 

885- Sic K _ jr" C -r- *)" et L _ x* (a-i- jt)", erit 



ji^- _ £- -f- ~- ; vnde coerHcieus ipfius lj> d x erit 
- i. *— li_ _ JLfL _ -_£_ _ h- " -+- 



\bi fequcntes cafus notafle iuuabit. 

I. Sit et"» = v, crit ipfius ij'9:r coef- 

ficien» 

Hinc ifla acquacio 

!±2 + }j(t±! +-!-■, 

■+-•,! i* ["-nS^-KSs-;*^ 1 ] = 0 

multiplicam per 

*•« (« + *)• [U + (!■ H- j^-,) !), 
'Dtegrjlc dat 

i *»*•(«+»)• ->- m e * ri-, ) •+■ 

\1 3 (t^ ♦ -jii^ * sSr?)] = Cortf.. 

O 3 H. 
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II. Sit m=zp.-\-l et n — v-\-l, erit ipiius 1/3* 
eoefficiens 

Hinc iiia acquatio 

+ ; r dx( <^=J> -+- ■' t ;^;^ c + £">) = e, 

multipliciita per 

(a +*)"♦" gl-f-i r (f-t-r^)], 

integr.ile dabit 

J [»£H-*_-(fc-^) + 

(*£ -t- -t- ,--£—)] = Conft. 

+ etit ipfius ',j>dx 

Hinc ifta acquatio 

mnlliplicflta pcr 

(« -4- *)•*• III + \y (t. + ], 
dabit integrale 

i *« (a + x)' + = [Ig + ^ (t -f- ) 

i " ■+■ ■+■ 'jV^r) Conft. 

Corollarmnr 1. 

38«. Sit cafii primo c=z2, C _= — iH[*> et habc- 
fcilur Iiaec acquatio 

quse 




Euoluamus liic cafus, quibtis 
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hane obtinet formam 

L Sumatur p. — m ct v — n, 
eritque D = iC, E = lm(»-2), F=ii(»+0, et 
G = »-(» — *} 

II. Sumatur jj. = « -— r et v — n, 

eritque D =z o, E = aC + !(ra- i)', F = 2 » (m -+■ r), ec 
G ==*»(«-*)■ 

III. Sumatcr [a— ra— r et a»— av— — 1, feu f=n+-{, 
,erit vltimus terminus '■ c '"^~"' — a C -r-'- C **- Etgo 

D — 2C, E=nC«fl+i(ju- r)*, F=i(»ifl+»+i), 

IV. Sumarur [i = w et u — — 1, feu v = ji — J, 
erit vltimus tcrminus , ideoque 

D = o, E = i«(B-i), F^sC + amit+ii-i, 
G = J (2 « — 1) (a n — 3). 

V. Sumatur |* = w-n et v = n — i, erit vltimus ter- 
minus _|£L££_ = 2 C — ' ideoque 

D--2C, E=;(-+-i) (m— 2), F=-!Cfla+in(w+i), 
G=i(2B— i)( 2 « — 3). 

VI. Sit )j. — m — 1 et y — n — i, crit Tttimus tcrmi- 
111» , 1 „',\ - , ~ ,] t ,; — -. /. c Va -a) vnde fit 

D = o, E = 1£ -t-J (m — j)% F = ■+■ nini+ai-j, 
" G = i(i«— i)(n- 3> 

VII. Sit p,:m+i et 2/1 — a 2, feu k_s— i, erit 

ter- 
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termimts vltimus . '^^ -. ^ , idcoque 

D = o,E=J(b+i) (« — a), F=u(h+i), 
G = aC + i(»->)'. 
VITT. ^ Sit u. = w-t-a^et = i, erit termlmis Tlti- 

D^zC, E=;(m-+=X«-4), F--iCofl+2m«+iii)+j, 
et G=-!Ch +! (»-i)-. 

IX. Sir u. = w et v = n — i, erit terminus vltimus 
ic — ir 

— «m+m »■(<■•+■«■>■* 

hiucque 

D = e>, E-i«(«-0, F = tS+ a «»-»- a «-», 

X. Sit (j. = «— i et v=« — i, erit tcrminus vltimus 
hincque 

D = o, E = ^-t-i(»— 1)% F="=i£-+-2niBH-aij— 4-, 
G = £+«(«-i)*. 
Problema no- ' 

S89> Sumto elemento djr conflaute, (i K et L de- 
notcnt fnncuoiies quascunquc ipfiusr, inucnire integtalc com- 
pletum huius aequationis dilTtieiitio- difTcrcti tiulis 

. Solutio. 

Quoniim haec aequatio iutegrabilis redditur, Ii multl- 
plicetut per -> /^ 1 -)} eills imcgrale complctum, vt fu- 

fe/. II. P pra 
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pra YidimtJS, c(l 

qiiam acquationem differentialem prlmi gradus adhuc integrari 
opnrtct, quod cum ob conlhtnrem indefiniram maxime fit dif- 
ficile, ea neglefla, primo faltem integrale particulare intieftige- 
mus. Erit crgo cx aequatione 

radicem extrabcndo 

i?-t-.iiL — t?/-C, feu ^-t-|± — L|*|/_c, 
Tode fit 

Cum igitur aequationi differentio - differentiali propofitae fatis- 
faciant hi duo valorcs 

hini coniunfli etram fatisfacient, quibus quoniam dnae con- 
ftantes arbitrariae introducuntur, cius integrale completum erit 

j = n' /L ^ /_ c + k <~ /h ^ y ~ c > 

qtiae exprefiio valcc, fi / — C fuerit quantitas rcalis, fin an- 
tem fic imaginaria , erir 

* = (/■£*=■ /C + O: 

ficqne habctur integrale compktum aequationis differentio- 
differentialis propofitae. 

Corollarium i. 

Spc. Hinc igitur aequationis djfferentialis primi gra- 

dus ^ ^ 
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qnae per fe fatis eft difficiiis, integrale aflignnre Y.ilemus, 
quod eft 

fi modo dcbita relatio conftantium a ct f? rclpcdu conftantis 
A definiatur. 

CoroHarium 2. 

Spr. Erit autcm per /L muliiplicando et differen- 

liando 

_&«« /_c ^ — c . 

Hinc 
Ynde fit 

*|f C ./W-c* s ,-/4 i > / - 0 ,-, 

ideoque A — + C a (3 feu (3 — : ■ 

Scholion i. 

Sps- Quamuis etgo aequaiionem propofitam opc Ido- 
nej muJtiplicatorii intcgrate licuerit, ilter» tamcn iniegtaiio 
maximis difticnliatibus premi videbatur. Intcrim timtn ope 
fubftlrurionis ie<)uaiio illa diflereniialN pcimi gradus traftatu 
facilis redditur; pofito eoim j - 1 , vt fit tiy / f,-i 3s» 
oritur (rlKy-^^K-^H* iinc B = E j/ ( A - C s *) , 
fcu — — — quac intcgrata dat 

P 2 
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/[(;1 /_C + /'(A-Ca S :)]=/!^-/-C + /B, 
vnde praecedcns integt-le eruitur. Caeterum forrm noftrae 
aemiationis difTereiuio - differeiui.ilis aliquamo commodjus ex- 
hibeti poteft boc modo: Si P M R fint funftiones quaecun- 
que ipfius x, fumaturque clemcntum dx conftans, huius ae- 
quationis 

53, _ 3, (» * «) - j, (3 . - * ) = o , 

bis integratae integirale complctum cft 

y = <t P * " ' ^ + (3 P t~ " { ^ , 
fiqiiidcm a fit qnantitas realis. At fi a~o t erit 

jr=P(_- t - f i/_l5_). 

Sin autem fit _ a __ — .., erit 

_Pfm. (p 4- */_£-.). 
Tum vcro iila aequatio intcgrabilis redditur, C multiplicetut 
per g (9? — ^-—O' eritque intcgrale primum 

^--l—, [(__- — _££/ — -JJi j* 3 *'] = Conft. 
Hinc parer in illa acquatione ditTerentio- difTcreutiali commo- 
de hanc fubllitiitionem adhiberi j — Pz-, qua ea traQfforma- 
tur in 

quae per »L»*». multiplicata, fponte fit intcgrabilis. Quin e- 
tiampofito ? — S, vt habeatur 

-3«+_^_-.____;_- 0) 
multiplicator (hdm dat integr.Ie 

T^S^ ~>aazs = Conft. 
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Scholion 2. 

S93. Viciflim ergo ex hac forma fimpliciilima 
SSBde-i-SdSdz — aazdx'=:a, 
quae per 3z multiplicaia integrabilis rcdditur, formas magis 
complicptas deriuare pocuiflemus, ponendo et S — . 

Qnae quanquam in fcrmis generalibus fatis perfpicua, tamcn 

occulta, quam \t menti occurrere pollir. Vcluti in cafibus 
§. 888. euolutls, fi N°. IX. fumamus «-a, et C=(n-i)'aa, 
fiec D = o, E = o, F = a»C»-t-i), et G= o, >ude ha- 
bctur hacc acquaiio 

»_*2 4- a d y (■ -f- jt^) -t- — o , fcu 

3 a, -t- + "i;^;^ 1 = o, 

quae Iniegrabilis rcddicur ope multiplicatoiis 

x x (« a -i- * jt/ + • (i2 + ' 
integrali exiftence 

5 "+**)'' + " [C^ -*• ;','.'.**,"' )' = Conlt. 
Fio incegrali ergo particulari eric 

rnde colligicur 

x y (a a-t-x x)~~~ — a (l±£2^rl) — ~ "I . 
Ergo bioa inicgralia particularia coniuncia dant 

y = 1 (a ~x v- «r**' + 1 (* o-~ M i 

inlegrale completum. Hoc aucem cafu aequatio nollra ad for- 
mam fimpliciiliraam reducetur ope fubftituciouis 

F 3 / = 
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y~±(aa-\-x x) • , 
tuius ratio ct iuuentio difficilius perfpicitur. 

Froblema iii. 

894. Sumto elcmento bx conftante, inuettigare con- 
ditiones quibus aequatio differentio - differeutialis 

ddj>-\-Fdxdy-\-Qj>dx'=o, 
integrabilis rcdditur, opc multiplicatoris huius formae 

dcnotantibus litteris L, M, N, P, Q funfrioncs ipGus .t, 

Solutio. 

Tribnatur denominatori buius fraclionis talis forma 
(3 y •+■ B y 3 *) Q>J ■+• Sj 3 ar), 
ac leui attcntione adhibita patcr, integrale buiusmodi formam 
cfie habinmim 

V-f-/-^^* = Con(t. 
cuius crgo diftcrcntialc acquationem propofitam producere dc- 
bct. Dat autcm diftereiuiatio 

Sy.^. (S-R]jiia^ + | K-'i,i J ;j-+ J ,.' J i J ! jR-js)-4. J j,i J; a|s)it-it^s] _„ 

quae ad communcm denommatorem redufla, abic in 
(_-R)fftc33^fR-S)9A-ay-+vd„5j(aR-aS)+jy9* 1 (SdR-RaS))_ 

-i-avay+CR-t-s^d.Srav-^RS^d^av r 0, 

Statuatur 9V~(S — R)3_-, vt acquatio per y diuiftbiiis 
ouadat, ficque orietur haec aequario 

(S-R)3eV+9j<(3R-3S) +ydx(SdR-RdS)\ 

-*-(SS-RR)3.vd/-+-RS (S-R)j-3_* f »' 
<5U.e vt cura forma propofita conueniat, fleri oportet 



P — (R + S) -*- «^Q.^^S-^-^irH-» 
quos valores fi funfliones P et Q habuerinc, aequatio 

ddy+-Vdxdj-\-Qydx ! = o 
per - k (S ~ R '/ J -+-5 jji multiplicata, integrale dabit 

/(S — S)^ + / ^TTTr = Conlt. 
Si ponamus S = M -+- N cc R — M — N , crit 

P — : 2 M — et Q=MM-NN + ^' — $T£- 

Corollarium. i. 

gps- Quaecunquc. ergo funcuones ipfiu* x loco M 
Ct N afiumantur, indeque definiatirur 

P-= 2 M-^ et Q=MM-NN + ^-^ ( 
huius aequationis 

d.d? ■+■ P 3 * 9 y -t- Q y B x' ~ o 
integraie erit 

a/N 9 * 4- / - ~o D it. 

Corollarium 2. 

89«. St ponatnr yzLt 1 * 1 * ■> fiet noftra aequatio diffe- 
lentialis primi gradus 

dz-{-ezdx-i-Pzdx-+-Q_dx-zo, 
cuius propterea integralc erit 

n/Ndx-t-1 ;^jg~~ = Conft. 

Corollarium 3. 

Sp7- Si vclimus, vt Jit P — o et aeqnatio habcatilr 
huiusmodi 3 9 j Qj- 3 — - o , capi debet iMr; erit- 

que 



que Q = ^£ — MM — NK ) eiusquc aequatio integralis 
s/N 3 = Conft,, 

Corollarium 4. 

89S. In gcncre autcm ptout conftans caplatur vel 
-\-oa vel ' — 00, obiinebitur integrale particulare vel 

dj+'^M + N)ydx = o vel 

Sy-i-(M~N)ydx = o, 
vnde erit vel 

y — a ^-/( _ +i«l»* vcl j — pf— ;(k-n)s» 
cx quibus noftrae aequationis colligitur integrale completum 

^ =( -/il« Ca( -/»** + p e /KJ- )- 

Exemplum 1. 

899. Sit M = a et N = (3, erit P- 2a efQ=„t-pa_ 
vnde huius aequationis 

3 9 j< ■+- 3 * d x d y -f- « — (3 (3) j 9 — ; 0 
intcgrale eft 

a (3 * +1 g±g=ggj3 = Conft. 
In quamitatibus autcm finitis iatcgrale completum 

Cafu autem quo (3(3—: — yy, aequatio 

3 3j--H2a3*3j'-l-Caa-i-y'y)j'9*'— :0 

bis integrata dat 

j = Ar»k f yJ --i-C). 

At C y — o, aequationis 



integrale cfl 

j = *-«-(A + B*): 

Exemplum 2. 

900. Si M=i et N =(-*", erit P — «_£pl, et 
Ergo huius aequationis 

integrale primnm eft 

Integrale autem fecu-dum 

^ = ^-"CAe "^ 1 +B« ); 
fi - = o, erit id 

r = *-(A+B^ + '), 

fin autem p (3 = — yy, erit 

^ = A *- ■ fi n. ( jjJL— * 1 + C ) ; 

Corollarium r. 

901. Sumto » = 2ct, vt habeatur haec aequatio 
ddy — ° l ° + I " J ■ J ' iJ,, — P P 3 jt*=: 0 , 

erit eius integtale completum 

j=r'(A(" +1 * +B ( i ' + ' 1 ), 
fi fit p = o , crit id ■ 

j = af— (A+Bjf— *-), 

rri. 1/. a « 



w CA.PVT V. 

U fi'|3p — — YY> er ^ c ^ oc integralc 

j ~Ax- a r,n. CrT^r -+- C)* 
Corollarium 2. 

502. Ponamus a — — i, vt habcamus banc aequa- 
tionem ddy — — — o , cuius ergo integiale erit 
Jt -1 
r = X (?ie* -i-B t *), 

Tbi notandum, fi fit P(3- — Y Yi fore J' — * x fiQ - ■+■ C). 

Exemplum 3. 

■503.- Ponatur N = — ~— , vt (il 
3N ' 

N dx _ X ttH-(3 ** ' 

et fumatur 



vt fiat P = o et 

.1» 



-4.AA*"" 
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et ob /"M9* = !/N, erit integralc 

liuius acquationts 3 3 y -+- Q }- i) jt* = o. Vt ' excreffio ipfins 
Q fiat fimplicior, hoc fieri poteft pluribns modis, dum numeT 
raior partis poftremae per etH-p-** diuifibilis reddirur. 

I. Sitm-n— i et AA = J(H3»n, eritcjue Q_ — 'i^L', ' 
tum vero 

s - (J a-" 

vnde aequationis d d_r — ' " - - 'J~ - ** — o integrate- eft 



II. Sit i m~ — i feu »; -_ -— i et 4-AA = aanw, 

q___J ^f^v"— 1 p nn *— •- onn .v— ftu 

Q__ i_Li-, vt ante, 

III. Sit _n/__ — n — a feo 

TO = ^i=^ et + — - '—fr* 

:tqce 



Q a quae 
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quac cxprcfiio abit in 



>6xx +(3 i6 xx ^p^+t 

Quare cum fic 



fumatur n = |, tt fiat mrz-j, gi = a ( 

ficque aequationis 

'S/H-— — iJoVr-o 
jP>' 

integrale erit 

j^^Cer-""".^»""»); 

Sm autem capiatur »=_', vt fiat 

" = -j « tt=-l_, erit 



rnde aequatio 

3 3 3 ■+■ — — - — P 
fimili modo integratur. 

Scholion i. 

904. Aequationem ergo 33j'4-Aa*j'3* , =o his cs- 
fibus intcgrare licuit, m — o, m— — +, — 3, m— — J et 
«=~~a , feu fa=— a^;, et m~—2±f. Quodfi vlterius po- 

namns N — — ^ , fimili modo integrationem ca- 

<t-t-(3jr*-*-<y 

fuum iftius aequationis m — — impetrabimus, quibus quo- 
que acquatio difFcrentialis ptimi gradus 

dz-+-zz?x~i-Ax™dx — o 
integrationem admittit. Haec autem cafuum integrabilium in- 
vertigario nimis elt operofa, qnam vt eam fufius profequamur» 
praelcrtim cum infra methodus occurrat hacc omnia commo- 
dius euoluendi. 

Scholion 2. 

305. Ex his colligere Jicet, quantus fruclus ex in- 
Ventione multiplkatorum, quibus etiam aequaiiones differenrio- 
differentiales integrabiles redduntur , expcflari qncat, etiamfi 
exempla hic trailata tantum leue huius methodi fpccimen re- 
Q 3 ferant. 
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feranr. Aliquas autem faltem multiplicatorum formas'hic fum 
contcmpiatus, nequc vllum eft dubium, qnin pinres nliae lor- 
mae pari fuccellu in vfum vocati queant. In hoc porro ca- 
pite tantum eiusmodi aequationcs differentio-difFcrcnriales tracla- 
vimus, in quibus alrera variabilis y cum !uis differentialibus by 
et hdy vbique vnicam obtinct dimciifioncm. Verum eadem 
methodus quoque ad alia huiusrroiii ae^uarionum jenera ex- 
renditur, quae etfi panim adhnc elt cxculta , tait.cn vfu noo 
carebir. fequcns appiicatio , vbi integrniio alinrum aequationum 
diffcrenrialium fecundi gradus, cnae aliis rrethodis traftatu diP- 
ficillimae videntur, ope multiplicatorum docebkur. 
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DE 

1NTECRATI0NE ALTARVM AEQVATIONVM D1FFE- 
RENTIO-DIFFERENTIAUVM PER 1DONEOS 
MVLTIPLICATORES INSTITVENDA. 

Frobiema 112, 



l-^ofito elemento d x conllante, fi propoGta fit liuiusmodi ac- 
quatio 

inuenire multiplicatorem , quo ea integrabilis reddatur. 

Solutio. 

Tentetur talis multiplicatoris forma 2P 3 y + 2 Qydx, 
\bi P et Q fint fundliones ipfius x, ct produdli 

*Dx-*-Exx?~ ' 
integralc. ftatuatur 

P dy-f- iQydx 3-f + V3**=: Confl. 3**, 
vbi V Gt funflio binas variabiles x et j coropleflens. Erit 
ergo fafta acqualitate 

-t-3P3r" +aj-5ff3Qcly a Ava>- If P9y-f-Q r3r) _ n 
■+■ aQ^rS^ + a^SV (B^i-C-^=Dr+Ej-*/ ' 

quae per integrationein valorem ipfius V fuppcditarc ncquitj 
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uifi fit 3P+sQ3* — o, critque tum 

cuius formulae, fiquidem iategrationem admittat, integrale < 
Yariabilitatc ipfius J crit 



Sumto crgo j< conlhnte, nccefie ell fit 

cui fatisfit, _1 J ±& -oet ' * " 

- 3 P (C -*- 2 D a- + E x x) ■+■ 2 P 9 * ( D -+- E x) = o,' 

quae duae conditiones an fimul confiftere poflint, Tidendum 

cll. Pofterior autcm dat 

^ = illifj±i£|i|, idcoquc P — C+- 2D* -+- Exx, 

vnde fit 

Q— ~ii=-D-E*, hinc |&=— E et ^=0. 
Multiplicator ergo_quaefitus eft 

a 3.7 (C -+- a D + E * jr)— 2 y 3 * (D + E x), 
hinequc obtinctur intcgralc 

|£(C + aD* + E**) — yj|2(D-|-E*)-_ 

_7F . j + E ^ = Conft - 

feu vtrinque addendo *-, 

|£(C + »D* + E**)— ^(D + E*) 

+ ^^^^,^,,, -4- Ejy = Conft. 

Corollarium r. 

907. Haec ergo acquatio d dy + -^Aiiii, — o, vbi 
A — a<7, B=i, C = o, D = o, et E = 1 , integrabi- 
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bilis redditur multiplicatore axxdy — 1^*3*, eiusque in- 
tegrale erit 

Corollarium 2. 
'903. Si hic ponatur y — ux, ob 3y — a dx *+- xdu, 
habebimus 



vnde tam x quam j per u dcterminatur. 

CoroIIarium 3, 

909. Simiii etiam inodo integrntio in gencre pcrfici 
poteft. Sit enim brcuitatis gratia 

CH- iD^ + E„*_B_z, erit D + Ej- a r i i, 
et aequatio noftra iiet 

'-W* - + E ^ + ii^fe, = } . 

quae pofito y — u z , abit in 

— (u^Eja , vnde oritur 



ita Tt iit, reftituto valore iplitis _, 

'I+IOD-CI 



iicque 
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ficque x dcfinitur pcr «, indcque ctiam 

J = BS = »/ r - F "'*-'- r *' .. 

Scholion. 

pro. Hinc patet fubftitutio, qua tam Ipfa aequatio 
difTereniio-difrercntiahs propolita, quam multiplicator ad for- 
mam commodiorem rcduci dcbct. Pofito enim ad abbreuiau- 
dum C+2Di+Err = Bn, aequstio noftra. 

3 Sj + E^^r- °> 
Ope fubftitutionis y — u z transformatur in 

addu-\- a 3 a 9 « -f- u d Hfl ^*' uu) . =: o> 

cuius multiplicator eil 

aB(zz3.t-— j-z9a), fcu sB^a», 
vel fimpiiciter a 3 5a. Cum autem fit 3 z ~ iiIIL±±fl , erit 

ita vt llt s 3 d •) z ~ c -^=jm 3 x* , vniic aequatio noftra pcr 
s s du multiplicata indnit hitnc formam 

2*3ttd3a-^as 1 i)2du , -)-L!ILp_211 > uduhx'+£^~^- r= o, 
manifefto integrabilem , integrali exiflcntc 

+ uubx' — i Conit 3 x' t 

cuius adco noua intcgratio ob z lunctiouem ipfius .v mox in 
uculos incurrit, cum fit 

z z d ii =. b x j/(Conft. -t- u u ■+ -- *—. -), 

vbi variabiies u ct x fponte feparantur. Caetcrnm hic note- 
tur, ftinftiouem pro z nlfumtam fatisfacere aequarioui z 3 ddz 
— «3-r 1 , cum tamen cius ratio non fit mamfefta. Multipli- 
cando autem hanc aequationem per ^ prodit, sdzd dz=—??-'J*^ 

cuius 



Digitizod t>y Google 



CAPVT VI 



i3* 



cuius integrale eft d z' — |3 3 — Hlf, feu 3* = -^i£_ ( , 
Tnde porro fit (i x -+- y — Y ((3s a — a), ideoque 

p 2 a — cc-tr yv+^V + PP^*» 
quae eft ipfa .noftra forma. 

Froblema 113. 

511. Sumto elcmenro dx eondante, inuenire formarn 
genenhorem acqnarionum difFercnno-difFcrcntialium quac ope 
liuiusmodi rnultiplicaroris Mj3j-|-N^ imegrabiles red- 
dantur. 

Solutio. 

Qnia multiplicator ope fufaftitutionis r ~ B u in for- 
mam finmliciiTimam Sdu transn'iitari potcft, hae fubftirutioue 
ipfa atquario dirTcrciitio-diffcrcnrialis ir.duat hanc formam 

d d u -h l' d x d u -t-"-^ = o, 
cuius poltremum membrtim pcr S')« mulriplicntum fponre eft 
inregrnbiie, fi quidcm U dcnotct fnnflioi^cm quamcunqiic ip- 
fius u, dum R, S et P fmr fundtiones ipfius x. Cum ergo 
acquatio 

SZuddu-hVS?>xdu'-i-Udx>du~o, 
debeat elfe integrabilis , pofito integrali 

lSdu'-^-dx'f-Udu=zlCdx; 
nccciTe cft fit 

',dSdu°~?Sdxdu', fcu P3*_:||. 
Quocirca hacc forma generalis 

d d u-h H- «j£ — o, 
per Sda rnultiplicara dabit integrale 

Sdu'=zdx>(C— t/Udu), 
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ficquc x definitur per «, indeque etiam 

Scholion. 

pio. Hicic parer • i . qi i tam ipfa aequario 

ditTorenrio-differen:i.ili) Fropo.lra, quam multiplicator nd fnr- 
mam eomirodiorciii reduci debet. fofito ctiim ad abbreuian- 
dum C+sD^-i-F.rj^fl!;, aequatio noiha 

ope fubftitutionis y ~uz transformatur in 

cuius multiplicaror elt 

aB(azdy— js3t), fou aBz 3 ^*, 
vel Gmpliciter z J 9u. Cum autein fit 9 s — ^"^-"'l , erit 

ita vt fit s 3 d d z ~z '-^j~~ d x' , vnde aequatio noflra per 
z % du multiplicata induic hanc formam 

' . ' u 3 u 3 ,v' -t- ? V . o, 
manifcfto integrabilcm, inrcgrali cxiflcnte 

S s 4 9 o' -i- £ fg£3 oSj; 1 - — ^ . ^ 2— = J Conft. 9 
cnins adco noua integratio ob s tunciionem ipfius .r mox in 
oculos incurrit, ctim fit 

as 9« — 3 v /(Conft. +2^!»i»+ n -L_), 
Vbi variabilcs « ct * fponte feparanrur. Caetcrnm liic note- 
lur, funiftionem pro s affumtam farisfaccre aequarioni c' 3 3s 
= ad**, cum tamcn eius ratio non fit manifcfta. Multipli- 
cando autem hanc aequationem pet ifli prodit, adsilDsri^ii— 

cuius 
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cuius Integrale elt — j33x' — ft« 3* = 
vnde porro fic (3 x -+- y = /((3a 2 — a), ideoque 

P a a =.«.-(- yy + s [3 y j: -H (3 j3 
quae eft ipfa noftra forma. 



yi-r. Snmfo elemento dx conftaute, inuenire formam 
generaliorem aequarionum difFcrentio-diffcrcnrialium qu*c rrpe 
huiiismodi muliipucatoris Mjdx-i-Ndy iniegrabiles red- 
dantur. 



Qnia multiplfcaror ope fubflrruiionis rr!« (n fbr- 
tnam fimplicifiimim Sdu transrrutari poteft, hac fubftirutione 
ipfa acquatio diHcrcnrio-diffcrentialis induat hanc formam 

33« + !' 3a-3«H- = o , 
cuius pollremum memornm per S<3« mulripliciitum fponte eft 
inrcgrabilc , fi qukkm U denotct funilioncm qunmcunquc ip- 
fius b, dum R, S ct P finc fumftiones ipfms x. Cum ergo 
aequatio 

sdHaaH-f-psaa-a^ + ua^ait^o, 

debeat effe integrnbilis , pofito [ntegrali 




Problema 113. 



Sokitio. 



iSda , -+-3x'/U9« = SC3A-', 



neceffc eit iir 

iSSau^PSarSu 1 , feu P3*r=r|i. 



Quocirca haec forma generalis 

d d u -+- i£|2 -+- = o , 



per S9a multiplicara dabit integrale 



R * 



qaod 
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quod denuo integratum praebet 

/".-/ „.-"..., ■ 

Cum igitur haec lint manifelta, ponendo « ~ 2. ad formas 
maijis intric.itas regrediamur, ita vt iam fit U — fnuft. £ . 
Nunc vero eft * 

9 o z= ij? — Zii. et 9 9« = — '^y/ — , 
vnde aequatio noftra fit 



qnac per ^ ( R 3 — jdR) muldplicata inregrabilis redditur. 
Vt igitur ad formam fupra propofitam accedamus, liatuamus 
S = aR', et aequatio 

per aRR(R3/ — jdR) multiplicata integrabilis redditur. 
Seu haec acquatio 

Rddy —j d 3 R -+- i£f; t. — o 
per Rdy — /3R multiplicata fit integrabilis. 
Vt via ad intcgrationem perueniendi magis occultetur, pona- 
tur — ^-(-V, vt V lit funtlio homogenea nnllius di- 
meufionis ipfarum y ct R, ac ponatur j33R - 'J"' Tt 
fiat ** 

R39j-r-^ = - a , f eu 3 9j> -f_ 1« = 0j 

quae mnltiplicatore RfR3jp — ydR) rcdditur integrabilis. 
At cum fit ddR — a Jg'.., crit vt fupra vidimus 

R=:-/(a.-\-2j3x-l-yxx), 
vnde dum V fit fnnflio homogeuea nulltus dimenfionis ipfa- 
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rum y ct R — Y 0* -h 2 P x -+- y x x) , aequatio 



ope multiplicatoris 

(« 4- 2 (3 * -+- y * x) dy — CJ3 -+- v 9 *> 
integrabiiis cuadic 

Corollarium i. 

oi2. Polito autem R = i/(«+-ip*4-V**), ae- 
quatio nollra pcr RRBj' — Rj3R mulriplicat» fit 

R R 3? 3 <ly — Ry 3 R 3 dy ■+- 1 1 i£i*fc=fci* J — o, 
cuius intcgrale eil 

i R R 9/ — R j- 9 R dy -+- /> 9 r (R 9 9 R ■+■ 3 R" ) 
■+- 3 x'fV 9 £ = Conft. dx', 

¥bi eft 

RaaR + aR^a.RaR^a.cp-f-y^djc^vs*", 

ficque inrcgrale eft 

R R 3/ — a R 3 R Zy -+- yyy d x'/V 3. £ = Conft. 3 

Corollarium 2. 

913. Quia V eil funiftio ipfius £, formulac /V 3 . £ 
inregrale habctnr. Pro vlteriore vero integtatione pofito 
j^-Ra et/V3« = U, habebitur 

R'd ip — R R a k 3R- + y R R u u d x' -t- 2 U 3,*' = G 3 x\ 
fcu R'da' = dx' [G — 2 U-i-(pj3 — iv) «<0» 
hincque 

„_, y;_ = yi U -,o + ,p|i--a W »i» 
ac porro j = u y (a -\- 2 @ x -h y x x). 1 

R 3 Scrio- 
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Schalion. 

014- Hacc ergo aequatio d d y ■+- --^ = o , exiflcnte 
R^^a+ipj + y**), multo latius patct ea qnarn in 
prjeiedente problematc tra^tauimus, proptert.i qund hic pro V 
accipcre licet fntJiTionem quarr.ci;nqne homn>..ne;im oolliiis di- 
menrionis ipfariim y ct K. Si enim fumatur V = , , * "r b1 . i 
ipfi aequatin prirr.um ttaftata oritur. Cactcrnm ex neihodo, 
qua illam aequario-iem clicinmus apparet , eam pcr rcliri.' , 'io- 
ncm ad hanc forn.arn occultam cflc perduclam , cum ca ae- 
quatio , vnde cft oar-a' 

Rddy—ydSR-^ s ^f:^= 0 
pcrfpicuc integrationem adn.irtat, fi per R dy — yi)R multi- 
plicetur. Eft entm 

RdZy-yddR = d.(R2y—?2>V) et -- J ,~ J — = 3- , 
vndc fafla multiplicitioue habcbirous 

XRdy-ydRjd.lRdy-ydRj + dx^f-.-Z 3. -f =:o, 
cirtus aequationis wrnmqire meirbmm per fe ell integrabile. 
In aeouatione autcin iriic crtra intcgrabilitas miniis pcrlpici- 
tnr< muito magis iutegratio eft abfcoudita in acqiiationibus fe- 
qucntibus. 

Problema 114. 

oij. Snmto clemcnto 3 x conflante , intcgratioitcm 
huius aeqtiationis 

yyhhy -i-y 3/ + A.r3/~o 
opc muldplicatoris eam integrabilem teddentis perficere. 

Soiutio. 

Hie fruflra tentatur multiplicator Iiuius formae L dy 
-r-Mdjr; tentcrur ergo hacc forma 

+ : M-dx t)>-+- N r) x' 

ac 
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nc ponacur produfti intcgrale 

cuius differentiatio perducit ad hanc acquationem 
dx*W=3Lyc>v' H-iM/a*3r» +Njdx'dj' -nAMxdxty +ANxdx f 
—zLjdj* —jydxdjX£)+2ALxdx'dy'~yjdx'dj(t?_) 

-yy¥^p-<^y^hf -jytx%x™) 

-jjdxdjX^s-iUjdx-fr 
-yydx'Zy>(^) 

quae Cormula vt ir.tcgrarionem aumittai , mcmbrri quie 
3 y 3 et dr' contierem, euanelcece debent: vmle prieno colligi- 
tur L — j ( ' '- ) — o , vbi ( — ) nalcitur ex dl&creotiuione 
ipfius I. pofico x coeiiVinte. Conlidcretur crgo * vt oiancicns 
conihins, ecitque *.± ; = 12, ideoqoe L = y j : x. Ncgligamus au. 
tem hanc furctionem ipfius x , feu cius loco vnitatcm luma- 
mtts, vc fic L—y et ('j;)zzo: fecundo ergo cfle dcbet 
(^")zzo. Suerainus igitur M = o, etiamfi M denoiace poiTit 
funftionem quamcunque ipGus x , quandoquidem vidcbimns 
hoc modo neyotium confici polTe. Tertio iraque habebimus 

— Nj- -h 3 A xy — yy (i|)z=o; 
fumto ergo x conllantc, erit 3 A x By = N 3 y -1- J 3 N, idco- 
que N j ~ 3 A xy feu N — 3 A , vbi iterum funclionem 
ipfius x, qunc loco conlhnns ingrcdcremr, ne^ligimus. Cum 
igitur hactenus iouenimus L —j, M = o et N — 3 A», erit 
3V=-3 A;;3> + 3 A A x x d x, quac formula cum fpon- 
re iic integrabilis fcilicct V — — Aj 3 -f- A A x 3 , multiplicator 
nollram aequationcm intcgrabilem rcddens erit -Sjdj^-t-sAxdx', 
et producu intcgrale habebitur 

j 3 d i 3 -t- j' A xy_ y d x' dj — A j 1 d x 5 -+- A A x 3 9 x 3 zz C d * J 
quod ob conllamem C cft integrale complctum. 

Corol- 
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Corollarium i. 

otff. Huius integralis membrum primum commode ia 
tres faftorcs refolui potcft. Si ponantur formulac a 1 — Afadio- 

res (-_ «)(* — |3)C> — v ), vt lit 

erit intcgrale iQuentum 
cxiftcnte 

«+|3+ v — o, «P+«v-*-Py=o « *PY=*; 
Pofito enim tL? _ 2, habetur haee forma 

s* + 3 A x y z — Ay* -h A A x 3 , 
euius faflor fi ponatur s — p — g, fit 

a 3 — 3p?z — f 1 — f = °i 

idcoque 

p ~y y A et q — — jr / A\ 

Corollarium 2. 

517. Sumto ergo conliaute C — o , tria obtinentur 
intcgralia particularia 

— ajdx -ha.oixdx = 0, 
ct loco ct fcribcndo (3 et v > 

ydy — §y 9 * + (3 * 3 x _ o et 

j. D j — V^ 1 S^-HwAr^jr — o, 
(juac pofito .y = « * dant ^ _ —=±±!L— , et porro integrando 

' x — ' n..-'^.,, — 7i Ang - tans ' nr=« Conft * 

Scho- 
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Scholion i. 

gi8. Aequationcm autem diffcrcntialcm primi ordinis 
:am diificile cft denuo incegrare. A poteftatibus quidem 
differentialium, poncndo dy-pdx aty~ux, vnde nt ir - iu , 
liberari potclt , prodit cnim 

* 3 C« ! P 3 + 3A«P-Aa' + AA) = C, 
quac fiimtis logarittimis, diffcrcntiata dat 



quae loco ^ fcripto abit in 

du (upp -+- A) 1 ■+■ a « (p — u) dp (upp A) — o , 
ac- pcr u p p -+- A dinidendo, oritur 

Adu-i-uppdu-f-puudp — u 1 dp = o, 
quac ponendo p ~ aliqnanto fit fimplicior, fcilicec 

A3(i + (3) + ?«S» — k n 3 j = o , 
cui autem pofito Ar»i J , ctfi particularirer fatisfacit q-mu—mm % 
tamen inde integratio compkta erui vix pofle vidctur. Cae- 
tcrum eadem haec aequatio inter p ct u immediate elicitur ex 
acquatione differentio - differentiali propofita , quoniam in ca 
binac variabilcs x et y vbique cundcm dimenfionum numcrum 
COnlUtuunt* Pofito enim dj—pdx etj — ux, abir ea ia 

uuxdp+upp^x-^Adx — o, feu ^ = — j^i. j 

quae eft ipfa praecedens aequatio. 

Scholion 2. 

019. Interim tamen aequatio propollta complcte inte- 
grari poteft , indcquc ctiam cac , quas ex ea clicuimus. Hoc 
autem prorfus, fingulari ratione praeltaiur, aequationem iliani 
adco ad diffcrentialia tcrtii ordinis euchcndo. Cum cnim fit 
Vol. II. S jd. 
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flatuatur _ d i> , vt fiat 

jli2 + A^3^ = o, feu ,a,i2-+-A*a© — o, 
quac fumto elemento 3 v conftante, denuo differentiata praebct 

^ + A3^« = o, feu &y -t- A y d v> — o : 
quae forrna ita eft comparata, vt fi ei particulariter fatisfiiciant 
j_P,j — Q,J — R, ctiam fati-faciat _)_D P-+E FR. 
Iam vcro illi latisfacit y — t~ fi fuerit a'_A; cum igi- 
tur in Coroll. i. tcrnae litterac a. , (3 , y eadem conditioue 
lint ptacditae, liabebitur intcgrale completum 

y _ D (~ * E f- P " -+- F — t 11 ; 
vnde ob A jt = — s /i^> erit 

_ -J2j___*___££___F yy F ~ yv . 

X T A 
fcu mntatis conftantibus, ob A — a' _ (3 3 — y s , 
r — _,_ si f - « - _)_ & e- » " -+- - - *• 

= — a « — - " — ss p <- * • — e y — * 

Hinc ergo acquationis 

Adtf-*-?3?-*-?-9« — - u 9? = o 
integrale complctum liis formulis continetur 

__ --Sfaf- a -" — 35 (3 g— ^ 11 — gy £f 

" — " slf -«v_ ) _ B( ,-p^_ t _ 6:£ - 1 . t . 

__ g aa r- g -"H-ai|3f3f-^- H .yy 

ob q — p u _ _ ^j», , quod infigne eft fpecimen integra- 
tionis methodo direda vi_ perficiendae. 
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Problema 115. 

pao. Somto elcmcnto dx conftantc, fi proponatur haec 
aequstio a y 3 3 3 r -KW d f 1 ■+■ X 5 x' = o, exiftente X = « + 
j3 - _|_ ry „■ x , inuenire multiplicatorem, qui eam iategrabilem 
reddat 

Solutio. 

Hic fruftra tentantnr multiplicatores formite 
Ldy + Mdx et L3/+Ma*d' + N3_'j 
fiimamus crgo multiplicatoiem huius formac 

. l a y -h m 3 *" dj ■+■ n 5 *' , 

et integrale fl.tu.tur 

hy 1 -r -+■ M / 3 * ' 3/ -+■ ^ Nj- 5 S* 5 9 j- -i- S 3 == o, 
Tnde per differentiationem colligitur 

— sL^ay+aLX^Jr^y-j^^a/t^J-aj-^SX^) 
— J» ^'(j3>-3 Mya-"^' -6N/r9j: »3/ 

vbi fumimus L cffe fuu-iionem ipfius j> tantum. Vt ergo ter- 
miui B/ continentes deftruantur, erit. 

— L — =° cl L = "' 
Dcinde pro deftruflione terminorum per 3/ a£fedlorum «it 

et fumtp x coriftante 

3M + '-^* = '-^ 2 » 
quae per yy multiplicata et integrata praebet 

e _ \ deno- 
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dcnotante P funflionem quamcuaque ipfius x. Iam ad termi- 
nos dj' tollendos , erit 

— 5Njj-—j'g-r-^ — 2y(|5) = o, 
et fumro x conftante 

aj- 3 3N + 5 N^j- dj~ ^3^ — ^-/3/, 
quae pcr j/ j 1 diuifa et intcgrata dat 

.ij''=iV,-;4;^,, 

ncglcfla funftionc ipliiis x addcnda, quoniam irrationatitas y'j 

iu calculum non ingreditur. Erit crgo K ~ -~, ac 

propterea 

vnde fit ititegrando 

quae finite cxprimetur fi P~o, cum ob X— a-t-^x -i- yxx 
fit ^X^o. Quocirca liabemus 

L = ", M = — -l*, et U = fj*-, 

atque 

Sn^- 'V"* -f- Conft. 
Ynde aeqnatio integralis eit 

f d y ' - a X 3 ** 9 f- ■+■ +J- 9 X 9 *" 3j« -+- - aj- j' 3 x 1 d 3 X = C dx\ 
Aequatio ergo propofita 

2 y' d dj + y y dj' + d x° (a + (3 x + y x x) = o , 
integrabilis redditur multiplicata pcr 

tum vero ell iutcgrale 
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' y 'djy' — a 9 X> dy f> -+- p * ■+■ y * Jf) ■+■ + J 9 * 3 9 > ((3 -+. 2 y *) 

■feu 

— O ■+■ f 3 * + v**) 3*'? + *>' ^ ** <>y CP ■+- e y *)» 
— 4 yj 1 d *' = C y y d x\ 

Scholion i. 

oai. Integrale hoc ita eft intricatum, vt nlia metho- 
do vix inueniri potuine vidcatur, vcrum etiam ita cft compa- 
ratum, vt nulla pateat methodus id porro integrandi, vnde 
prima iutcgratio parum lucri attulilfc eft iudicanda. Quemad- 
modum autem in praecedeme problemate integrale complerum 
cx alio fonte haufimus, ita hic fimili modo intcgralc eruerc 
iicet, qtiod eo magis elt notatu dignnm, cum aei]tiatio pro- 
polita in fc fpetfata folutu iit difficiilima. Ponamus fcilicec 
itidem dx=ydv, et cum frt 

ddy = dx 3.|2=j3o3. ^i, 
crit fumendo iam elementum 9 v conftans 

d dy =3 d v (±L2 - = d 3y — l£ . 

Hinc noftra aequatio induit hanc formam 

*f <> 3 y —yy djf-t- yy d v (a ■+■ [3 x ■+■ y x x) = o, feu 

quae dcnuo dllfcrentiiita prnebet 

<tj'8 i J-i-J*i>*(fi-+-!iyx) = o, feu 

= 3^ + ^' CP-r-ay*) = o> 
differentietur iterum , prodibitque 

a 3* j"H- 2 9 f* = o, feu 9* y + yy d i>* = o, 
quam aequationem fi aliunde refoluere, valoremque ipfius y 
S 3 per 
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per v cxprimcrc liceat, erii x—fydv, Ceu fine integratic* 
ne x '-^ — A. At manifeftum eit, ifti aequationi diffe- 
rentiali qiiarti ordinis fatisfacere y — e*", fi fit X*-t-y=o. 
Ponamus ergo y = — et quatuor iplius X habebuntur 
valores X— et X — ± n / — i, vude etus intcgcale com- 
pletum eft 

J = A<" -f-B<— "H-CJln. C*V+Oj 
hincque 

* = -+- 4. c" ■ — 1 e— • — |. cor. 0 « -f- 0 -+- i , 
qui ergo valores quoquc fatisfacicnr aequationi inter x et y 
propolitae, dummodo conftantes A, B, C, et ^ ita a fe pen- 
dentes capiantur, vt quantitati quoque a conueniant. His 
nempe vaioribus fubliitutis ficri debet 

vbi tantum terminos conflantes confiderafie fufficir, quibus ac- 
cenferi debent ii, qui quadratum finus cofimisue ar.guii 
continenr, qutppc ex qtiorum combiiiatione quamitas conftan» 
exfurgit. Cum ergo fit 

jf = !!,Ar + aRr"+iCCii. (fl *> + <), 
iij — nnAe" v + nnBe-" v — nn C fin. («»-*-<), 
3 £=nAe*v — » B e— " + w C coC (bw -*- £) > 

erit fumtis tcrminis mcmoratis 

— «t** = »iiAB- ««CCcof. Qiv + ty — M, 

U.'j5 = t tiiAB — afl«C Clin. (»c + ^<, 
-|£ = annAB — «flCCcoiitaw-i-^, 

crgo 
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" S ° 4+ j««AB-i«»CC + ^ = o, ideoque 

C = /(,-^ + H + + Ab/, vel 

a = s n n (C C — 4 A B) — 1£ et 

« + pt + Y**=2n{CC- AB)- (_L - n n *)•. 
Maneur ecgo tres conftantes A, B, et £ indeierminatae, iti 
vt nullum fit dubium, quin forrnulae pro * et y datac iute- 
grale completum exhibeanr. 

Scholion 2. 

paa, Aequationes differentio - differcnriales , quas ia 
his duobus probcmatibus traftauimus, ad fimilem formam re- 
duci poflunr. Prior enim 

y (j 9 3 y dy) -+- X 3 *■ — o, 
exiftenre X — A .r vel X — a.-hpx, fi ponatur j- = l 
liii jj- s, induit hanc formam 

miae ope multiplicatoris £ -+- 3 X i> *■ integrabilis redditur. 
AJtera vero aequatio 

exiftente X = * + |3 * + V * *> pofito j- =8*, fit 

dj = iz~hz et a3/ = ja _i aa*-fa~ ! a« , ) 

hinc 2j39j--i-3r=i a ' 39:! ' fic, " e ae 1 U!ltit> haac in - 
duit formam Js* 3 3 «s -t- X 3 = o, quae intcgrabilis red- 
ditur ope huius -muttiplicatoris 

itf 
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_S£ _ t^JsJl -+- g 5 X l x ' 

Hinc colligimus, pro acquationc i) d a -t- ~ o fore mul- 
tiplicatorcm 5 ** X t) x" y' = , pro aequatioue autem 
ddz-j- 'V" _ o 

multiplicatorem fore , 
9 — _i_»_ + » 3 X 9 x- y' z , 

feu fub vno conrpofhi 

multiplic 



3 _• -|- ____* -i- 5 d X d x- ^z. 



Caeterum hae iutegrationcs rnnxime funt notatu dignae, cum 
ex acquationibns difFcrcntialibus ahioribus periici queant. Ita 
titm ex hac aequationc, vbi 3. conftans 

d'y-i- Advdby+VDi-dj-*-Cydv 3 = ° (it 

y — aie- ll, H-SOe^-i-_e' t,v , 
fi fueriur n, (3, y, radiccs huins aequatiouis 

H + Ar + Br + C^o, 
ponamus 9 i> _="__, et cum fit 

3 ly = 3 v 3 1| = . J^? ct 
9'/ _ a 3 . — 9 .-3 . 9 . ||) _ 3 . 3 . , 
fi iam dx conftans fumamus, erit 

93j = 33y-i-if et 
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hincque per yy mulriplicando 

y y 3» y ±y dy d Sy +- 3 j<' +- A d x (y d dy ■+■ 3r) 

quae integrata dat 

ryddy +-ySy +- Aydxdy +■ Bydx' +■ (C JC+-D) 3** = o, 
quae ergo per fuperiora integrari poiell. 

Problema 116. 

513. . Defiuire conditiones fnnflionum P, Q, R et 
L, M, N, vt haec aequatio differentio-diffcrentialis 

integrabilis rcddarur multiplicatore 

3 La/-t-aM3*-3j'+-N9*». 

Solutio. 

Fafta multiplicatione integratio terminorum per ddy 
affeftorom dat 

L 9^' . +- M 3 jr dy +■ N 9 x' dy, 
quare ponattir integrale 

Ldy>-+-Mdxdr-i-Ndx'dy-hVdx 3 =Cdx>, 
cuius differentiale aequari dcbet formulae propolitae in multi- 
plicatorem dutftac, vndc oritur 
3i'aV^3LP.ar*+-3LQ.3jr9/ 3 -<-3LR.ajf9r 

+1MP +jMQ +-sMRdj; 1 3y 

_(^) +-NP +-NQ -+NRar* 

-C||) -CfS) -<H) 
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)V=[.«« + »Q-©]!j+IIRai, 
quae focmura integrabilis efle debet. Ex illis autem aequa- 

Corollarium 1. 

oji, Si L, M, et N fueriiit funfliones iplins a: tan- 
*m, critP^c, Q = ^ * * = ^b-;^, hi»c 

5 v = <£|| - - =) 3j- * ^ - 

nc coefficiens ipfius 3^ debet efle tonrlans. Quare per L' 
diuidendo habcbitur 

y = c j */<g - ("J - c LV£) • 

Coro- 
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Corollarium 2. 
525. Sii M — S/L", eric 
dM — dS^V-h^, et 



N — JSS)/L — Ci'/J-*™ <5«S— CfjptfL, 
itque P = o, Q=.™ R=;-^_. Quare hacc 3C- 
quatio 

3 D.f -[- L±£» -|- iiii = o 
intcgrabilis redditur muliiplieaiore' 

et iutcgrak eft 

CoroUariura 3; 

5*5. Hie fluidqaid jiro conftantc C afTnmahtf^ idcm 
integralc prodice debec. Hinc fi C = o, ncquationis 
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multiplicator erit 

et integrale 

Lty+Sdxdy i/LL+lSSdx-tyt/L + ^S^x^Ddx 1 , 
fen (dj y' L-i-lS d x) s ~D d x>. 

Scholion i. 

527. Ex iisdcm quoque conditionibus, fi dcntur fun- 
Aiones P, Q et R, definiri poterunt funAiones I,, M, N, 
quatetms qiiidem pnitromi rnndirio intcgrabilitatis patitur. 
Veluti fi fit P = j 5 Q=o et R funftio ipfius jr tantum, 
puta R = X, rt habcarur haec aoquatio 

ddj + '-±£-i-Xdx*—o, 
cuius mulriplicator fi fumatur 

3 L d? -+- 2 M 3 jr dj -f- N 3 x", 
vt integrale fit 

La^ + MSxay + Nax-aj-Hva^^cdr 1 , 

etit ptimo ^ — (||)=o, et fumta ar conftante — ~-' f 
binc L = Sy", denotantc S funftioDem ipfius jr. Deinde eft 

■-^-^■H-O^"- 

et famta x conilante i 

3 M — HEiZ -i- 12 .y dj = o, 
quae per_y"~ multiplicata et intcgrata dat 

y-'" 1 M -t- fi , j' + '-T funfl. ipllus jc. 

Ergo 

11 = ^'-^'+'. 

Tcr- 
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Tertio fieri debet 

3 s x.,» * y - u .,•• * ./■*<- " = 

vnde fumla jr conftante 

3 N -4- i|_ + i| . y - f^i^, r" + ' 3.7 - 3 S Xy" - o , 
quac per j 1- * mnltiplicata et integrata dat 

feu 

Ex tiis autem fit 

qnae formula vr integrationem admittat, efle oportet 

aj"8.TX-ay" + '. ( i^-^.^+y' ,+ '. (T i^ 5; - 
. _ *■■__ _ 3 y +■ -^-Lpl^- _ » U Xj— ' 3 Jf 

^iyy - ItStto' /"* 1 - ^g t^." *" •>** — 0 * 

hic ergo fitigulae poteftates ipfius quatenus funt inacquales, 
feorCm dedrui debent. Quate poteftas y~ ' dat U_:o; vn- 
de etiam poteftas y* ad nihilum redigitur. Poteftas y" dat 
(jii+j)T3X + (an+2)X 3T + (an-+- i)X3T_o, 
feu X"-*' T**->~' = A; at poteftaa ?*"-*-' praebet 9' T — o, 
feu T — a-t-p-x-t-yx x. Poteftas vero y" poftulat S = o t 
nifi fit » — — J; quo calu etiam poteftatcs y* % ~*~' ct j'" + ' 
fponte euanefcunt. Cum ergo fit U — o, S = o ei T=» 

-j- p * -f- v * *> Wncque X — B (a -+- (3 x ■+■ y x x) '■-<-« , 
baec acquacio 

T 3 33> 
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intcgrabilis rcdditur ope multiplicatoris 

Scholion 2. 

923. Quanquam plurimum abeft, qooiniMis haec tnc- 
thodus fatis adhuc fit culta, tamen fpecimina in hoc capite 
rradita abundc dcctarant, quanta ipcrementa inde expectarc 
queamus, vnde eius cultura m-stime Geometrls cominomJoiida 
vidttur. Quoniam igitur mcthodi, quibus in rcfolutione ae- 
quatiotlum differcntio- JifFcrcntialium vri contienit, fatis lucu- 
lcnter funt expofitae, ad ferpiens taput progrediamur, vbi iu- 
teiiratiotiem huiusmodi «quationum, qnatenns tjuidem id com- 
mode fieri poteft, jnr feries infinitas oltcndcmus. 
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DB 

KESOLVTIONE AEQVATIONIS 
-+- o *V 9 ** = ° 
PER SERIES INFINITAS. 



Problema 117. 



Sumto elemento 3 Jr Confttnte, aeqnationem difFcreniio - dfffe- 
reatialcm 3 -f-a x*j 3 jr" 55 O P* r ieriem ipiiinitam inte. 
grare. 

Solutio. 

Qunerimus hic feriem fecnndutn pottftatts ipfius x pro- 
gredientem, quae valorem iplius r exprimar; et quia in altero 
aequaiionis noHrae rermino qtrantitas jt cnm fuo difFerentiali 
d x nullam, ia alrero vero n+- i dimenfiones occupat, euidens 
eH exfaaeates p oteflatun i ipiius jr diffcrcmia n +- t alccndere 
Tel dcfcendere debere. < ■ 

I. Afcendant primo exponemes, et fingawe feries 
; = Ai i H-B/ +,+, + C** + " +, + etc 

eritque 

i**=X(K— «)A* X —+-(A +-»+-s)(X 158**-*-«»)-««.' 

ax'jr= .... oAjr x+0 
Tnde patet primum termiunm folitarium enanefcere debere, Tt- 
fit i} = o. Qnate capi «pottet vel A5Q«U=i) 
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ficqae daplez feries obtinetnr 

j = A -+-B -+- C **" + «-f- D *>"■*■* -f- E *♦»-*-■ -+- etc. 
-*-Sljr-t-S5**^"' + -t- S> *""*■' ■+■ £ **""*"' -+- etc. 

fubfliturione ergo fafta fieri oportct 
o<«+2)Cn-t-i)Bx°-i-(2n+4.)Can-t-3)C* , ' + *-+(3n-f-6)C3B-i-s)D^ 1,,+ *-(-etc. 

+aA ' -•- oB +nC 

or(»-F3)(n+a)S* n ' M -+(2n-i-s)(i)^4)ff*'' +! +C3«+7)C3»- + -^©*" +,+ <fc. 
-+-*» -+-«35 +u« 

Tnde lirteris A Et 3 atbitrio noftro rcliclis, reliquae per eas 
ita determinantur 

ficque habebitur intcgrale completum ita exprefium 

I ( B + 1 ). (n + 2 ) + I . 2Cn+ ,j Csn + 3 ;.C» + 2 )- 

I . * . 3 C B H- I ) ( 2 H + 3 ) ( 3 » + 5 M« + ' 

og*" + 3 ir gt"- 1 - _ 

i(*i+3). (»-*-*) '.a(»-f3)(*»-*-si-.(a-f-a)" 



i . 2 . 3 (»-+- 3 ) (2 b-+- s) (3 n -+- 7 ) . (B-t-a/ 
II. Dcfcendant iam exponentcs, ct ficla ferie 
j = Ax x -hB x*— '-'-+- C* x -"-'-t-ete. 
habebitur 

||?=Xt>-i)A* x -*+(X-(r-a)(?i-i._3)B^-?-. -+-etc. 
*^j = oA * x+,n + «B a*— • etc. 
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vbi cum termimts x x+ " fui fimilem non habeat, tolli nequit, 
ita rt hiiic nulla aequatiouis refolutio obtineatur. 

CoroIIarium i. 

930. Geminata feries pro y inuenta, quoniam litterae 
A et 9 arbitrio noflro reiinquuntur , integrale completum ac- 
quationis diffcreutio - differeutialis 3 dj -+- a A*J d x' = o cx- 
hibet; tribuendo autem littetis A et Sf datos valores, imegra- 
lia parricularia nafccntur. 

Corollarium s. 

931. Si ponamus n-f-a = m, feu n — m — a, buius 
aequationis 3 dj ■+■ a x™~— 7 3** = o intcgralc complctum ka 
commodius exprimetur 

aAx" a" A'" 

i(m — i).m i.z{m — i)(zm — i).m' 



.2. 3 {m—x.)^m—i)(3m—i).m' 



^**"" 1 + ete. 

i.3. 3 (,ni-T-i)l, !1B '-H>J(3'«-l- l ;-'» J 

CoroIIarium 3. 

93*. Si exponens m fuetit pofitiuns et vnitate maior, 
hae feries co magis conucrgunr, quo minor valor quantitaii Jf 
ttibuatur: aliis vero cafibus in praxi hae ferics adhibcri nc- 
qneunt, cifi fortc eae ipfac in alias conuergcntes transformari 
poflint. 

Yol II. V Scho- 
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Scholion i. 

933. Dantur tamen cafus, quibus hac feries omni pla- 
ne vfu dellituuntur, quod euenit, fi quispiam factnrum dcno- 
minatores conllituentium euanefcat , ficque omnes termini fe- 
qucntes in infiuitum excrefcant , quibus cafibus ferics in alias 
■fornias rransmutari conuenit. Hic primo occurrit cafus m~o 
leu 0 — — a, quo vrriusquc feriei omncs termini praeter pri- 
mos iiunt infiuiti , hoc vero cafu acquaiio , quae eft d df 
U-^-i — o, cum iit homogcnea, fingularem integrarionem ad,- 
mittit: inueniri enim poteft poteftas ipfius x, quae pro y fub- 
ftituta acquationi fatisfacit. Ponatur fcilicet _rr x\ prodibitque 

X(X— i)x>—'-t-ax > — =0, feu AX— },+a=o 
vndc colligitur A = — o) , ob qucm dupliccm valo* 

rem eft integrale compktum 

quac aequatio cafu a > ', abit in hanc formam 

vnde patet, cafu a=\ fore 
j=(A-hBix)/x. 

Scholion 2. 

9.34. Reiiqui cafus ad incommodum duccntc; funt, 11 
vel m = ) vel m — ~ > denptante i numerum quemcunque 
iutegrum. Cafu m —} prior tantum ferics fit incongrua, cnfu 
vero ra = — * pofterior tantitm. Quare illo eafu ponendo 
A ~ o hoc vcro a~o, feries faltem vna idonea habetur, in- 
tegrale particulare exhibens. Verum cognito integraii parti- 
culari quod fit y = P, inde aeqiiationis 
3 3 J -+- a x™— 'y d x' = o 

inte- 
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integrale complefum cruitur pcfliendo r~P;, vnde fit 

Pddz-hidPoz-<-&ddP-*-ax m -*Pzdx° — o, 
ac per Iiypothefin eft 

3DP-+-a*»-"P3** = o, 
crgo prodit 

Pd38-Ka3P3*=e», feu 

PPds-irCfrr cr s = e/£f 
Cum autcm P lit feries infiniKii, liinc vnlorcm ipfius e co^no- 
fcetc Iiaud iicet. Ar calibus illis memoraiis pars integralis lo- 
garithmum iplius x inuoluir, quod vel indc intelli t> itur quod 
aequiualcat ipfi ! x. Qnarc in acquatione 

ddj + ax™-'jdx = o, 
ponendo y = p+-qlx, ob d? = d p t- ^ -i-d q l x, erit 

3 d p -+- ii£*J — i-tJZ -+-ddqix-t-apx n ~- , dx' 
-+■ 0fO.x n — ' d-.x' Px = o, 
in qua partcs Ix inuohicntcs leorlim dclliuantur neccHe eftj 
ita vt hae binae babeajitur. acquationes 

ddq+-aqx K ~ 1 3 jr' = o et 

r>dp-f- — q -^~->- a.p X™ — ' d.x' = o , 

vbi pro q ca binarum fuperiornm rcriorum accipi debet, quae 
cafu oblato incommodt) carct , caque conflituta ex pplleriori 
aequationc facilc quantitas p pes fericm expritretur. Huius- 
modi cafus in fequcnubus cxcmplis cuoluamus; tan'um note- 
mus illam operaiionem perinde fe babere, etiamfi loco Ix fu- 
matur /jr-i-a, ita vt iniientis p et q fururum fit 

J — aq + p + qlx, kllj=p-+-qlpx. 

V 2 Exem- 
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Exempluin r. 

535. Pq/ita m — t , hane aequationem 

per feries refoluere. 

Pofico y =p ■+■ q l x, capi oportet 

prO' qua ponamus breuitatis gratia 

q = Mx + f&x' + (£x 3 + $)x*-i- ete. 
tum.vero quacratur p ex hac aequatione 

||±*Lit — iH-2±_©!. 

fingaraus ergo 

f-A + B^ + C^ + D^ + E* 1 * etc. 
eritquc fafta fubfiitutione 

aC-*-6Dx+i2&xx-i-2oFx'-<-$°Gx*\ 

^ssii+^s+fie + 8® +ioe +12% (_ o 
_a- »- e — s> - e — g ( 

+aA+aB-t-flC + nD + oE + ) 
Cum iam dentur coefficientes a, 5&, £, S5, <£ etc. erit A=— i ; 
quantitas B non determinatut, tum vero 




rbi pro B fcribere licet o, quandoquidem in integrali y — 
p-t-qlx addimus partem aq, quae ex littera B oritur, itavtfit 
f = A +• C x' -+■ D x 1 -+■ E x • -+■ F ■+■ e tc. 

Hinc 
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Hinc erit 

c = »5. n-s-jagj, ? = 

Tbi notetur efie 

14=3.3 + 5-1, 70=+.i4-^i.i.a, 4-o+=S. 7°-*-P'-'--3» 
et pro fequente afi88 = «. 4°4 ■+■ »-■ -• -■ 3-4i eftque 

jr_J-+-<-f + f 

Exemplum 2. 

93S. Pgfts — i, hanc aequationein 

pet ftries nfolutre. 

Polito j — p-\-aq-^-qlx, capi oportet 
j _ A — ~i -+- ^ - + «c 

pro qua ponatur breuitatis gratia 

f = A + | + £ •+• ^ -+- % -f- etc. 
tum Tero qujntitas p ex hac aequatione defiuiri debet 

Fingamui ergo 

f-=a*H-jB-r-^-t- £-+■ * -f- * s -+- 
Ynde fafta fubftitutionc prodit 

■ S.^. -■•-+■ * e +- — -+- ?f-t- l|-+-etc. ' 
— A- B- C - D — E — F 
-aB- +C- 6D- bE-ioF 
*aC + 6a>-»-i2e-t-ao8-t-3offl 
et coefEeientcs 51, 5B, €, ©, £, etc. ita detcrminantur, Tt 
V 3 fi[ 
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fit 51=:-; fccundus 53 non definitur, tum vero eft 
. tr° — _ _ •« -_ ^»* _■», 

«±= 3 ^ — — 

fi fumatur, id quod fine dctrimcnto gencralitatis fieri licet, 
21 _ o, ita vt fit 

p_a^ + f--+-^ + « +£ + etc. erit 

qui Talores fimiles fiint praecedemibus. 

Exemplum 7. 

937^ Pofito m = hanc acijuatiotiem 
3^4-!L^_o 
per feries nfoluere. 

Pofito y=p + a 9 -hg/x, capi oportet 

pro qila breuitatis gtatia lcribatur 

? _ S jr 1 -i- JDV Cj- 3 -+- J_ + ©_ ■+- etc. 

tum vero quantitas p tx hac aeouatione dcfiuiri dcbet 

d 9 p -f- _£_ — £i^l -|- - ti-f — 0 . 
Fingamus ergo 

J» _ 4 ■+■ A * ! B * + C J - D *■ ■+■ E„ * J ** . * «c. 

prodi- 
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prodibitque fada iubftinitionc 

- 81- »- «- © _ g ;_ $ 

H- 2 a+3S5+^€ +sB [-*-<>€ -+-73 

— 5+-o H-|C+2D-t-','E -t-fiF -+?G 
Hinc colligitur fore 

A = -«, A — 
et B non dererminarur, porro 



Quodfi iam ponatur B — o vt fk 
J — ^Jj-l /*-*-#-4-C*/x-*-D**+Ev/*-t-F* J ^etc.' 



vbi notetur efle 

ioo= 2.4.8-4-1.3-12, iS8+.= 3. $. ico-t- 1.3.1.4.1$; 
5 a*itf ==4.tf.i8 5+ - f .i. at „ 4 ,^ 5 .fl 0 . 

Exemplum 4, 
P38- PojJtt n» — — {, Au/if attjuatipnm 

^fr /triw refolutrt. 

Pofl; 
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Pofito y =.p-\-a.q~+-ql x , capi oportct 



pro qua breuitatis caufa fcribamus 

et litter_-J> ex hac aequationc definiri debet 

nt+OEU-tf +=£?=»■ 

Fingamus 

f — _i *h-si + s -i-e* -5 -!- Sjt" 1 

■+■ 5 *~ ' + © *'~* -+■ eic. 
et fafta fubflitutione ptodit 

^»*^ _««_.+. __-+•-?>_'' 

■7- «- -' ->.•* *' _•)--. 
_ A _B-C-D-E-F( 

_ B - = C - 3 D ~ 4 E -5F ( 

_jst f*e H-.s+ve +«3 , 

Ynde feqtientes determinationes colliguntur 
a-ici = 



3 _.^+Kf = 4^ + r4^-' 

Quodli iam fumatur S8— "°, erit 
qui numeri vt ante progrediumur. 
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rtfx 



Scholion. 

P39. Ez hi> exemplif perfficitur, quomodo feries ae- 
fudonem 

3 9j + a x"-'y d x- — o 
fefolueatei in reliquit cafibus, quibus m~±f, Inaeniri opor- 
teat; vbi obfernetur, fi (k m = -+■ f, pro j hsnc fetiem ac- 
clpi debcre 

f = »*-*-B* I * I -*-«* r " , "T+JOjr , - , -f+ etc. 
Cam vero formara ipfius p tali fetie exprimi 

p = A -H B jf ' -f- C xT -H D * r -+- etc. 
cuius coefficicntes ex fuperiorlbus vt ante definiantur. Sin 
autem fit m = — », pio y fumatur feries 

y = A-f-Bjr — ''-t- C D * - T-i- etc. 

It pro p huinsmodi fotmam accipi couneniet 

p = a* + »* I — ! +Jr 1- T+D» 1- 7+ etc. 
ynde pariter fingulos coefficieutes vno excepto detetminare U- 
cebir. Atque hoc artificium in genere eft tenendum, quodei 
in refolutione acquationig generalis ad feries peruenitur, cuius 
coefficientes certis caGbus in infinirum excrefcunt, quod ple- 
mmqoe indicio cft, logarithmos efle introducendos. Verum 
etiam cadem aequatio 3 ~hy ■+• a x*y 3 x' = o aliis modis per 
fcries refofui poteft, dum ea mte refolutionem in aliam for- 
mam trinsmutator, vb"i cum euenite poffit, vt feries certis ca- 
llbus abrumpatur, quibus adeo integrale reuera aflignari po- 
teft, talem traniformationem maxime notabilem hic expll- 



Tal. U. 



X 



Proble- 
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Problema 118. 

o+o. Aequationem differentio-diflerentialem 
d dy~i- a x*J 3 x' — o 
in oliam formam transfundere, cuius refolutio per feries infi- 
nitas commode inftitut poliit. 

Solutio. 

Vtarnnr fubftirurionc y = e lp3z z, vbi p fit ecrta fun- 
Ctio ipfius x- acquatiouem commode refolubilem fuppcditans. 
Erit ergo 

3 dy — e 1 * 3 * (ddz-t- zpdxdz zdxdp +ppzdx''), 
Tnde nequatio propofita abir in 

ddz-t- zpdxdz-i-zdxdp-i-ppzdx' -+- ax"zdx' = O, 
vbi p ita capiatur, vt fiat 

pp-i-a x"'= o, feu p = x 3 / — a. 
Ponamus ideo a = — ff et »— a», vt propofita fit haec 
aeqoatio 

— cc x* m j d x' — o, 
quae pofito — 

p = ex™ et y — 0****% = r** T ' * z, 
induct banc formam 

ddz+icx-dxdz-*-mc x m '-"'z dx- = o, 
in qua, cum x occnpet vcl nullam, vel m-t-i dimenfiones , 
fiBgamus ipfius z valorem 

s-Ai''+B^- | - , " + ' + C^ + ' m - ,-, + etc, 
quo fubftituto fit 
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+ »>Af , . 

Atf 

vndc perfpicuum efi Aimi dcbere vel X— o vel X = Con* 
feqnimur ergo feriem duplicatam huiusmodi 

z=A ->-Bx"<-<" -*-Cx""<-' -*T)x> n+ > +Ex* m+ * -t- etc. 
&x-t-ftx™ + * -i-ffi*"*-* 0 -k!0* jo+ * + -,- ctc 

qua fubftituta fi.t 

(m-i-i')mBx m ~'-i-2(m-i-i)(zm-t-i)Cx' m -i-a(n!-<-t)(3m-t-i)Dx' m+ ') 
-f-mAe -+<»n-i)Be -t-4.(«r+ijCf f = 

-t-f»8e -+i»Ce ) 

+■(-■+- 1 )(-+■ ft)~S*"'->- 2 f ™ +I )f »»-*-3)~*'"^-i-30>w-»X3 
-+25(e -t-2(--f-2)~>e ■ -+-i(iw-i-3jfff 

-+m9le -+ffi3V -+*B~e 

Tnde Ttrique coefficietites fequeuti modo determinantur 



tbi bini cocffieienies A et 3 manent indetcrmiiiati, its Tt hoc 
integrale completum lii ceuleudum- 

Aliter. Sumta fcrie , in qua exponentes ipCus x de- 
crefcant, fieri dcbct 

2 X-t- — = o feu — ~r — 2 X, r < 
tt aequaiio noftra fit . 

ddji — et x~* x y&x' = 0, 

X a qnae 
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qufle pofitO _. ■ * + 1 

,w ta 8 J.+. «*-»». »«-'*«*-•>•-■'»*■=* 

et fubftitutione fafta prodlt 

-rtA* -ABr - sXDf 
vnde eoefficientes ito detennioinwr^ 




Hie vuiu. tanrum Utterae A valor ubitrio jjj^" ' 

ex quo haee ferie. tantum integr.le particulare exhibet 

Corollarium i. 

Ex Iblutione priori P «et, «Iterara feriera ter- 
mlnari quotiet ( 

(a i -t- i) m 4- a r = o, feu « = nT^» 
■Iteram vero quoties 

C» i — i) M -+- ». i = o, fcu m — t 
denotante f numerum Integrum qnemcunque. Hli ergo eafi- 
bui integrrde ftltem partieulate finite exprimi poteB. 
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Corollarian 2. 

941." Altcra folutio pracbct feriem finirtm, quotiei 
fiierit Tel 

(ai+O^ — i = ° tcI (fit — i)X — / — 0, 

hoc eft 

Tt ante. Reliquis vero calibus haec ferics in infinitum ex- 
cnnic 

Corollarium 3. 
5+3. Cafitt ergo, quibui haec acqnatio 

atque adco polito j'~e /a,J£ ctiam haec 

du-huudx — ecx*dx 
integtadoncm faltem psrricularem admlrrir, funt n = ^L, fu- 
mendo pio i numerum inregrum quemcanque. ~ 

Scholion. 

944. Sufficlt lutem fategrale parrleulare inueniiTc, cnm 
«X eo facile tategrale completum erui povfit. Cum enim in 
integrali infit littera c, dum aequatio diftereariali» tantum cua- 
dratum cc conduet , periude e(t fiue ia iategrali fumatur -t-e 
fiue — t. Hinc fi integrale particulare lit r — P -+- e Q , erit 
ctiam j — P — c Q integralc particulare , viide iutcgrale com- 
pletum eric 

,-=-.(P-f-fQH-f3fP— rQ), /=*P-f-peQ. 

Quo riacc clariui explicenrar, ad folurionem alteram aequatio- 
nis 3dj — c e x~* x jdx* = 0 accommodentur, pro qua po- 
ncndo breuitatti gratia ^zrn. X '~' K — > > fecimu» ,- = *•'*, 
ct inucnimua 
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z=A^ — ^jj^ xf} ^rt-. Vfcff',' )Z\ * 

_ ^-" |A 7^-^,';"' U -T'L' * *■-< -l- eic. 

Pro qua^expreffirme djftingucndo terminos per poteftarcs pares 
iplius e diuifos ab iis , qui per poieftates impares funt diniu", 
fcribamus 2 = P — tQ, ita yt iam P et Q tantum poteftates 
parcs iplius t contincanr, eritque intcgraie particuiare vnum 

et alterum 

J = r"(P + fQ), 
vnde completum etit 

Hinc fi c fir numerus imaginarius feu f f — — £ A, yt aequi- 
tio lit 

93j--r-*i*-*V3*' — o, erit 
z = P — A Q/— i et 

e" = e l ' — cof. £ i -+- / — i, fin. h /, ergo 
J = P (<L±I cor. b /_ i. fip. 4 , j 

- i Q("-=J? eof. £ (+. i^?V- i. fin. $ 0 /- *< 
Sit «L±i — y et t=fi y — I es J , . 
atque integrale complctum hoc cafu ita exprimetur 

J , = P(Y«»*'-*^Sfin.*0-*Q.{Scof.4^ v fiii.J(), feil 
j_(yP— 3*Q)eoC*lH-C5P- i -yJQ)fin.iA 
Cafus ergo hoc modo intcgrabiles euoluamus. 

Exemplum i. . 

S+J. Imegrek aequatioms S5j--rcj3*' =0 inuenire. 

Hie 
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Hic eft X — o et s~A, atque ( = *■, Ynde ob P = A 
et Q = o, etit iotegrale completum ' 

Cafu autem c c = — b b, aequatiorua ftSj-i- b by 9 *' =: o in- 
tegralc completum erit 

jr = y co£ b x -+- 5 Cn. b x. 

Exemplum 2. 

54.fi. Imegrale aequaiionis ddy — ccx~*yi>x' = 0 

irtuenire. 

Hic ob X = i c(ls = Af, et 1 = — J, Tndc ob 
P — x et Q = o, fic 

,-(«'" + 13^")*. 
Cafu autem « = — bb aequationis 

iotcgrale eil 

j — C«cof.*H- (3 fin. *■'»)*, exifteflte l = — |. 

Exemplum ?. 

94.7. Imegrale aequaiionis Bdy — ccx J*'~a 

«u-irf. 

Ob X = j, fiB = — A, et b = A x*" — A, atque 
1— =3**, vndc P = * 5 et Q:=^. Integrde ergo erit 

S — ( a e< ! 4- pr-") C«*" — 13 <~ c ') 
Cafii autem f (~ — £ £ , aequationis 

inte- 
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lntegrile cft 

y = C* eot * f + (Jfin. *#) Jt*-^^ C£ «f- -*fin. i ») • 
Exemplam 4. 

548. Integrak aequatttnis ddf — (tP^J/ro 

kmttnkt. 

Ob X = J, fitB = ±etz = Ax*-h±x, ica tc fit 
P^i 1 et (£=j=S. Pofito ergo 1 = — 3 JT~~S integrile it*. 
cxprimintr 

■ J = J (*e" -+. 13 *-") + JL (« e" — 0 <—')■ 
Cafii flntem * c = — 4 £ acquatiouis 

aa.r + *i* -! .ra*' = o 

integnle eft 

y = J(a cof. i (3 fin. i ») - Jl ((3 cof. * *-<t fin. b i). 

Exemplam 5. 

P«>. Iniegrale aeauationU 3 3j- — t e x~' y d x' = o 
Ob X = i, eft B==i* « C=±ii, hinc 
S = A ** — H^ + ^i» Heoqne 
P ~ *" « Q. = rh **• 
Pofico tfgo (=s^, i Qteeri i e erit 

J 1 = C^-H,-^;) (.**' H-(3e-") — JL*S C* P *■") 

cafii 
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cafu antem e e — ■ — b h , aequatioais 

3 dj + b b x~ V 3 *' = o 
integrale eft 

} — ^) (<* cof. J * + p fin. fi 0 ■+■ ji ** Q3 c ° f » ' - « fin.i (). 

Froblema 119, 

950. Aequationis differentio - diffcrctitialis 

3 Sj-f-t cx'* — 'y d x' — : o 
integrale compietum aflignare, denotante i numerum integrum 
quemcunque. 

Solutio. 

Sit brcuitatis gratia ( = — (a i — ' Tnde fit 

x*'~ '— : — '— =— ■, ac pofito j = e°' pro yalore ipfius a 
per feriem inueoto 

ss = A jt* 7 ^' -+- B * l7 -~ I -1- C x ,T — 7 ■+• D x" 7 - 1 -+- ctc. 
ob ^ — ^jtil, hi cocfficientes ita deter— linantur 

B ~ l"7l")* > c ~ "^,','!iT)T ' D = (/ m.'.' - tN s etc " 

quibns fubftitutis, ct introduflo Tilore ~"~' = ~ ( °' . ~ .L', eric 

s— zAx' 7 - 7 ' (i — iii— iu + '";7^','~" — — — = r~ -«■ el " 
fiue hoe modo 

s = : — (i — '"" — > ■+■ ti!l=2liL-£! — fU<—H»-«K'-»l elc .). 

ffl/. //. Y Atqne 



„ D QAPVT vu. 

Art]UQ hinc acquationis propofitae integrale complemm ita ex- 
primctur 

■vbi in vtraoue progrefliooe les formationis fiogulorum tcrmi- 
nornm eft manifefta. 

Corollarium i. 

951. Hinc quoque iilius aequationis 
9 3 y ■+■ i> b x- ' — 'y 3 #■ ~ o 

inregralc complctum , manentc ( — — (2: — t^x"^, c(l 

Corollarium 2. 

952. Si i fit numcrus ncgatiuus } haec intcgratio per- 
inde fuccedit, aequationis enim 

ddy — f '> 9** = o 

pofito 1 — (a i-H i)**'-^' , intcgrale erit 

-f f (!!Jif ^^~^i*' M "r- ^ ^;-" ""^ ^ ctc.) (a^r 11 ). 

Corolkrium 3. 

953. Simili modo huius aequationis 
2 dy i & x & ~*~ ' y c> x' — o. 
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pofito t = (a/-|- j)*"- 1 -', integraJe completum erit 
j-:l'(t— ?i^^ V il^!ji^£S21l± i!— etc.)(aCor.ifH-ptin.80 

Corollarium 4. 
954. In formulis finus et cofinus continentibus fi 

ponatur 

a = Cfin. £ et |3 = Ccof.<, 

exprelliones noftrae ita contrahuntur, vt fiat 

a cof. £ < + (3 lin. i i = C fin. (£ ; + £) et 
p cof. * 1 — £t fin. b t = C cof. (i < -f- 8> 

vt iam hic C et £ fiut conilanres arbitrariae intcgrale com- 

pletum reddcntes. 

Scholion. 

oj;. Hinc egregium adipifcimur adminiculum ad ca- 
fus integrabilitatis huius aequarionis differcnrialis primi gradus 

du-i-uudx-i-ax^dx^o 
agnofcendos, fimulque integralia completa deflnicnda; nafcitur 
enim haec aequatio ex ifla 

(>dy -\-a x*y d x* = o, ponendo y — e^ %3x , 
vnde ex iJla \iciffim haec oritur, ponendo u=.lZ-. Cum igi- 
ttir iftius integrale affignare licuerit cafibus quibus exponcns 
n — j^i, iisdem cafibus intcgralc acquarionis diffcrcntialis pri- 
mi gradus affignarc licebit, vbi quidcm duos cafus cuoiui 
conuenit, prout a fuerit vel nnmerus negatiuus a = — cc vei 
pofitiuus a = -+• b b. Hos igitur duos cafus pcrtraftaffe ope- 
rac crit prctium. 

Y 1 Pro- 



I 



i 7 s CAPVT VIL 

Problema 120. 

950*. ' Denotante i numerum inrcgrum fiue pofaiuum 
fiue negatiuum qucmcunquc, inuenirc inte^rale huius aequa- 
tionis 

3a + «(ii).r — cex"- 1 -' dx = o. 

Solutio. 

Pofito U — li, liacc aequatio transformatur in iftatn 

3 9/ — e c x t, + I y 3**~o, 
fumto clcmcnto 3* conflante, cuius integrale afGgoauimus. 

Pofito ftilicet *_ C a ' 4- 0 % cft 

j-^„^tl. f jjf-ttj^» H . ttil— i]l.-^-l r i— «^ i^f-i Hij- J 1Li'--^Ui-^l fJ—.., e[c ) 

-(^-..ftf^X^t Wa'^; 1 "^,^ i etc ) 

Ponatnue brcuitatis gratia 

/ = («/ + (3r'»)P- Cae"~-(3e— *) Q, . 
«t cum fit 

9l_ *"-'-' 9x, fen 3* _ x"-^ 1 3 

erit 

. , 9/_ C"f"-^|3^- c ') r3P-fQ3Q^- C«"-pf-" )^P^-aO-> 

" z-n * 

ljue 

At vero cIL 
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sp - jf— i , tfj— thij— f i— ■(''-! )[«-)»<■•- »)(■•*-«) |'-t-|- e tc. 
f Q_ <li£_ </-+ ■•iif-oi»-.ii + ■ ii h-s. jf-s __. ete , 

f P= e t* -i- '"'-"'+•-» -f- '<""-' ><|'— ■)»+-.> _,_ ete . 
»2.= i_i=_! (*— ■+■ etc. 

vnde colligitur 

iF-^ ^i — i > > ■•<-.» <-a i '-' [___ » __. t»-" ___; y '->_- tc. 

Ponamus -d abbreuiandum 

p _ji _,_ f[lt-. )!'-<-■) i(li-')U.-.n' /-'!['+■) ,''-* _t_ ctc , 

r " if -'.'r" ■+■ «■'-■■■_'-;;;_ t -'"'-' 1 ■*■ etc - 

S _"__.>-■ i 'C^-': ; '-. '■ -)' ^-j.i. ■•■'::_! ; J-' -i-eic. 

VI fit 

dj _ f_ __ -_ g <-") (-^S) + Q ?' - g '"") f c R ) 

** ^ 
Quare cum flt "-y^ x i erit noftrae aequationis integrale com- 
pletum 

i* ■ — (-. el pe-") P - («-*' - p*— J<i 

a __ fR — S) - (3 (R -t- S) 
; - — _ ( _, (p.Qj—p 

quod ob r_tionem conftantium -:p aibi__-iam. cft completum. 

Y 3 Corol- 
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Corollarium r. 

9S7* Quatctnae formulae P, Q, R, S, quae fingulae 
eafibus, qnibus i eH numerus integer, abrumpuntur, ita a fe 
inuicem pcndcnt, vt fit primo 

Rz=P — iS. e[ S = Q— ii; 
rum vero 

5P + 3R — jt^ll « 3 Q+9S = li^_'.' 

Corollarium 2. 

pS8- Pofito ergo vel a = o vel |3 = o, integralia 
particularia algebraica acquationis 

dtt-\-Hudx — eex' i+ 'dx = o 
exhiberi poffnnt, quac funt 

ideocjue hac vna formula comprcliendi poflunt 

Scholion 1. 

PSp. Pro variis ergo valoribus numeri f tam quanri- 
tas t quam litterae P, Q, R, S fequenti modo fe liabebunt : 
Primo fcilicet fi i = a, crit l — X, .atquc P — i, ,Q = o, 
R = 1 et S ~ o ; reliquos cafus in fequenti tabella reprac- 
fcntemus 

/ — — 1, t= — l I f=i, t=3x* 

p — ;, Q — o F=#, Q='j 

R = J, S— i- |' R = f, S = o 
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i=—,,.t=—l 

P = , T . Q = ,4, 


,=>,,,=„' ' 

P = .. + A, d = J.. 


P = rr + ,-TT, 
C=™ 


■ = „, = ,✓ 

p = ''*h'' 
C=i..*5f 
R = -t- a • 
S = i„ 


i = -4, > = — J 
P = B + ,Y» 

Q = A + *f, 
«=*-»- SS#+*Sf 


■ = <., , = 9*' 

P = ..-)-!JJ.' + lii 
Q=2.'+i!ji, 

S = i..H-SJ. 


■ = — s, , = = r 

P = ,T + fS-!-Sf 

« = S + T# 


, = 5,.= ..," 
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g6o. Dum hac fbrmulae diligentius confiderantur , 
noua fe prodit relatio inter valorcs litterarum P, Q, R, S, 
quae in hoc confiilit, \z perpetuo iit PR — QS = (", cu- 
ius veritas primo qnidcm per indudionem deprehenditur, tum 
»ero etiam per rehmones fupra datas dcmonlbrari poteft. Si 
enim valores 

R — P — ■§£ et S = Q— i|, 
'n aequationibus 

3 P -+- 3 R = Eiiii et 9 Q -|- 3 S = '-ifii 
rub[titunntur T oriuntur hac dune aequationes 
. a3P — |ia = 'illl — Ulfitt 




qua- 
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quarum Illa per P, haec vero pet — Q mulciplicata iuufljm 
daut 

2 P 3 P — a Q 9 Q + Sdll^ii = (P p _ Q Q) 
Fonitpc 

PP— QQ=M et l"-f>* = N, e rit 
9MH-aN=:'4^(M + N), feu = 

hincque integrando M-f- N — C At eft 

M + N = P C P~^)-QCQ--) = p R _QS; 

euidens aucem eft pro conftante C vnicacem accipi deberc. 

Problema iat, _ ,, 

jiffi. DenotanCc < numerum integrum fiue poficiuum 
ilue negatiuum quemcunque , inuenire inccgrale compictum 
huius aequationia 

i u -+- u u 9 * -+- b b x d x z= o. 

Solutio. 

Polito u = haec aequatio transformatur in iltam 

ddy-hib x^^y 3 *■ = o , 
fumto elemcnto bx conftance, cuius inCegrale fupra eft alli- 

gnatum. Scilicet pofico ( = (a i -f- 1) inuenimus 
(953,95+) 

cuius loco breuitatis gracia fcribamus 

Fel. II. Z f = 



,,a capvt vn. 

j, — C P fin. (3 1 -+- K) + C Q cot (i ( 4- £). 
Hinc ob 

3 1 zz jr»^* 71 3 x feu d -t " ' ! ■ 3 ; , 

erit 

d.y c(9P-&Q90fin.rat- t -<) + c(3Q+&P9Qcof.(it-i-j') , 

rude cum fit b zz ^i, erit 

(3P-AQ90fin.(ii-t-0-t-(3Q-^*P9Qcor.(*t-4-^) 

Ponamus 

P-h^zzR et Q-^zzS, 

tt llt 

-r-l _ Rcor.f**-«-0-Sfi-.r>*- t .fl 

| U _ p fin ^ ( + ^ j + ^ coC (A ( + 

erit 

p„ ( '-i!ii=i^<'--+ <i "--'' i ;-^ 

QWti-i- ■),'-!' «l.-.ii^.- ^) f i-l + ^-'--I"-»>"-p'I ^»lli+il|i-- i—ftr. 
5- .-[.■-.) { i - 1 _ nJ.-n«-^*-3' (<-a j |-l^-i)i'--.X'W^'~""~ ! '' , ~ i — CtC. 

atquc ob angulum < introductum hoc iutegrale erit completum, 

Corollarium. i. 

pCs. Quaternsrum ergo Iittcrarum P, Q, R, S valo- 
res ita a fc inuiccm pcndcnt, vt fit prim« 
R = P-*-£& ct SzzQ — 

tum 
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tum vero etiam patet fore 

3P-i-3R = tiS»! et 3Q-j-3S = '-iI^. 

Corollarium 2. 

9<S3. Deinde ctiam colligitur fore PR + QS = I" 
qttae aequafitas ex praccedemis probkmatis formuiis dednci- 
tur, fumto cf = — AA, \bi Q ct S abeuut in Q/ — > et 

s/-.. 

Corollarium 3. 

5*4.. Hic eafus a praccedente etiam hoc diffcrt, quod 
bic aulla dentur inte^ralia parikularia algebraica. Quicunque 
enim valor angulo conftanti 4" tribuatur, integrile fcmper finum 
et cofinura cuiusdam anguli inuoluit. 

Scholion i. 

pfij. Cum igitur aequationis 
du-i-uu<>x~i-i>i> + ' d x = 0 
intcgrale completum, pofito f — (a i -+- i) x* ' + ', fit 

t *rfe„ - Rcof-f**-t-Q-Sfiii.f*t-t-0 
6 ' 1- fio. (*( + <; Qcof. C* * -t-$* 

pro fingulis valoribus numcri / quantitas t cum litteris P, Q, 
R, S ita fe habebit. Primo 11 /=o, erit P— i , Q=o, 
R=. ct S=o, item ita vt integrale fit % n=j$fcg& i 

reliquc-s caius fcqucus ubell* exhibe:: 

i = -.jlZ=-S i=.i> = 3 ^ 

P = fi Q = ° P=»i Q=i 

R = fiS=,L R = li S = o 

-_ Z s i — 
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-— , — -3 

— ".•-7 


i — s, f — S x 


p — rr ; Q. — 


P— .» ^i Q = T* 

R=l!iS = l! 


,=-,,. =^ 


,=,,,= ■, J 


v '—w—iih 

K = 7T — Itji 


P = ** — £| i 

R = — H ( 




i — +; t __9 „' 


r =-h-,'iU 
<J=n.-.K, 


P = C— ^lfl -f- i£I 
Q = gt* — _£Z» 

R (4 3- 1 , ( 

«=*«■-*;< 


' = -'" =3 


i=5i ! = ..«''' 




P=> — i^JP-t-i™!» 
'(£ = £ !• — i^JJ|--|-L^_ 

' = '-S" + t' 
S = fp — ifft 
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y — ,* — ^? + L2^tt — iJi>tf« 

S ==»** — t>fll»-t-t^lfc 
Scholion 2. 

gSff, Forma integnilis inuenta modum fuppedittt, ae- 
quitionem propofitam 

3»H-««3r + A jr'^J dr = o 
in ipecicm fimpliciorem transformandi, Primo enim ponatur 

xim u — i>, fea u — x' •+> v , 
ac prodibir 

jfJT+i d v — jt f 3 * -f- *i7+; 0 tf 3 ^ 

-f- A *n+7 3r = o, feu 
— 1 — «j 

3 tf — . ~ + **' + ■ c w 3 *-f- A «n+l d x = 0. 

2 3 Pont* 
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Ponatur porro * z= ( * ' -+- t ) xiT^i , o«t 
d( = x> •+ ' 3 *, et ^ zz . ^ , 
vnde fit 

Sit infuper v — i-f-a, Tt prodeat 

— ^-t-Sa — ^ff 5- ^^-^'-jf -t-*-^ t - 4 -2s9i-t-A3i=o 

feu 

dz-hzzdt — 'ii±iliI + A3r = o, 
quae ergo quories i ctt numerus integcr, eft iutegrabilis. Si- 
mili modo haec aequario 

d a -i- tt u d x -\- A x* d x = o 
gencralius ita transformari poreft : poftto *~* x «--«t v = 
Z — ikJ"-^', obtinetur 

dz-t-x x zzdx-*-' 1 \(X-hz)x~' K ~ 'dx-i-Ax'"- x 9jr— o, 
quac porro pofito jr x dx=d(, fcn jr x_t_1 - (X -+- i) r, abit in 

hz+Kxdt+ltfctlJ?-!-*- A(X-t-i)TTT t Tzrr 3 ( = 0 , 
quac acquatio c(l intcgrabilis, quoties bz:^^, vnde nume- 
fO.HI X pro lubitu arfurrrcndo, innumcrabiies formae exhibeii 
pofTunt. Si capiatur X — — i, fit t~ lx et 

3 z -t- « « 3 ( — 1 3 t -H A < l " 3 t — o. 



CA- 
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ALIARVM AEQVATIONVM DIFFERENTIO - DIFFE- 
RENTIALIVM RESOLVTIONE PER SERIES 
LMFINITAS. 



F- 



Problema 122. 
967. 



V ormam generalem aequationum differentio - differeritialiam , 
quas commode pcr feries rcfolucrc licct, exhibcrc, carumque 
imegralia iuueftigarc. 

Solutio. 

Primo alias aeqnarioncs commode per feries refoluere 
non Itcet , eiS in quibus altera variabilis y cum fuis differen« 
tialibus hy et ddy nusqnam plus vna dimenfione obtinet; 
quoniam pro y feriem infinitam fubftitucndo in caiculos nimis 
molcftos incideremus , (i vsquam plurcs dimcnfiones ingrede- 
rentur. Huiusmodi ergo aequationes in liac forma 

3 i>y -f- M 3 x dy -i- N y 3 x' = X 3 x' 
coatlnentur. Tum vero vt feriei pro y aflumuc qoilibet ter- 
minus per folum ptaeccdentcm dcterminctur, oui eft caftis re- 
folutionts maxime notabilis, dnpllcts tantum generis tetminos 
ralionc alterius Variabilts x ineire opoiret, 
finncj quas ipfa * cuiii fuo differcntiali 
ciamus. Vnde primo quidem, tcicilo tern 
nes hoc modo refolubiles in bac fotma coatinentur 



i ad dimcn- 
lituir, refpi- 
', aeqnatio- 
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xx (a+bx*) ^^J>-^-x(.c-^-ex")^x^J>-^-(f-^-gx h )J>^x• — o. 
Pro cuius refolutione fingamus 

_y — A **■-+- B x x+ "- -+- C x* + " D jr* + " -f- etc. 
et facla fubftitutione, fequens fcrierum furama ad nihilum re- 
digi debct 

> L (J 1 -i)Aa*V(? l -i-nX?.-t-n-0 Ba *" UJ, - , -C^ a '')C^+2n-i)Cfl^ + *"-4-etc. 

-i-XAc -i-(X-t-B)Be +(>>-!- in)Cc 

-i-XAe -<-(X-+-n)Bo 

+-A/ +b/ -+c/ 

+Ag -cBg. 
Hic ergo primo exponens X ita accipi debet, Tt fit 
i)a + X<:+/=o, 
tum Tero pro reliquis fieri oportet 

[(X ^ «)(X+ »-i) a + (X + n )^/]B = -^(^i)K^]A, 
[(X+ a«) (X-*-sn-i) a (X+as) C -+/] C = 

- [(X -f * - i) b -h (X + £| B , 

[(X-4-3»)C > > :+ -3n-0 o +C>-- , -3n)<'+/]D = 

-[(X -+- 2«) (X+m-i) i-t- (X-+-=«) e+i) C 3 
etc. 

Cum igitur fit 

*(X — i)o-f-Xf-t-/=°, 
fi ponamus breuitatis caufa 

X(X — i)i-i-X*-r-£ = A, 

ctit 

. [ „( s+e x-i)i+ n,r]B = -&A 
t* B (2B+ 2 X-i)a- ( -2n 1 :]C^-[ n( «+-2X-.i)£+-»<- i -A]B 
[3B(3n+aX-i)<J+ 3 nt]D=-[2) I (=B+ 2 X-i)i-K2 n ^]C, 
etc. Quia 
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a~o, pro X gcmini inucnluntur valorci, fci- 



binae feries pto j> inuenruntur, quae Tteunque combinatae in- 
tegrale completum aequationis propofitae praebent. 

Aliter. 

Propofita aequatione hac 
. **(a->-Ax , ')ddj+x(c- l -ex' , )3xdj>+(f- i -gx*)jdx'~o t 
feries quoque ordine retrogrado fingi poteft 

y — A x* B x*— K + C **■-*■ -+. D x*-** -+. etc. 
ynde oricur ad nihilum redueendum 

_X(X-i)A_ +(X-«)(X- n -^Ba 

-t-XAe -+-()w»)Be +(X-a*)C* 

-+-XAf +(X_„^Be 

-+Ag- -+Bg +Cg 

Hie ergo exponentem X ita accipi oportet, Yt fiac 

X(j l -_-i)__f-* e _ t _g_ = o. 
Tum vero fi ponamus 

X (X — i) o + X f +/'== b , 
determinatio coefficientium ita fe habebit 

»[( n — sXh- (]B ——h A, 
..•_h[(-b-_Xh-i)_w]C-_:~[ »(» — _X-(-l)_— »f -+_]B, 
a»[(3»-aX-M)--f]D-=:-[aB(_„~_A+i>___nf-HijG i - 
■ -. «tc. . . 

-W. «. Aa Corot. 
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Corollarium t, 

pffg. Ex priore folutione, fi i dcnotet namerum in— 
tegrum pofitiuum, feries afiumra alicubi abrumperur, li fuerit 
in(i« + a- + — o, vel 

<X-M«)(X-t-l» — i)* + (X*l«) «-*-« = o, 

hoc eft 



X.Xi-i-X(ai» — i)i + /»(i» — i) $) 




Corollarium 2. 

569. Aequatio ergo noftra integrationem admittit, fi 
litterae / et g ita fuerint comparatac, vt /it 

/ = _X<X — 1)« — Xe et 

g_ — (X+.i»)(X^i n — (X + i»)f. 

Vel fumtU duobus numeris |i ct yt fit c — p. diuiCbile 
pcr csponcntcm n, fi fuerit 

/=-^Qx- 0« — fl* « «== — v(f-0*-.f«. 

Corollarium 3. 

570. Cum hinc Ct 

aeqaatio habebit integrale algebratcum, fi fuerit v — jj. _i», 
denotante i numerum integrum pofitiuum: hoc ell fi fit 

in~ JL — ^.«- tXaZ^—ai] - "[■■ -«f — °/l 

Corollarium 4. 

97*. ■ Pro ferie autem inuenienda fi eneniat, Vt ex- 
poncns X fiat imaginarius, notari conuenit effe 

** +p> '-— * a .^"--"=:y(cor.(3i*-+/-«.fin.p/T), 
nde 
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Tnde biuae feries ira combinari poterunt, vt integtale confe- 
quatur formam realem. ■ ■■ ... .•■ 

Scholion. 

97*. Vtraque folutio generatim fpedtata duplicem fe- 
riem pro variabili y fuppcditat, pro gemino exponentis X va- 
lore, quarum combinatio integrale complcrum exhiber. Sc- 
lutio fcilicet prior pro exponcnte X hos duos praebet valorc* 

rolutio vero poflerior 

ita vr hoc modo intcgralc completum duplici modo expriml 
poflit; qitae binae formae etiamfi maxime diuerfae, atqne' 
adeo imerdum altera per exponentcs imaginarios progrediatur, 
dum alrera habet reales , tameu fibi aequipolkntes efle debenr. 
Quin etiam eucnire potcil, vt altera folutio vcl etiam vtraque 
ad integralc completum exhibendum fit inepta, dum vuicatn 
feriem fuppeditet. Incommodnm hoe pro vtraque folutione 
duplici modo accidere poieft; pro priori nempc foiutiane, vbi 
exponentem X ex hac aequatione 

X(X — i)4 + Xr +/=0, 
dcfiniri oportet, vnicus inde pto X eruitur valor, fi fuerit vel 
tt — O, vel +af=(a — e)*, prioti cafu tantum fir X — — 
altero ipfius X valore quafi in infinitum abeunte. Pofteriori 
eafu vero ambo ipfius X valores fiunt inter fe aequales, fcili— , 
cet X = ^-?. Idem incommodum in altera folutione locum 
habet, fi fuerit vel b = a, vel ±&g = (& — f)*: vnde patet 
fieri polfe, vt altera folutio huiusmodi incommodo laboret, 
dum altera eo careat, quin etiam vt vtraque eodcm inquine- 
tur. Quocirca ofteudi conucnict, qucmadmodum etiam his 
Aa a cafi- 
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cafibus integrale completum inuetli-ari dcbeat; quorfum ctiarff 
eafum referamus, quo arnbo ipfius * valores fiunr imaglnaril^ 
quandoqutdem ad imaginariam fpccicm tollendam fingulari ar- 
tificio eft opus. Denique vero etiam binae feries pro y ex- 
kibcndae difficukate prcmuntur, quoties bini valores ipfms X 
differentiam habent pcr cxponentcm n diuifibilcm, quorum 
catiium euolutio etiam explkari meretur. 

Problema 123. 

573. Propofita aequatione differentio - differeririsli 
x x (a + h x") d dy * (e ■+■ e x*) 3 x dy -+- (/+ g x")y 3** = o, 
fi eueniat, vt bioae feries afcendentes pro y afiumrae vei in 
vnam coalefcant, yei altera fiat impoihbilis, iutegrale comple- 
tum per feries exprimere. 

Solutio. 

Affumta ferle 

y — A B * x C x+ " + D""*-" + etc. 
fi eueniat vt bini valorcs ipfius A ex aequatione 

i)«H-Xf-f-/=o 
vcl fiant aequales, vel differcntiam per n dinifibilem obtine- 
»at, valor ipfius y praeter poteftates ipfius x ctiam logarith- 
mum ipfius x inuoluer. Quarc pro aequationis rcfolutione 
ftatim ponamus J> — u + ti/ii, vt Gty — U-\-vlx-$-av, 
ctenotantc a quantitatem conftantem quamcunque. Hinc crit 
dy = dtt-t~"-±z-{~dvtkx, 
ddy = ddu + '^Zz~«i!f-i-ddv!kx, 
quibus valoribus fubftituris, aequatio noflra hane induet for- 
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jtx(a-*-bx*)trt)u*t-!ix( L a-i-&x")dxdv— (a-^6x*)vbx' \ 
+ x(c+ex*)dxd U +(e+ t x«)vdx' ( 

vbi pnrtem pofiremam logarithmo affeftam feorfim nihilo ae- 
quari oportet. Quarc pofiio 

v == A *>■ -i- B * x + » ■+• C + 1 ' -4- D x* ■+■ 1 11 ri- etc. 
exponenti X cx aequatione 

A(x -~'0<H-Xe-(-/=o, 
is valor tribuatnr, qui nulli incommodo eft obaoxius; eritque 
pro reliquis coefficicntibus , 

poneudo ?i(X — i) b -j- X ( -+• g =z n £, 
Tt fequitur 

[( n+aX-Oj-f-fjB+aAz^o,' 
_»Km+«X_«-)«-i-0C+ [( a *»X-i)*+*]B+AB=o,. 
3[(3«-f-aX-i)a-Htf]DH-s[(a»+^-.)i+^]C+ I &C=o, 
4( + a+-a*— i)«-<-«']E-«-3[Ca»-4-aX— i)*+«]D+iD =0, 
etc. 

His coefficientibus ita definiiis, quorum primus A arbittio no- 
ftto telinouitur, ponamus 

u = A 8 31 x x+ "-i-€x 1 - +l '' -t-S)x x+la + ete. 
qui valor fi in priori aequatione cum fcrie pro v inuenta fub- 
ftituatur, fequentes feries ad nihilum rcduci opottec 



, so capvt vra. 

xx(a+bx*) ^+)(X-i)StaMX + »)(A + »-. )^«+CX-t-afr)(X+. as-x ^ax^-^t 
-4-x(X-i)a* +CX+B)(X+n-i)»6 
"^XSfc ■+<*+»)»# +0+-a»)ee 

-+a/ -+»/ ■**/ 

-t-aXAa -t-a(X+fl)Bfl -t-a(X-f-an)Ctf 
+aXA6 . -+a(X+»)BA 
-t-B(f-o) -+-C(f-a) 
■+-Af>-fl) ■+-A(f-#) +B(f-*) 
Cum autem fit 

X(A-i)« + Xr ■+■/== P « \(\-i)b-i-\l-*-g = nb, 
expreflio haec transmutabitur in hanc formam 

* * (« + b x') \ $ -+■ x (e -+- < *") J| + (/ H- f *") A 
[(aX-Oo+flA^+K an+ aX- 1 )tf-+fJB* w *-(-[(4«-t-2X-i)fl-f-F]Cjr x+ "-t-ett. 
-h[(bX— i)S-+f]A +[(a«-+-aX— i>+f|B 

H-«t(»+aX— i>w-f]ffl -i-!!«[(aJM-aX— i)fl+f]e 
+-»[(n-4-aX— i)6-f-f]9J 

vbi A denotac quosdam rerminos feriei 

«* x -f-® -f- etc. 

praemittendos , ita yt ordine retrogrado fit 

A = flV" -i-c**-"-*-. . .■+-jjr x_i ". 
Quod principium quomodo quouis cafu fit conflituendum, fe- 
quentia funt obferuanda. 

L Prin- 
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I. Prineipium hoe locum babere nequit, nifi fberit 
(X ~ i a) (X — i n — I) a + (X — i n) e +/ = o , 
cum igitur fit 

X(X — i)*-t-Xf+/=0, 
inde erit 

x=i»t-r-— —*\t;-' «— -fl, 

hinc vero 

qnandoquidem hi duo vaiores conuenire nemieunt, nifi ibi 
fignnm radicale negatiite, bic vero pofitiue accipiatur. Ae- 
quaris autem his vaioribus fit 

in = lV[(a — <■)• — ♦«/]. fc" 

iinnaa = (a — *)' — 4.«/, hincque 

/ = ( ±=^— \iinna, 
ynde fit 

X = "=if-l-{i». 
Quace fi acquatio propofita ita fnerit coinparata , vt fit 

!»«=/[(«-.)■—+«/], 

tum fumto 

ic pro o fumta ferie 

u ~ A x x -l-B * x etc. 
alteram feriem u ita conftitui conttenit 

■=1 **-*•-!- 

+ g J .X^-.»_)_ etc , 

Hic cft cafus, quo bini valorei ipuut X cx acquatione 

X 
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differcntiam habcnt per n diuifibilem, vbi notandum, fericm v 
a maiorc valore ipfius X, fetiem vero u a minorc lacbotd 
debcrc. 

II. Principium A omitti ncquit , nifi fuerie 
(iA — i)ff-W = o," 
quo cafu fit ~k = '-=-!■: atqne hic eft cafus, quo aequationis 

?nl-i)a + ^+/=o 
binae radkes iiunt inter fe aequaks , ideoque / = Con-* 
tinctur ergo hic cafus in praecedcnte , fumendo ibi i — cs 
Qnare hoc modo refoluentur caliis, quibus bini valdres ip- 
fius X vcl funt inter fe aequales, vei dilferentiam habcnt per 
exponentem n diuifibilcm. Sicque rcpcriiur intcgrale coirple- 
tum pcr duas ferics afccndenies v et a expreflum, quarum 
ilia v per I x multiplicatur. 

Corollarium r. 

07$. Qaando ergo in aeqnniionc propofita cocffici- 
eiites a, e et / ita func eomparari , vt aequationis 

X(X— i),i-j-Xr+/=° 
radices fint X =z u. et X — u. — /», denotnnte i numerum in- 
tegrum pofitiuum , integrale complctum huiusmodi habcbit 
formam ^m + an+o Ix. 

• Corollariurn 2. ^ 

S7J. Hic autcm biaae quantitates' «j et a ex his ae- 
qualionibus , . . i 

I. xx 
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I. xx^a-i-Bx^dv-i-xCt-he x^dxdv-^^f-t-gx^vdx' — o, 
II. xxXa-i-hx^dBu-^xCc-i-tx^dxdu-f-if+gx^ud^ 

(a-f-i x*) dxdv— (a-t-b x')v 3.v*£ — o, 

ita determinari potenmt, vt ponatur 

d^Aj" -+-B -+-C^ + "' +-D * tl + "' -+- etc. 

a = m -i- 35 ^-" ,+ " S jf^-'-+" £> ^-itt+iK^. etc . 
Has fcilicet feries fubflituepdo omnes coefficientes cx vno de- 
finire licebit. 

Scholion. 

976". Logarithmo crgo ipfius x in fublidium vocato, 
his cafibus, quos commemorauimus , iniegralc completum ac- 
quationis propofitac per lciics afccndcmcs exliibcri potcft , 
dum fine hoc artificio integrale tantum particulare inuenitur. 
Quando cnim aequatio X (X — i) a +■ X c-*-f~ o duas radices 
habet, quarum differtntia per exponentem n efl dinifibilis, puta 
X— u, ct X — u, — in, priorc mcrhodo (ola fcries , quac in- 
cipit a poteftate jt*, determinari potefl; fi enim altera a po- 
tcflatc at" 1- incipiens pro y afiTimcrctur, coeffidcns cuius- 
dam termini rcperiretur infinitus , vnde fequenies oinnes fb- 
rent quoqne infiniti, quod incommodnm introduccndo loga- 
rithmus ipfius x felicitcr tollirur. Hunc igitur vfnm ifiius 
refniutionis aiiquot cxemplis illuflraffe iuuabit. 

Exemplum r. 

377. Aequationis differentio - differentialis 
x 3 dj> -f- i)x 3 y ■+- g x* — 'y 3 ar* = o 
jmegrate completutn per feries afcendentes exbibere. 

Hanc acquationcm ad notlrara formam rcduccndo ha- 
bebimus 

VbI. II. B b xx 
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x x d + x 9 x d. y -+- g «" J 9 *" = 0 » 
vbi crgo eft * = M *=°» '=** * = ° /= 0i Hinc 

i)_f-x — o, feu XX = o, ita vt bini valores ipfius 

X fiot aequales et = o. Quare pofito j- = a -+- « f -+- * f * > 
refolui oportct has aequationes 

I. * * 3 3 v -+• x d x 3 #-+-g ** ».d = o « 
H. jr * 3 d s -+- * 3 * 3 « -l-g *" » 9 *' = ° 

-+-ajra*3«. 

Statuamus ergo 

(. = A + B/ + Ct'" + D*"+ etc. ct 
u =a + 8/ + I«" + Sr l, + etc. 

ac prior acquatio praebet 

H («-0 B* n +2n(2»-0 (V-t-3» (3»-0 D*"-t- etcY 

-t-nB -i-aiiC >=oi 
+Ag -4-Bg + Cg ) 

Tnde flt 

B = -^, C = =*/ , D = =£1, E = ~5ii etc. 
Tnm vero altera aequatio dat 

nnl&x" + 11 n £ x ln 9 ji n & x*" etc.\' 

-+-33g > = o, 

+ 211B -j-4»C -i-6»D ) 
vnde colligitur 

8S ~ =5S — 1? } C — © = =£* — 12, etc. 
HJc autem tnto afliimere licet a =0, quoniam termini ex St 
oriundi, contincntur in membro av. Cum igituc fit 

erit tc fcquitur 

52 = 
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^ — .Tj. i :*:';:*— — s . j.,. f . * 

^ = .— , T' , r V^'.: ' " "+ 1 " ",*5r— " ~ 

ficquc obtincntur fequentcs vaiores 

e=^£f\ »=S5&. *=SS3£'. 



« — 3. a—i. o, aa — s.« — 100 — 7.21-9.«, 
^*-ir^' + rd^"^)'* 



Exemplum 2. 

97S. Aequaiionis diffemtio - diferentiallt 
x (t — x x) d 3j — (i -+- x x) B x ay -t- xy 9 *" = o, 
initgralt eomplttum ptr feries afcendenus effignare. 

it> vt fit 17 - 2 , * — ., i — -i, c = -i, e = -r, f = o 
etg = I, vnde aequationis A (> — i) — X — o radiccs fint 
J^ = o et A=2, quarum differcntia per n — a diuiCi d« i. 
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Pofito ergo 7:« + «n.+ «/ x, ftatui debet 

« = 31 -I- S3 jt* -1- € 25 x l -+- <E r' -+- etc. 
quae feries ex fequcutibus aequationibus determinari debent 
I. x x (l - x jr) 3 3-e - Jf (. -+- xx) 3 jt 9 v -+- Jr * v 3 jr 1 - o. 
II. xx(i-xx)bda-x (z + xx^dxdu + xxudx'-! 

-*. ix(i — xx) dxbv — a»3jr*i 
Hinc pro prioris detcrminatione fit 

aA^+i2B*' + 3oC^ + S<D* l + etcv . 

- 2A -nB -3oC / 

— « A - +B — 6C — 8 D > — o, 

— iA — 4B — 6C \ 



ideoquc 



•.. + B = 1. 3 A, 4. 6C; 







ra 


+ 30© x 


-+-S6<S*'-.-etc.\ 








— xs.Z 


— 30O J 






+c 


- ss> 










- 4« 


— ( 


-+- 31 




» 


■+■ € 


■+- © / 


-+4A 




SB 


+ 12 C 


-+- !<SD l 






4A 


- HB 




— 3 A 




:B 


- aC 


- 2D J 



Tndc fieri oportct 
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a+iA=o, 8.4«— i.aaj-t-tfB— +a=o, 

4.tf53-3-5e+'oC-8B = o, 
tf.sC— i.7©+i4D— iaC=o,ctc. 
feu cum fiz 

b = ;--;a, c = *.;b, d=;-;c, mc. 

«it « = — 2A, tum vcro 

4- «ffl-j.j€-^B = o, B = B» 

tf. s e-s- c = o, c, 

8.io8^ 7 .p€-^D = o, 3-^ e -,-^.D. 
Dum «rgo capiatur 3J — — 2 A, littera © pro lubim accipi 
poteft; nihilque impedir, quo minus nihilo aequalis ftatuatur, 
fiquidem eonftans a iupra eit inducla. 

Exemplum 3. 

S7P. Aequationis diffcrensio • differentialis 
xx(i-t-txx)doy-i-x(—5-i-cxx)dxSy-h(5-hgxx)ydx'~o 
iniegrale compleium pir feries afccndintes exbibere. 

Quia hic cft o — i , c~ — s ct /=J, aequatio 
* (X — i) — 5 * -+- 5 = o , ftu n — 6 X -+- 5 = o, radices 
habet X — 1 et X=5, quarum diffcrcntia 4 per n = 2 diui- 
di potcft. Pofiro ergo y — u -{- a v v i x Ibttuatur 

v = Ax> -+- Bx'+ C^ + D^ + E*"* etc. 

w = » * -+ S * J + <E x* 4- S +- etc. et 
flequationes refoluendae crunt 

I. xx(i-<-bxx)ddv-t- x(— 5-hexx)dxik>-*-($-i-gxx)v()x' zoet 

II. * * (n-Ajri) x(— $->-cxx)dxdti-h(i-i- gxx)ut>x*\ 

-t-zx(i-t-ixx)axov--(i-i-lixx)vax'>-o, 
-t-(—$-t-exx)udx') 
Bb 3 *bi 
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vbi prior durit ad 

5. + A*'-t- 7. tf Bx' -1-9. S C*' -+■ 11. 10 Djr"f etc- 

-5-SA -5-7B -5.9C - 5. 11D , 

-.-SA^sB + sCf- SD ( 

-+- s- + A i-t- 7. fi B £ -+- p. >Ci 1 

+. S A(+ -jBe -*. siCs ' 
f A g H- B«f. 
pofterior vero ad 

-•- 2. 3 as »•-*■ 4- s e* 1 + tf - 7 ® s-9 s** + ctc> 

-5SJ*-S.3S3 -5-5« -5.7» — 5.9*5 

+ 5 21 5» + 5€ f S33 * j 

-+■ Sle f 3iB< * S«'+ 7®" ( 

aig -*- f f , 

+ !.jA +S.7B +1.9C I 

- 6A - 6B - 6C \ 
+ a.sAi -+-S.7BA 
_ iAi - B& 

■+■ Ae -h B« ' 



Inde fit 

iaB+-A(2o4-+-se^-g)=c 
3a C+B( +!l Sf 7*ffi)=c 
tfoD-t-C(73i-HSf+.g) — o 
etc. 

Hinc autcm 



feu 

1. 6B+-A(4.5*f 5'+£)=°» 
4. 6C+B(6.7i+-7<- ( -g)=o ) 
6. ioD+-C(p.<)i'+-si<-t-j*)=°) 
etc. 



- + S3 
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— 4»-r-«f>-Hri = o, 

o C + gj (2. 3 * -I- 3 ' + g) -f- 4- A = 0 , 
2.6©+ £( 4 . s i-j- S e + |)-+- sB-i-A( 9*-t-e) = 6>» 
+. 8 € + © (<f. 7 * + 7 e -t- g) -h " C ■+- B (i 3 * -+- 0 = o , 

Ex prioribus formulis litterae B, C, D, etc. per A determl- 

nantur, ex poftetiorum vero fecunda fic SS — — 1 ex 

prima autem M — ^-, tum vero £ pro lubitu aflumi poteft» 
indeque reliqui coeflicientcs ©, <S, 3> etc. dcfiuiuntur. 

Scholion. 

S>8o. Exemplum hoc occafionem nobis fuppeditat phae- 
nornena quacdam fwgularia obferuandi. Scilicet etiamfi inte- 
grale complctnm in gencre l x imtoluat, tamcn id a logarith- 
mo libetum prodit certis cafibus. Primo tiempe fi fit r, 
fit S = manentc 3 indcfinito, tum vcio ob 25 — o capi 
oportet A ^ o, B — o, C = o, eic. ideoque v = o. Por- 
to vero erit 

a. C©-+-4€ (5 * + «) = <>» 

+. 8 6 -|-6S)(7*-f-f) = °> 

tf. 10,8 -+-8 8 (9 *,-*-#> = °» 

tbi -S altera eft conftans arbitraria, eritque aequationis 

**(i-t-£x.r)33j+-.r(— s-*-txx)dxBj-i-(s— exx)ydx' = Q> 
integrale completum 

jr-a* + , + e^+D*' + Si , + S^+ etc. 
qtiod adeo finitc exprimitur fi e — — (_2i-t-$~)b, pro i fit- 
mendo numefos o, i, b, 3, +) ctc. 

Sccundo £ £t 

1.36 



C AP V T VIII. 

s.3*+3' + ^ = °i feu g — — Cb — 
. = — !«(3 *-«-*), »™ vero A = o,B = o, C = o, 
it ^^^^rgo u = o. Porro vcro rcperitur 

6t*=-__^ -:-I£(7*+0» * = -[»(»*-«-0> S=-5.C("*+0<tt- 

._____;_: Bi— ia(3* + *)^ +e ' r ' + ®^ + S.r , -i- etc. 
er € arbitrio noflro reliquunlur. 

Tertio fi (irj 

5 (+ s e + g = c, feu _> = — ioi — 5 
fir B = Oj C = o, D = o, etc. ideoque w = A**, 
P» 11 ^ ,, c ro 

. turtl _____ BTCS* + Oi -i8(H*+ = 0 + +A-o, fe,, 85=-^ 
»— A = — i«(S*-t-0(7* + 0. P°"° 

ie+«s(iii+o=o, 

<S. io8 + »«(iji + ») = o, 
ctc. 

fir gO deuniuntur coeffidcntes 35, A, 55, (s, g, etc. 
Fer ®* -nue arbiirio noflro relinquitur, vnde inteeraie 'com- 

^pceflio fit finita quoties (2 i-t- 5) b -4- e = 0 . 

e Exemplum 4. 

St m priori ex " apl ° f" ' — ~ 1 h " e = 15 *, 

aequailof**-* ^ 33»—. *-(s-+7Ajr J r)3*3r+-s (i-t-3$**>3*"=° 
j-j-fi-*^- 0frl ple ium el&tbrai(t txbibtre. 

f Erit 
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Erit ergo £3 — A = o, 35 — o, 5 — o, 

ideooue v~ o ec n = 81 * -+■ 2 Sl b x' ■+■ E x>, vnde pro 81 et £ 
fumendo conflantes quascunqne, erit integralc completum 

Integralia ergo particularia erunt 

(i-i-airjO, j-a.x , ,j-cix^i -t- b x x)'. 

Corollariiim 1. 

S8i. Fofito y~\e lzix , vt lit z — Jfo acquationis 
hulus differentialis primi gradus 

x x (i-t-b x x) Sz+j: jc (i-i-A jt)2z 9jc- x ($-t-jb * *) s 3 Jf 
intcgrale completum eft z = giL±ffi|l j ±A| g. 

Coroltarium 2. 
'983. Aequario autem differentio-differcntialis integra- 
biiis redditur, (i diuidatur per * j* (1 # */, eritque in- 
te^tale 

«'fyiffi— c3jF » fcu 9>-Mr*=C3*(i-»-***)» 
quae per diuifa integrale praebet 
j, _c _ jjc + D fcu 

y = — \ C x (1 4- : 6 x x) -+- D jt>, 
vt ante. 

Scholion. 

P8+ Deficit autem adhuc integratio completa noftrae 
aequationis gcneralis per feries afcendentcs, cafu quo a ~ o, 
ideoque Xc-t-f~.0) vnde vnicus pro exponente X valor de- 
finitur 'k—-~ f , qui tantum integmle particulare fuppeditat, ati 
que hoc etiam tollitur, fi fuerir e — o. Quia autem his ca- 
P„ i/. C c fibua 
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fibus a — o, eoefficiens b certo adfit ncccfle eft, ex qno 
integrale coinplctum per feries defcendentes exhiberi poterit, 
cum. aequatio X (X — i)£-f-Xe-l-g^o duas femper conti- 
neat radiccs, ex quibus duplex feries obtinctur. Simiie au- 
tcm hic incommodum Tfu Tcnire porcft, quando binae radi- 
ces ipfius X vel prodcunt acqurtles, vel differentiam habenc 
per exponentcm n diuifibilem. Vcrum huic incommodo, fe- 
riem per / x multiplicatam introducendo , fimili methodo 
rnedcla afTertur, qua in hoc problcmate lumus vfi, ac fu- 
perfhium foret itbirn eunlutionem tic rcperere. Quudfi au- 
tcm binae radiccs ipfius X tam pto fciicbus afccndcntibus quam 
dercendenribiis fiant imaginariae, ofteudendum reftar, quomo- 
do integralc completum per feries infimtas exprimi oportear, 

Problema 124,. 

055- Propofita aequatiimc dirTcrentio-differentiali 
xx(a+&x n )<ldj-i-x (c+ex*) dxdy-t- (J+gx^yjdx* — 0, 
fi eueniat vt aequacio 

X(X — i)fl-f-Xr -f-/=o 
radices habear imaginarias, eius integrale eompletum per fe« 
rics afcendentes exhibere. 

Solutio. 

Ex fupra allatis (p^r) coliigitur hoc cafu ftatui debcrc 
y =z v fin. /j. I x -f- u cof. u. I x , vnde fit 
d_y = (d v - e^f ) fin.fi/jr-f- (^f -•- d «) eof. fj. / x, et 
9 djy — (d 3 v - Hii^ -+- - *^|^) fin. jj. / jr 
-f- (3 d u i l" 1 ^?? — — »^i£i_) co r. fj. / r , 
qua facla fubftitutione, (i terminos tam fin.jj./jr quam cof.fJ./- 
affctftos feorum ad nibilum rcdigamus, obtincbimus duas fe- 
; : . i . quen- 
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qnentes aeqnationes 

I. xx(a-t-bx*)ddv-+-x (c-t-tx^dxdv-t-^f-f-gx^vdx' \ 

—afue{a-i-bx'')dx<)ti—ii.ii(a-i-bx*)vi)x'( 

-+- jj. (a-+i x") u dx'( . 
— p. vdjr*) 

II. xxfy-t-Bx^ddu-i-x^c-i-ex^dxdti-t-tJ+gx^udx' \ 

~t-sfix(a-t-l>x''jdxdv—iJL.}j.(a-hbx A )udx'( 

— H(a+Aj-'>-9xV — ° 
-t-^c-i-ex^vdx') 
Iam pro v tt u afliimamus has fcrics afccndcmcs 

d = At*+B x*-*" + Ci* + " + D j^+j» etc . 
r a=a^^-f-SS* )l +'' + er > '- , -" , + S* , '- , -"-|-eic. 
iisque fubflitutis, prior aequacio abit in hanc 
X(X-i )Aax *h-(X-mO(X+b- " ;Bax > ' + *-KXHr9«»j(X+a*- 1 )Cax x +" 



+XAc 


+'X(X-OAi 






•KX-f-anjCf 




+ XAe 


'-'<4-(X-mQB« 


+Af 


+ B/ 


-C/ 






■ -hB/j 


— sjaXSIo 


-afj.(X+n)S8fl 


— a(j.(X-i-a»)(5<i 




— a(J .X2I<> 


— a/j.(X+n)SSi 


— (jLp.Aa 


— {i/j.Bii 


— lifiCa 




— fijj. AA 


— /ifj.B6 


-t-(j.3J<i 


-t-/j.9Ja 








-t-(*2Jfi . . 


— f*B< 


— /J.95f 


— P-Sf ..... j 




— li.Be 
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Hinc altera aequatio facile formatur permutnndis lirteris latinis 
et germanicis atque infuper fignum numeri j*. mimndo. 

Vtcinquc ergo poteftas prima * x exigit has aequatio- 

nes 

A\\(\— i)«j-r-Xr+/— ^fii]— u.ai( a >,fl— a-t-0=° , 

arx<x—i)a+Xf+/— +u.A(sx<j-- «h-o'=o, 

vndc necefic cft vt fir 

tam 2X0 — a-f-f — o 

quam X (X — l)ffl-r-Xf-^f-^[Jt)X*=SOW ■: <'■'-; . r 
Inde fit \ — 1 — £j qui valor hic fubriiturus dat 

— ^)+S— ^+/=u-fia=— J-fi— ^ c -f/, ftu 
u. a — HtiziizlfJl , ideoque . ■''■,' r,; '"- ■ " 
fi. — / r ../,.: - .gj- ct - A ■ 1-- 

Vnde patet hanc folutionem locum habere 11 \ a f>- (0 •- r)* , 
quo ipfo cafu praeccdens folutio fiebar- imtgtimrt*. Hfe au- 
tem quantitatcs A et a arbitrio noflro relinqiuinuij-. 

Terminus vero tf*" 1 "" vtrinque poflulat has aequationes 
B[()h-»X?h-«— 1 )«H-(X-*-»)r-t-/~jjLfu»] +■ A[X(X— 1 )i-+-?if +-g— jj_jAi] 

— u.S5[i(X-i-nJa— a-t-r]— u.a(aXi— i-t-r)^;o et 
5B[(X+n)(X-i-»-i )<i+(X-Mi)r-+-/-fijJ.fl]->-SI[X(X-i )*+ Xr+g-fj.^] 
-t-fj.B[2(X-+-«)o— o-i-(']H-ji.A(eX4— i-*-r)^;o.' 

Sit breuitatis gratia 

(X-t-»)(X-t-«— i)o+(X+»)*-r-/— jji(jis = jiBa=« 
XfX— - i)i-r-Xr-f-£ — jjl jjlA — J3 
a(X-f-n)a — u -f- c = 2 n 0 — y 
sXi — 

vt 
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fC habeamtis 

B«+A|3 — fj.53y — fj.5l5 = o et 
: . 38 « -+- 81 (3 -t- h- B y ■+■ r 1 A s = °> 
Tnde coliigitur 

. g _ — Ai^g-t-au^a- n-rt aia? — pti fr 

. m — M(° 3 + t?' — * m-» — 
At vero ex Taloribus aflumtis eft 

Tntie ex "alfumtis A ti Sl definiuntur B et 9J, hincquc porro 
C, €, D, © etc. - 

Exemplurn i. 

ogtf. c — a ei f=za, ef ^ai y. = t, « inueftigf- 
tur Mtegmte buius aequationis ■< - - - ;\ 

_c ergo erit * _ o etji= i, vnde poCto 
> = v fin. / x -f- a cof. / x , 
ac pro » «t u funitis feriebus 

»=A + B*" + Cr"4-D.r"4- etc. 
u = 31 -+- 2J *" + £ Jr 1 " -+■ © *" ■+■ «c. 
cocfficientes A et SI pro lubitu accipi poflunt. Ex iis primo, 
ob a — nna, \3 — g — b, y _ 2 n a et 3 _ e — i, erir. 
B ANB.n-M+^ii-n—ni+ gf "g-"^. feu 

■ B _ -" l "!- t|+ '"- i|ltlll " " t '" lt ' t|1 et 
5Q __ -a[.it-6) + ; [ f -tn-A[h i f -i.)- ; (;-M} , 

Pro fequentibus cocfficientibus habebimus 

Cc 3 C 
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C[s»Cib— i)a-t-ana+fl — a] + B[n(« — x)b-\-nt-+-g~ 5] 
— <£(+»«— *+«)— 93(2»*— *+p)=o, feu 
4nnCa + B[(nn — » — i)i + if + i]- 4-n€a 

— SB [ (2 » — i) b -y- e] =~ o, tt ,.- 
+ »sCj + S3[(«B-«-i)i + n[ + g] + 4)iCii 
+ B[C»« — i)*+#] = o, 
quarum illa pcr n mitltiplicata huic addatur, vt prodeat 
4»(»»+- OCa+Bt^-M+n-Oi+fH + Tjf+ig] 
+-»[— (s»-i-i)A+ff] =o f hinc 

C _ -a[l.-.)l.n + i)t+l-i. + .l^n;1-. gn-n+r)!.-,! 
£ — -BH.-ilH.-4.il>-' t.»+il.-+.i t l->r(iiin.i|c- t l ^ 

Porro erit - 
Ss»D« + C[(tJ«-i»-i)i+j»( + |]-«jBj 
-e[( + »~0**fJ = Q;.. 
pnnfflff-t-e[(4-»n — an — i)i+!j«+{] + «iiDi 
* C [(+»-. )*^J=o, 
quarum illa per 3», haec vero pcr a multiplicata iundim 
dant ■; ;n 

3 »(p SIW-4) D"fl-»-C[(i 2«'— fi»n+5»— 2)i-t-a(3»n+i);-t-3»g] 
-t-ff[(— 4«»— »— 2)A-t-He+.a£]=o; 

Yndc fequitur 

p--l'|| l i..^ 1 „4., l — )t + Minn+.]^^-l ll t l^-gH,n n +-+i)6-no-i|tl 
fft — g[ t »llI-.lll ( +„ -.iH-. IMH U+anitl-CI^mH-.m-m-ii f—nl ^ 

In genere autcm ex coefficientibus quibuscunque M et *Dl fe- 
quentes N et '3f dcfiniuntur pcr has formulas 

0 - lm 
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in(ii n»-+-+)Na 

-+-M[[i(i-i )V— ;'(i-i )m+C3'— (-)»- *]*-W(i-i)i»*-*-a*-i-j»£] 

-+■31 [[((;'— i) V— i(i— i )<M-t-(3i-+)«-a>+i(i-i)B«-*-»-i-''ng] 
+M[[s(»-0mi-+<(- a )n+2]i-C;-a>(-2g]=o 

; _ Corollarium i. 

S87. SI quantitates 6, c, g ita fiut comparatae, Vt bi- 
nae litterae fibi refpondcntes N ct 9? euanefcant , fequentes 
omnes euanefcent, et iaregrale completum forma finita expri- 
metur. lta vt B et 25 euancfcant, ficri debet 

z(g — *) — »(« — *) « nCg — i) = ~»('-4); 
vnde fit g = et ipfa aequatio propofita fadorem habe- 
bit a b x'. 

Corollarium 2. 

988. In genere autem integrale iinite exprimetur , fi 
dcnotante i numerum inregrum qucmcunque pofitiuum fit 

g~[C/~Ona + iO'~a)»-M]* — 10— 
tum yero 

' = -[* (i-i)n- r]i, 

vnde fit 

g=[Ci-i)'«»H-»]i. 

Exemplum 2. 

9S9. 5amio n — i, Ji fit e — — b et g — a 4 , AwW 

**C + frjr)39j+*Ca— ix)9*3j'-K 1, + a 4^3**= o 
integrale fomptetum affignart. 

Ex 



ipS cafvt vm. 

vbi prior durit ad 

S. 4 A*'-+- 7. 6 Bx'-t-$. lCx'+ xt. 10 D*"+-ctc. 
-5-jA -S.7B -s-pC 
_^ 5 A +- 5 B * 5 C +• 5D 

+ 5.+Ai + 7 .«Bi + p. jCi 
-+. 5 A e -*- 7 B( + 9 C e 
-i- Ag ■+- Bg+. C| 
polterior vero ad 

-+■2. 3 58 **+- 4. 5 £■*■'+■ ff.7S)*'-<- a.9ffi*'-+-ete.v 

-5SlJf-5.3S -5-5« -J-?!0 -5-9« | 
-+5 5» +- 5» 5« +- 5© 5<S / 

-+2.3i3^-++.5E* -+-S.7SD* I 

-+■ 8e +- 5 E« +- 7®e I 

■+ a* +- 58g +■ eg +- > 

+ S.5A -t-a.^B +2-sC I 

- <SA - 6B - <SC l 

+ s,jAi +- 2. 7 Bi I 

_ *AA - Bi f 

-+■ Ae +- Be ' 



Inde fit 
1 a B +- A (20 A-t-S '+-£)= 
3iC+B( + 2j-i-7'-+-e)= 
CoD+-C(72A-i-se+-fi) = 



2. <SB+-A(4-5i-+-5'-+£) = 
4. sC- t -B(6. 7 A+-7e+-g)= 
6. ioD+-C(f.9*+-pe+-g) = 
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— + ~-t-a(*-r-g)-:o, 

o € H- » C 1 - 3 b -f- 3 ' -i- g) ■+■ 4- A z= o," 
i.oS+ C(4.5'-*-5'-h*)-l- SB-+-AC f*4-r)— 
+.8<E-+-~'C (f -7*-t-7'-+-g) -+-"G-4-B(i3*-f-0 = °» 

Ex prioribus formulis littefac B, C, D, etc, per A determi- 

nantur, ex pofteriorum vero fecunda fit ~ ~ , ~ 4 * , ex. 

prima autem 51":^*^-, tum vero £ pro lubito aflumi poteft, 
indeque reliqui coefficientes ~, <S, 3, etc. definiuntur. 

Scholion. 

980. Exemplum hoc occafinnem nobis fuppedftat phae- 
nomena quaedam fingularia obferuandi. Scilicet etiamfi inte- 
grale complctum in gcncrc l x inuoluat, tamen id a logarith- 
mo libeium prodit certis cafibus. Primo nempe fi fit g-—e, 
fit 21 = o, manente 51 indefinito, tum vero ob S = o capi 
oportet A— :o, B^o, C~ o, e.c. ideoque v ~ : 0. For- 
ro vero erit 

=. 6" -f- + ~(si~t-0 = °* 

4. 86-r-6©(7i-r-0 = 0 > 

<J. 10.S -+-8 6 C9 *-r-0 = °» 

Tbi € altera eft conftans arbitfaria, eritqce aequationis 

*#(i-i-A*;r)33j -*-*(— j-w**)3:ra7~i-(s— 3** — :o, 
integrale compietum 

j> = a x -+■ « ■+• ~ jt* -)- © jf* -t- e *• -1- s *** -t- etc. 

quod adeo finite exprimitur fi r — : — (ai-t-s)*, prri f fi> 
mendo ntimefos o, i, 2, 3, + , ecc. 
Sccundo £ fit 
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2.3i+3«+| = Oi feu £ = — 65 — 3', 
fit 58 = — i S( (3 * -w), tum ver0 A :=r o, B = o, C = o, 
etc. etgo v — o. Porro vero reperirnr 

©=-i«(7*+0) «=-{S>(? fi -+--0» g=-A€C"*+')^c. 

hincque 

j = Slx-;a (3 i-f- *)■*■'+■€*'' +■©*'+■£*'-+■ etc. 
vbi 3 et € arbitcio noftro reiiquuntur. 

Tertio ii Jit] 

4-5^+5 e-*-g = o, feug = — 5o5 — ?e,- 
primo fit B = o , C = o, D — o, qic. ideoque v = A 
tum vero 

» = -H(5A-.-e), -»(x + *+»0 + 4A = o, feu 58=^, 
hincque A = — 1 81 (s * -+■ 0 (7 * ■+■ 0» P orro 
a. tf S>H- A( 9i + 0=o, 
s5 + !S(iii + e)= c , 

tf.I03 + 2(S(lji+() = D, 

Per 91 ergo dcfiniuntur coefficicntcs fQ, A, ©, <J, 5, cce ' 
ac £ quoque arbitrio noftro relinquitur, \nde integraie com- 
plctum hoc cafu erit 

j-Aj ! /i + iZx>-i- Slx h- ©jt 3 +-•+-©*'+■ etc. 
quae cxpreflio fit finita quoties (a i ■+■ 5) b -+- e = o. 

Exemplum 4. 

pgl. Ji W pr/ori jfi t — - 7 A tt g = IJ i , 

Mtquathnis 

*Jr(I-f-fi^J:)^^^-*(S-t-^AJ^J^)^A:^/+■s(I-f-34A■Jr)7^J■ , — o 
in.tgralt totoplttum algebraift txhibtre, 

Erit 
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Erlt ergo 3J = -t-aS!i, A = o, ffi^o, <£ = o, 
ideoque v = o et u = W x -i- 2 $1 b x 3 + & x 1 , vnde pto 31 et € 
fumendo conftantcs quascunqne, erit integrale completum 

j = %x(i + i**x)-+Cx > . 
Integralia ergo panicularia erunt 

j=«»(i-i-a*x*), j- = <» = « jtCi -+- 

Corollarium i. 

S82. Pofito jt — e****, vt fit « = ^1 acquationis 
huhis differentlalis primi gradus 

* * ( 1 -i- i jt *) 3 s -+- * x C * ■+■ * * x ) 2 s 9 x - x ( s -i- 7 * * * ) s 9 * 
integrale completum eft z = gjl± j ti* |l±A|.g. 

Corollarium 2, 

9S3. Aequatio autem differentio-differentialis integra- 
bilis redditur, li diuidatur per jr C r + ^ * *)*i critque ia- 
te^rale 

^fgr^lf = C3jf « fcu 3j-'-^=C9*(i + i**), 
quae per jr J dinifa integraie praebet 
£ = ^ — + D feu 

7 = — jC4f"ci + i***) + D:*», 

Tt ante. 

Scholion. 

os+. Deficit autem adhuc integratio completa noftrae 
aeqnationis gcneralis per fcries afcendentes , cafu quo a — o, 
ideoque lr + f=o, vnde vnicus pro exponente X valor de- 
finitur ~h= ~~ f , qui rantum integrale particulare fuppeditat, stt- 
que hoc etiam tollitur, fi fuerit c = o. Quia autem his ca- 
Fei i/. C c fibus 
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fibus a — o, coefficiens b cerro adfit ncccfle eft, ex quo 
intcgrale complctum per ferics dcfccndentcs cxhiberi potcrit, 
cum. aequatio X (X — i)b -}-X( -+- g = o duas fcmper conti- 
ncat radiccs, cx quibus duplex fcries nbtioctur. Simile au- 
rem hic incommodum vfn venire porcft, quando binae radi- 
ces ipfius X vel prodeunt aequnies, vcl differentiarn habent 
pcr exponentcm n diuifibilem. Vcrum huic it.commodo, fe- 
riem per / x multiplicatam introduccndo , fimtli methodo 
medcla affcrrur, qua in hoc problema.e (umus vfi, ac fu- 
perfluum foret iftam euolutionem t)ic rcpetere. Quodfi au- 
tem biriae radiccs ipiius X tam pro icticbus afcendentibns quam 
dcfcendentibus iiant imaginariae , oflctidendum reftat, quomo- 
do integrale complctum per feries innnitas exprimi oporteat. 

Problema 124.. 

. p8S. Propofita aequationc differentio- differentiali 
xx{a+bx*)ddy-*-x (f-t-ex") dxdy-<~ (fi-g x^ydx* =. o, 
fi eucniat vt aequa.io 

radices habeat imaginnrias , eius integralc completum per fe- 
rics afcendcntes exhibcre. 

Solutio. 

Ex fupra allatisfp7i) colligitur hoc cafu flatui- debere 
y = v(ia. fxix-i-u cof. jx I *, vnde fit 
dy = (d v - -L_) fin. (jl / x -f- (-^ -t- d u) cof. /j. / ;r, et 
3 9 y = (3 9 v - i^Ijl + - «j^i£!) fi a . ^ } x 

qua fadia fubftitutione, fi tcrminos tam fin.^/jr qnam cof.jxlx 
affeflos feorfixn ad nibilum redigarnus } obtincbimus duas fc- 
. ; . . 1 . _■ quen- 
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qucntes aeqtiatroties 

L xxty-i-bx^jddv-i-x^c-t-cx^tixdv+^f-i-gx^vdx' J 

— if^xiji-t-bx^^dxdu— nfi(a-i-ix n )vdx'( 

-t-p.(a-t-bx' l )udx % { 0 
— p(c-t-e x')udx') 

IX xx(a-t-bx*)ddu-i-x(c-i-cx'>)Zxdu+(f-i-gx' , )«dx , \ 

-t-iHx(a-t-bx")dxBv—jj.ij.(a-t-bx'')ubx'{ 

— fs.(a-t-bx*)vdr'( 
■*-V.(c+ex' l )vdx') 
Iam pto v et u afliimamus has ferles alcendentes 

■ * = » Jt x+ ' e **■-•-*■ -+- © * X_, ' J * n- eic. 

iisque fubflitutis, prior aequatio abit fn hanc 
X(X— iJAo* > '+(? i -<-nXX+n-i)Ba* > ' +,I -)-C^+ 2 »X^- , - ! "'- I )Cff* x ^" 





+X(X-i)Ai 


-4-(X+n)(X+n-i)BA 


-*XAe 


-t-(X-t-n;Bc 


-f-(X+2n,C<: 




-*-XAe 




H-A/ 




+C/ 




+A g 




— a'nxa» 


^an(X-i-B)SSJ 


- 2h L(X+2»)(Tffl 




— 2fj.XSl6 


-^(xw-ioajfi 


— j».>A« 


— fj.fj.Bn 


— fXfj.Ca 




-fj.f*Ai 


—fj.fi.B6 


-4-fj.SIfl 








, -Kfi-M* 


-<-fj.Si . 


— 


— 
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Hinc altera acquatio facile formatur permutatidis litteris larinis 
et germanicis atqne infuper figmim uumeri jt. mutaudo. 

Vtrinque ergo poteftas prima x x exigit has aequatio- 

nes 

A[x(x— »)<n-x*+/— uu.]- ^ac^xa— ff+o=o . 

a[X(X— i)o+Xf+/~ n|j.a] + ^A(2Xa— o-i-0'=Oj 
vnde necefle eft vt iit 

tam 2X0 — e-he — o 

quam X (X — 1) o -)- X f -f- f— ■ fi jj. « — )CW " . T 

Indc fit — qui valor hic : fubllitntus idnt' ' :*" "- 

— ««— ■ H+/— — H3^jf-f/> ftit 

fj. fj. a — "'"""'r , ideoque ■*■' . . !; 

(t==jai_=iL_£i ec*A=*=£/'' ' ' 1-- 

Vnde patet hanc folutionern locum habcre 4«J n >(« _ f)% 
quo ipfo cafu praecedens folutio fiebat- imBgttrari». Hic au- 
tem quantitatcs A et 31 arbitrio noftro relinqjjSntiiT. 

Terminus vero » vtrinque pollulat nas acquationes 
B[(^n)(X+»-i)a+(X+B)f+/- i A f Aa]+A[X(X-i)J+^g-^ 1 Ai] 

— fj.S[2(X+n)fl-«-+f]-fj_g(2)\A-i-+0=o et 
38[(X+n)(X+n-i>+(^)f4/- flf Ae]+a[X(X- t)A+/V+ g-^] 
+p.B[a(X+B)a-tf+f]- ( - (J .A(BW-A- ( -0— o* 

Sit breuitatis gratia 

(X-r-n)(X+*—i)a-4-(X+»)f-(-/— MfJLfl — „„ fl — « 
X(X — i)i-|_x,-f. g _ fXfJ .i =:| 3 
a(X-)-n)a — fl-|-f = n« = y 
aXi — /> + e = 5, 

. ■ J vt 
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tt feabeimns 

B a -H A f3 — [/. 58 y — H.SlJ = o et 
-fB « -1- 61 (3 -+■ ft B y -+■ K A 5 — °j 
vntie colfigitur 

g _ — Aln3-t-U.U , yfr )-* ->'»<ag — PV) et 
. _ -»[ c C-mr»i-»»l4-B7l 

At vero ex valoribus aiTumtis eft 

(3= (;« , -»;"— « i— y+g. r =ino, 3__^_, 
vnde ex aflumtis A ec a definiuntur B et ~>, hincque porro 
C, E, D, ~) wc. " 

Exemplum i. 
98«. ~<i <■ = a « / = «> « JJ«f M- = T i « tnuejiisc- 
tur hlegratt huius aequatwnis 

(a -+-* * n }3 3r + * C" + 9 * 3* + C "+ « *"ir 3 *' = °- 
■Hic ergo erit X = o et jj. = i, vnde pofito 
= « fin. / jt -f- a cof. / x j 
ac pro v et u fumtis feriebus 

v = A ■+■ B x* -+- C j ,b -+- D *" -H etc. 

u = si +■ 58 *" -+- ~ *'* -+- © *" -+- e[c - 

coefficientes A et " pro lubitu accipi poffimr. Ex iis primo, 
ob a — nna, (3 = g — b, y = zn a et S = e — b, erit 

B = -*[—°<E-6)+'" "<■■-*>] + «H- H-.n.t**»)] f eu 

B = - <ll "-"- | -"'"" lt ' i' l ^! l " l 'rt ! 1 ct 

-j __ -g[nlg~H+.[ f -tH-A[nl>-6)---lI-t ]] , - 

Pro fequcntibus cocfficientibus habebimus 

Cc 3 C 
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CfinC^n— r)fl-f-2nfl-I-<r — a]-hB[n(n — i)6-hne-hg— S\ 
— XUna— a-\-a) — <£>(-znb— b+e) = a, feu 
4 n n C <i + B [ (n n — .n — i) i -+ n t 4- g] — 4 »€ a 

-S[( 2 »-i)4 + ( ]±o, cc ; 
+ nnea + S[C»» — i)* + ^ + g]+ + «Cii 
-+B[C*n — i)i+f] = o, 
quarum illa per n multiplicata huic addatur, vt prodeat 
+»Con-+-i)Ca+B[Cn J — nn+n — i)A+C" + ')r+ng] 
-+aj[— (nn-hi)i-\-g] — o, hiuc 

(T — l"*+iW-'_.-a._ii- + i|.- ) ,. _ 

Porro erit , - . . , _ 

jinnDfl-i-C[C4-''» — !»- i)*-+s»<-^-f]~fin©« 

-e[C + *-i)i + ,]~o .. 

S»)iS)a + e[( t ns-sfl-i)i+2jif+ f ]+(!5bii 

quarum illa per 3», haec vero per 2 mukiplicata iunflim 
dant 

3nCs>«M++)D<3-t-C[C"2«'— Snn^-sn— z)bs-i($nn+i)e-i-%ng\ 
-+£[C~ +ns— n— 2)fl-t-nf-i-2g] — o; 

vnde fcquttur 

p— m + .n — + , it+aii ^T+gfl ,itn + -+i]S-._ -■— .^ 1 

© r ~ g ["""-'- "+>- -"t +' li n n + ,!_+. ml-CIMi.H-.+ilM r-nl # 

In genere autem ex cnefficientibus quibuseunque M et ffl le« 
quentes N et )Sl dcfiniuntur per has formulas 

- - - in 
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ifj(iin«-i-4)Nfl 

-kM[[;(»-i )*»'-;'('- « >H<^'— 4>- )m»«-af+»g] 
-«f[»(i-i>w<i-a>H-aJ*-C»-a>r-a < ]=o 

f«(iif»t-H*)M« 

-t-tBl[[i(/-0*»-i(i— i)«B+C3'-+)«-a]'>-t-'C'-0'"" ; -+-2e-i-ia g -] 

+M[[«(i-i)»H</- a )»^ a ]i-('-»>*-:»«]=o 
Corollarium i. 

987- SI quantitates i, f, g ita fint compararae, vt bi- 
aae litterae fibi refpondcntes N et 3i euanefcanc , fequentes 
omnes euanefcent, et integrale completum forma finita cxpri- 
mcrur. Ita vt B ct S5 euancfcant, fieri debet 

. *.(«.— b)=n(t — i) ct n(g — i) = — a(e— i)i 
vnde fir g ~ f = i, et ipfa aequatio propofita failorem habe- 
bit a-r-ix\ 

Corollarium 2. 

9S8. In gcnerc autcm integrale finite exprimetur , fi 
denotanre i numerum integrum quemcunquc pofitiuum fit 
e = [(i_,) B «-Hi(i_ 2 )„H-i]i_i (/—*)»*, 
tum vero 

,-_[ a (,"_,)„- ,]*, 
vnde fit 

g = r(i-,)**«-H*]*. 

Exemplum 2. 

089. Sumio n = i, j! /1 e — — * « g — 2 J , Aaiw 
aequauonis 

xx(a+t X )^y-^x(a—ix)^x^j+(a-r-^bx)yZx'=o 
imegrale eomplelum ajjignare. 

Ex 
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C — ~ "!■«-»-*' -«-«"' b — " = o et <S = o. 
Quocirca habebimus 

t i-A + 1 "- 1 "^, etu — -*iUl±a±ttjri 
hincque integrale completum elicitur 

j'=Anii./*-+-aeof./A'-t-f?[C3A-+^fin./*+C3a+4A)cof.far]. 

Corollarium r. 

990. Sumto a — : o, habebitur inte^rale pacticulare 
j- = A ( fin. / x -+ U£ fio. / * -+- cof. / x) . 
Sia autem fit A = o, aliud habebitur 

3 = a (cof. i x — ^ fm. / * -+ cor. /,r). 

Corollarium 2. 

591. Pofito J- =V*'*, aequatio noftra reducitur ad 

hanc 

xx(a-i~bx^i+xx(a-i-tx)sjdx-i-x(a— bx~)sdx 

-\-(a-+-i6x)dx=o, 
cuius intcgrale habetur / = -** inde dcfiniendum , quae ae- 
qualio in plurcs alias formas tratisfuudi potelt. 

Scholion. 

992. Simili modo integraiio pcr feries dcfcendentes 
inftituitur, fi exponentcs iin£iUorum terminorum prodeaat ima- 

&ina- 
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ginarii ; qtiod feorfun espofiiifle ne opus qoidecn crir. Atque- 
haec luflkiuni, vt pa:c.it, qaibusnam cautchs in refolutinne oe- 
..i . per feric* iiifiniia> fit vtcnduin. Sumtnu» autcm 

vtus itlaruin eunlutionum in hoc confitlic , vt ncquaoones dif- ' 
ferentio - dirTerentiales exhibeti qccant, quanim faltein integrale 
particulare algebrjicum aiiignare Uceat, quos cafus fupra 969, 
indicauimus. Simtlil porm integratio ptt feries infinitas pari 
niodo e_:endi potcft ad huiuitnodi acqiiatione* 

x jc [a + -_"•■(- ,3 x")dby -t- x ■+- e x" -4- c ***) 8 x dj- 
-*-(/-)-_*' -t-YX") T *x' = a 
turrt autem feriei quaefitae quilibet termimis per duos ptitece- 
dentes detetmitiatur, ita vt fi bini contigtii euanefcant, fequen- 
tes omnes in nihilam fint abitnri. Qtiodli autem tcrmiiius ab 
j vacuus affuerit, relolutio in lecies lit fiicilior, cui ptoprerea 
non immorandum cenfeo. Veluti fi ptoponatur haec aequa- 
tio 

xxddj — xdxdy-+-a x*y d x' — b x n 5 x', 
feiies a poteftate x m eft inchoanda, ponendo 

j — Ax a -hB x™*" -h C x"* 1 ■ -j- D x* + * " + etc. 
vnde fit 

w(M-i)Ajc™+(»i+B)(m+H-.i JBx-^H-Cw-t- i»Xm-t-2B-i ) Cx**"-kK. 
— otA — (m+n)B ~(m-t-ti)C 
~b +An +Ba 

hincque 

A -__t__, g= „ T -,^._., i C = — -=gj— --.tc. 
vbi quidem mnlta obfcruanda occucrtint, quie pcr praecept» 
fupra dara expedire licet. Imprimis autem io hoc negorio 
iuuat, aequationem propolitam ope fubllitutionis in alias trans- 

Fol. II. D d , for> 
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formafle, quarum refohirio per feries fiat fimplicior, quod cnm 
pluribus modis fieri polTic , hoc argumcntum fequenti capite 
diligcntius pcrtractarc vifum eft , idquc pro forma acqua- 
-tionum 

hdbj-i-Mdxdy-i-Kydx' — o, 
quandoquidem pro aliis formis huiusmodi transformatio raro 
locum inoenit. 



CAPVT IX. 

DE 

• TRANSFORMATIONE AEQVATIONVM 
DIFFERENTIO-DIFFERENTIALIVM. 
L S djf -4- M 3 x tj> + Nj- d = o. 

Froblema 125. 

993- 

__^eqnationem differentio-diffcrentialem 

L 3 3.7 -f- M d * dj- -i- Nj 3 = o, 
in qua L, M, N funt funfliones quaecunque ipfius .v, fumto 
elemento dx conflante, opc fubftitutionis j = t Jt **a ia ali- 
am formam transmutare. 

Solutio. 

Cum hinc iit i> =-P 3 x -+- erit difterentiando 
^ = 3*3P4-2|i— 1£, ergo 
a* , _ + ;.-jfj.; + 9 3 p -j- p p 9 ,v'. 
Quare cum aequatio noftra. fit 

1111-+- *' »* J ? -j-N 3 jr = = o, 
crit faifta fubliitutione 

tiis -j- i_|£j__ -j-L9xaP + LPP3_* 
+ MPa*' + N3.r' _'o, 
fen per 2 mnltipiicando , - 

^ v, D d a L 3 9c 
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La3s-f-OI-P + M)3*3s 

+ *3r CL3P'+LPPajr + MP3jr + N3jr)=o, 
vbi pro P funftionem quamcunque ipfius x accipere licet, 
vnde innumerabiles aequationes inter binas viriabilei x et a 
obtincntur. 

Corollarlum i. 

994. Quodfi ergo hanc aequationem transformatam 
jntegrare vcl j>er feriem refoluere liceat, ex inuento valore 
ipfius z habebitur y — ^ p) " a. 

Corollarium 2. 

PS5- Acquatio tnnsformata fimilis eft propoGtae, prop- 
terea qnod in ea variabilis z cum fuis differentialibus dz et 
ddz vbique vnicam dimcnfionem occupat, perinde ac J io 
aequationc propofita. 

Corollarium 3. 

' optf. Si eucniat, vt ambae aequatEones, propofita ac 
transformata , aeque commode per fenes refolui pofiint, hoc 
modo plurcs rcfolutioncs ciusdcm aequationis cxhiberi poifuut. 

Scholion 1. 

997. Cum aequatiooes commode per feties refolubi- 
les in hac forma contineantur 

jr* (a-J-is") ddx-hx (c-t-ex*) dxdj-i-if-t-gx^ydx^o, 
vbi cfi 

L = Jt*C« + A*'>, M = *C' + '*")> N=/-4-g*», 
vt transfbrmata fimilem obtine.it formam, ficri oportet LP = 
* fjfcH- idcoquc P ~ ^rt~ " Hinc etir 
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a p^ -H"-Hf»+i)i*'^>-fii-i)iir , -yb " ... 

+ i x-"/ X 

ideoque 

iap-i-LPpaf+MP3^ 

(-t- f* f -t- jj. <jr"-i- y f x' -t-vex" ) 

»bi diuifio per a-\-6x" fuccederc deber. Sracuatur quotu* 
= fji b -+- y £ *", fietque 

fi'=a — e-\~ab, y = A — e + flt, 
ac praeterea 

afj.c — (n-t-i)fji/> •+-("— *) va-4-p.t + vc = p.bb vak, 
vbi priores valores fubftituei praebenc 

(h-k+n) (Af-aO = nab (*— *) ■+■ (6-*)' ; 
Tnde fit vel 

& — £ = »'-", «1 i — i — — ?7. 
Littcrarum ergo hetk altera arbicdo noftro reiinquitur, fitque 
aequacio transformaca 

* jt (a ■+- b *J) 3 9 z 4- * [a jj. -+- e -+- (2 c -4- 0 9 * 3 s 

+ r/+*n *"] * 3 ** — o. 

Huius aucem refoiutio tam per feries afcendences, quam de» 
fcendences limiles ipfius x poftulac poccltates : Subfticutio au* 
tem ipfa iit 

1=1+ b — 
j=x • (a + *jr"j " Bt " z, 

vbi ne fola poteftas ipfius jr ingrediatur, fumi debet b—k-—n. 
Nihil intereft quomodo hic b accipiatur, fumto ergo i> = o, 
D d 3 fit 
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fit k~n, et fubftirutio .. - - 

c — e te — at ' 

J = X " (fl-t-J Jr") not ■*" 1 Z, 

cjviac ducit ad hanc aequationem 

x x (a+bx*) ddz -*- x [aa - c -t- (a (n ■+• 0 *-') *"] 9*3* 
'•:■ .„ ' -*-|/-h (»(*-*-*) «-**-*-*) #*]*a#' = o. 

Scholion 2. 

ppB- Supra §. P70. vidimus, aequationem propofitam 
inter * et j> algebraicum admittere integrale, fi fuerit 

.tl!=i^atlla<i, 
quae fi transformata fimiii modo tratfetur, intcgrale aSgebrai- 
cum allignari poterit, & fuerit 

+ .t]0=££~ssn-, . ^p»-^--4»il -„~, a , 

quibus conditionibus coniunftis concludere licet, intcgrale a!- 
gebraicum fatisfaccre, dummodo haec formula 

' c ~ " . . *K« — "' — *"/) , . — 4tgl . 

diuifibilis cxtitcrit pcr exponcntcm n, hic fignum . . ad am- 
biguitatcm pofltiui ac uegatiui dcfignandam adhibui. Quarc fi 
ponamus 

/= '-;;-" « e = »-;; -",- 

ititcgrabilitas Iocum habet, quoties hacc expreiTio t '" a .'„ : ^, t '"^° t 
ttierit numents integcr, fiue pofitiuus fiue ncgatiuus. 

Exemplum. 

„<jj><>. Propofita aequatione 
- ■ K x (i — jt jr) 9 oy -+- jr (i -+- 2 « t *) 3 * — 

mc 
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inuenire cafus,.quibus intcgraJe algebraieum faltem par.iculare af- 
fignari potejl. 

Hic eft n = r, b ~ — i, s = i, t ~\ % m, f—o% 
g — — m (m + i) et n z= a. Hinc dcducimus 
* = /[(*- ,)'- 4 «/] = o, et 

hoc eft A=-±i. Formula ergo nnmero integro aequalis eft 
~ ' ~" " — 1 , vnde geminos pro m cafus nancifcimur 

vel iM+ar+4(, vel a m ~ +; 4 i, hoc eft - 

yel i» = ±2i — 1 , vel m=.±ti, 
dummodo ergo m fit numerus integer fiue pofitiutts fiue ae- 
gatiuus, tntegmle particularc algcbraicttm exhiberi potcft. Sub- 
ftinuio autem aeqiiationem trnnsformatam praebens eft 

ipfa vero aequatio transformata 

xx(i-xx)ddz + x[i - i(m-i-3)xx]3xdz 
-<*, + *) (m+ 3 )xxzdx'~a, 
quam ex illa oriri manifefluni eft, fi loco m fcribatur — m— 3, 
Ipfa-autem baec integralia repetiuntur, ob X X = o, ponendo 

; = A + Bj'+C* , +D* , + Ex'+ etc. 
vnde fit 

*Bxx+ izCx* goDx* +5^1"+ etc.x 
- aB -nC -30D > 
+ iB+ + C + 6D f 8E \ = °' 
+wB ■+- 8mC +12WD \ 
— ihC»J-+-i)A— m(m-+-i)B-*Jf(m-t-i)C— »(«+i)D S 
Ergo determinatio coefficientium ita fc habct ■ '■ 
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B — -'1^"A, C= ~ — ;j--" B, D= «-y- 1 'Cetc. 
Ac fi ponatur 

* = ~ -»-»*■ -t- £*• -+-©*' -+."*»-.- etc. erit 

Problema 126. 

1000. Aequationem difcrentio-diffcrentialera 
L33f-|-Mai'3;-f-N7a*'r:o, 
ope fubftitutionis — , in alijm eiusdem formae rrans- 
mutare. 

Solutio 

Hic fcilicct quaeritur, qualem fimfltttrem ipfius x pro 
P accipi oporteat, vt facla fubfiiiutione vatiabilis z cum fuis 
difFerentialibus dz ct dilz vbique vnkam dimenfionem obti- 
neat. Cum igicur fit i2 — ''^* 1 , erit differentiando 

qitibus valoribus fublUtutis fit 

-i- + N3j*=o, 

Sumamus crgo LP + N = o, feu P et multiplicsndo 

pcr J"^^, nancifccmur 

L 3 3 z — LiZAzL — L P s 3 *' — M9x3s = o, feu 
L d 3 x - M 3 r a s - L±±— + 3 L 3 z + N a 3 x* — o. 

Aequatio ergo propofita ope fubftitutionis ^ = ~t V trani- 

formatur in hanc 
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L 99a + C^-M-^) 3* 3* -*-N* 3 *• = <>. 
Quodfi ergo hinc valor ipfius z crui poflit, habebitur etiam 
valor iplius y per * cxpreiTus. 

CoroIIarium r. 

iooi. Si in liac acquatione transformata viciflim po- 
natur ~ ~ ipfa acquatio propofita exoritur, vnde 

hae duae aequationes ita intct fe cohacrcnt, vt altera ei al- 
tera per imilcm fubflitutionem producatur. 

CoroIIaiium 2. 

loos. Si in aequatione transformata fecundum fubfli- 
tioncm priorcm ponatur ~ = Q_dx-+-~, obtinebitur haec 
noua transformata 

Lddv-(-(_LQ-i-ii — M — £-|^0 ^xdv 

+vdx(LdQ+LQ r Qdx+Q.dL-MQ m tx-^&+Ndx)-O t , 
quae crgo ex ipfa propofita deducitur ponendo 
'J — _ ___1Z__L . 

Scholion 1. 

1003. Hinc combinando ambas fubftituHones , quibas 
iti binis praecedentibus problematibus fumus vfi, fubftitutio- 
ncm huinsmodi gcnci-alcm adipifcimur 

qtiae fi in aequatione propofita 

L 3 5 y ■+• M 9 x dj ■+■ 3 — 0 
fnbftitiiatur, funftiones P, Q, R, S ita definiri dcbent, vt In 
acquatione refultante variabilis z cum fuis differentialibus nus- 
quam plus vnii dimenfione teneat. Oriuntur autem termini 
Fel. II. E o qua- 
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cuidrato 3 s 1 affccli, ad qttoj detlruendos fieri oportet 

L3*(PP*QR-PS)*L(RdP~Pi)R)H-MPRa«*NRR()j-r:o, 
f«„ Q=y_^_^ + Lii_Si_™ 

tum vcro pcrucnitur ad hanc acquationem 

L33s<PS— QR)-^L9s (RdQ. — Q9R -t- S3P — P3S) j 

-+Ar3B[2LPQ+MCQR+PS)+aNRS] l- 0 . 

-t-U3-CS3Q-Q3S+QQ9-)-t-SscV(MQ-f-NS) > 
Verttm facilius ad hanc aequationem generalem perueiiitur, li 
atnbne fubflitutionej altcrnatim in vfum vocentur. 

Scholion 2. 

loorj.. Tnnsfbrmatio autcm hie expofira eo mngfs eft 
notatn digna, quod etiamfi aequatio rransfonnara rerolutionem 
admittat, inde tamcn aoa uifi difficulter ipfa propofita refot- 
Tatur. Cum enim reperta fuerit fnnrtio ipfius x, quae ioco 
% fubilituta acquationi transfbrmatae fatisfaeiat, pro valore tp- 
fius- y inueniendo, inftiper integrale buius aequationrs _? __ 
~_i V ' i Que ft'S ar ' oportet, vbi ctfi variabiks x et y 3 fe in- 
vicem funt feparatae, timen drfficitltates infignes in ipfa inte- 
gratione fe exerere poffunt. Fieri crgo potcrit, vt ope huins 
fubftitutionis , etusmodi aequationum integralia cxhiberr queant, 
quae direifta via vtx innciligare liccar. Scilicet fi eiieniat, vt 
intcgrate acquationis transformatac vel ope methodi euiusdaiti 
fupra expofitae inneniri, vcl pcrfericm abruptam exprimi pof- 
£t, tttm etiam ipfius acquationis propofitae mregralc habcbi- 
tur. Etfi enrm cafu pofterfori integrale tantum paniculare in- 
notcfcit, tamen cx eo femper in hoc aequationum genere in- 
legrale conipletum elici potcft. Namqtie fi acquatioiii 
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parricidarirer fatisfaciat Talor y — K, ponarur y— X v, fietque 
LXddv-i- tLiX3o4-L«33X j 

+'Mxa#a» + M> 3 * 3 X t = o. 
+ N X w 3 ** ) 
At qui» K^:» 1 pcr bvpotlicfin aequationi farisfacir, erit 
LaaX + M3#aX + NX3*'z:o ct 

*£+!»?+ >»- = :o, 

vndc intcgrando orirur 

XXdv — Ce ^ L dar, porroque ■ 

ita vt inregrale complctum fit, 



qood ergo cx quolibet integrali particulari y~% elid poteft. 

Exempliim. 

iooj. Atquationcm differmio-differentialem 
x x (a -4. b x') d 3 y * (V -h- e x n ) 3 * 9.7 3 = 9 
transftrmare as ptr feritm integrare. 

Cma Hc' St L—xx(o-+-hx*), M = * {* + **■) 
et ti=f, vtendum eft hac fubftirurione 

3y_ ~fzdx> 

y x x(a-r-bx*)dz * 
iqua noftra acquatio rcducirur ad hanc formam 
xx(a-i-bx' l )ddzi-x(ia-c-*-['n+i.)b— e^x^dxds+fsdx^zCt 
Ee » pro 
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pro cuius refolutione fi ponarur 

s = A* x -J-B* x "•-•-(- Cv x+ "'-t- etc. 
fieri debct 

Xf> — i)aH-X(2fl — 0+/=O) fen 

JiJm-t- — -k/=o, ergo \ = =°±£±ilS|^l l i£^ . 
Scrics autcm abrumpetur per 070, fi liaec cxpreflio 

denotante i numcrum integrum pofitiuum, hoc eft 

vel — l£li£=l3Z=i*n = i b. 

Sin autem ipfa aequatio propofita hoc modo in feriem refol- 
vatur, haec abrumpetur, fi fuerit 

± - £ = '±=4 ± tais^affl '= < « , 
hoc cft . 

vel JL— ■ *-f-;± y l"'- V) —,-„ 

vd jl-— ■ ± V[( 0 -^-,.7] — inM 
Vnde intelligitur, integralc finitum cxhibcri poflc, fiue nume- 
rus integer / fit pofitiuus fiue negatiuus. Ad hanc vero du- 
plicitatem iam prior fiibftitndo pcrduxcrat (998-), ita vt hacc 
noua fubftitutio nullos nouos cafus intcgrabiles fuppeditct. 

Scholion i. 

100S. Vt tamen pntcat, quomodo cx valore finita 
ipfius svalor finitus ipfius y clici quent, contcmplcmur cafum 
jr* (a-t-bx') ddj-i-x (gd-t-ejr*) dxdy — z+aydx* = 0, 
vbi n = a, * = 3fl ct/= — .240, quac fada fubflitutione 
^ = xx ''/±l% iasi abit in hanc 

; xx 
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x x (a -i- b x*)d d K 1- x [ — a~t-(^b — e) x x]3xds 
— z+a adx* = o, 
vbi pro ferie afcendente fir 

a-2A-i+ = o vcl (X — 6) f> -H +) = 0, 
Statuatnr 

z = Ax-^^rB ^'+0+0^+ etc. 



20 A a x~' ■+■ 6Ba x -1 * -*- sDuxVetc.V 

+ ioA4 +«B4 .* / 

-+■ 4 A 0 + jBj * - sD« 

- +A(4i-0 - 2 BC 4 *-0 * ) 
— 54A0 — 24 Ba — 24 Cu — 24D11 

Cum ergo fit D=o, fequentes termini omnes tolluntur. 
Tum vero eft 

nSBa = 4A(A-+-0i 24Ca= — aBS + iBe, 

ergo 

B = *^, C = ^ B = ^-fA, 

hincque 

z = A C£ -f- + '-^) = *W'.+».it^-*i» ^ 
vnde fequitur 

3* = A3*(=i — -=0 = ^[8* + *)**]■ 
Ergo 

3 3 — -(.m+T»H + »ii + |^-UifI -1 

i|.i-i>'l [4«-+- i&-t-»)ii] "•*» 

feu refoluendo 

»> ■ . ijt-rtj^a. ■ ^tt + rixi* ■ 

y 1 ^ n + lii l.+ll-nm' 

hincquc integrando 

•7 = £ + * * *) T£ ~ [8' « + (*+■*)* *■]. 

Ee 3 Scho- 
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Scholion 2. 

ioo*j. Quod hic cafu fortuito cncniue vidctur, vt cx 
Yalore ipfius a inuento qnantitas _)< commode dcfmiri potue- 
rit, idem pcrpetiio cuenire opottcrc, fequcnti modo in gc- 
nere oflendi poteli. Cum enlm aequatio propofita 

«pe fubftitutionis Zi — — W-** ' wnc " c transfbrmata 

Lddz — Mt>*3« — ti^-t-dLds + Nsdx' =0, 
fi hsec per L<?2 diuidatur, prodit 

«x qua integrando elicitur 




t\nae inucnto valore ipfius s, fta:im fine vltcriori integratiotie 
praebct valorem ipCus y. 

Cam porro fit 

dj = — if/, > firit dj ~ — azdx.t 1 1 
fcincque 




atque hae telationes eo magis funt notatu dignae, quod ex 
iis aequatio propofita nonnifi per plures ambagcs ad transfbr* 
matam reduci poffit. Ipfa enim formula pro y fubfliruta per- 
ducit ad aequationcm difletentialem tertii gradus, quae autem 
manifefto integrationem admittft, ipfamquc aequationem hic 
inuentam fuppeditat. Hinc igitur occafionem adipifcimur eius- 
madi fublUtuuonei inueftigandi, quae quiJem ad differentialia 
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terdi gradiis afcendant, verum tamcn pcr iategratkmcm 
differentralia fecunda redigi fe patiantur. 

Problema 127. 

joos. Aeqiiaiioiicm difFerenrio - diffetentiatem 

ope huiusmodi fnbltitutionis j = ^ in aliam aeqHationtra 
pariter differentio - differcntinlein transfarmore. 

Solutio. 

Ob y = fir 

h, — + « 93^ — »*»^>»» ±»»»», 
quibus fortnulis fubftitutis oritur haec acquatio differentialis 
textii gradu» 

LP^s-i-aLaP 53*-f-Las33P4-MP3*3a« 
-f-M2*-SP3s-+-NP3**3s:=o, 
ejuam fta comparatam aiTumamus, vt per functionem ipfias jt, 
quae fit Q, multipJicata integrabilis euadat. Iategrabilis ergo 
£t haec forma 

LPQc>*+aLQ3P3-3*-f-MPQ3*M*-}-LQ9:s3dP 
-I- MQ^raPdj: 4- N PQd*=3s =; o, 
tuius intcgralc fit 

L P Q 9 9 z -+- S 3 x d z T z 3 = C d 
*nde colligitur 

dds C=LQ3P-+-MPQ9jt-) = a^ (3-LPQ + S3r); 
3 3 CLQa3P+MQa*3P+NPQd*0=3z(^S+T&r') ) 
et :3x'3Tz;ci, ideoque T quantitas eonltans. 
Inde autem fit 

Sd* = LQ3P~-LP9Q — PQ3L + MPQa*; 
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ex qno per alceram condicionem elicicui 
Ta«*=LQ33P-+-MQar9P-i-NPQat(*— LQ39P— L3P3Q-Q9P3L 
- -+- LP39Q+I-3P3Q-»- PdQ3L + PQSfL + P3QdL-t- Q3 P3L 
— MP9^Q-MQ^P-PQ^M, fiue 

T^^pa^.LQ-paTa.MQ+PNQa.v'. 

Quarc cnm T fit quantitas conftans, ponatur T~ a, a'cqne 
hinc cotnmodc fundlio P definicur, fcilicet 



hocquc Talore pro P affiimto, aequatio propofiCa opc fubfti- 
tutionis y — transformatur in hanc 

LFQi>3c-f- dz (LQ3P — LP3Q- PQ5X MPQ9*) 

vbi cum z conflante quantitatc augere iiccat, conflans C omicci 
poteft. Diuidatur crgo liacc aequatio per P Q et prodibir 

L3c)z 3z (— p- — i^- 2 — 3L + M3jt) -f- — °» 
feu in poflfcmo termino vaiorem ipfius P fubftituendo 
L33 = -f-3z(t** — i^a~H'M 3 *) 

+ 1(93.LQ— 5^.MQ + NQ^ ! ) = °, 
atquc hicpro Qfunctionem quamcvmque ipiius x accipere licct. 

Corollarium i. 

ioco. Hinc praecedens fubflitutio deriuatur ponendo 
33. LQ — 3*9.MQ=o, ideoque 
9.LQ — MQ3^ — C3jr, feu 

~f ^.LQ- C/~ f ~ d x + D. 
Namquc fi hic capiatur C~ o, cric 

Q = 
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Corollarium 2. 

ioio. Sin autem ponamus 

33.LQ — 3*3.MQ=3Xi*, »t fit 



3 . L Q — MQ 3 x = X 3 * + A 3 * , 
porroque intcgrando 

r^LQ^/r^arfX+AJ + B et 

Q = i/^/f _ /?! ^3*CX-hAJ + |/^. 

Coro!]arium 3. 

loir. Ponatur f~ /_r ~X d* = «~~ /_r " V, «t 
A 5= o, B = o, crit X = |^ — ^ et Q = I, ideoque 



f3v — v a. 

Si igitur fit V = a, erit Q= 



et acquatio refultans 

L di)e -t-d z C^- + M3») + ia.iisx-taw+wiM _ „, 

Schollon. 

1011. Haec autern nimis funt generalia, quam vt in- 
de quicquam ad vfum communcm concludi pollir. Vtcunque 
Vol II. F f autem 
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autem transformatio inftituatur, et aequatio transformata in fe- 
ricm refoluatur, iiaec nullis aliis cafibus abrumpi vidctur, nifi 
iis quibus ipfa aequalio propofita , et indc pcr primam fubfli- 
tntionem transformata , ad feriem alicubi terminatam reducitur. 
Ex quo perfpicuum eft ope lmiusmodi rransformationum vix 
vnquam nouos cafus inregrabiles erui poffe. Verum dum hafle- 
nns loco variabilis y aliam s per fubftitutionem introduximus, 
altera x, ex cuius poteftatibus feries formabantur, rctenta, nunc 
etiam paucis explorcmus, quomodo loco ipfius x ab'am varia- 
biiem 1 introducendo , transformationem pcrfict oportcat ; vbi 
imprimis notetur ueceife e(t , cum ante elementum dx affutn- 
tum fuerit conftans , iam in tr;insformara clcmentum Br con- 
flans accipi dcbere. Hic igirur ( fciibetur loco certae cuius- 
piam funtitionis ipfius x, quam autcm ita comparatatn elfc de- 
cct, v! aequatio refultans ne nimis fiat complicsta. 

Froblema 128. 

1013. Propo/ita aeqtiatione difFcrcntio - differcntlali 
' L b 3> -+- M d x d,y N y S x' — o, 
loco quantitatis .r aliam 1 introducere, quae fuuiUoni cui- 
piam ipfius x aeqtietur. 

Solutio. 

Diuifii aequationc per D x, repraefentetur aequitio itj- 
Ld.i2-hMdy + Hj>dx = o, 
vt iam confideratio elcmenti d x , qtiod conftans erat afTum- 
him, fit exclufa. Cum f aeqnetur funclioni ctiipiam ipfius x t 
fiat iude ^t — Pdx, feu dx — vnde nacifcimut 

L 3 . ^ -+- M 3 y -h = o , 
-ac fumto clemento i) t conftante 

vbi 
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>bi tantum fupereft, vt in quantitaribus finjtij, quae adhuc va- 
tfabilem x compleftunrur, eius loco alteta l introducacur. 

Exemplum. 

1014. Propofita fis haee aequatitt 
X X (a -+- b x*) d dj ■+■ x (f+ e x") d x dy -+- {f-+-g x*)j 3 x* =: o , 
iB quam loco formulae b-\-kx" introducatur t. 

Cum er|0 fit 
I — £ -J- A erit d t = nkx"~' dx, 



P — «i*— et 9P_«(b — 1) i *— ■3x = !i2^. : 
Quarc habebimus 

B/e* n + , (fl+4* n )33H-(«— i)*3/3X«+** n )+*(f+f.v' , )a;3j* 
+ (/+gx n ).r ^'_„ 
ij£jt" — ' 

fiue 

. (/+g*")j^' — 
nkx'" 

Nuuc vero eft ** _ '-—1 , q U i valor fubftituius praebet 

< a *-iiH-i03^-H __)________!___!__) 

+___j-ti__i! 

«(<-*)' 

Verum hic ita vbique ( — i occurrlt , vt aeqtiatio flmplicior 
euadat loco ( — b fcribeudo u, tum autem pctinde eft, ac fi 
Ff 2 ioco 
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toco poteftaris ** fcripfifTemus quantiratem a: neqtte ergo hine 
quicquam lucri pro nouis fericbus eruendis redundat. 

Corollarium. 

1015. Si in aequatione gencrali loco x m fcribcre ve- 
Iimus (, erit 

9i=»/jr*-'a*- et V = mx n -', 
et acquario refuitabit, ob 

d P = m (m — i) x m ~' 5x = , 

tfla 

x mx*~ l 

feu 

I t Mlf 

Scholion. 

ioiiJ. Plnra dc huiusmodi aequationum transforma- 
rionibus traderc haud necelfe videtur, cum ex his fontibus 
haud diffieulter omnes transformationcs ad vfum idoucae dcri- 
vari queanr. Datur autem alia methodus prorfus fingularis hrj- 
iusmodi aeqnationum ditfcrentio - difFcrentialium integralia ex- 
primcndi, quae per formulas integrales binas.variabiles inuol- 
ventcs expeditur, dum altcra in integratione vt conftans trafta- 
tur. Ita fi P fuerit functio quaecunque binarum variabilium x 
et a, ac ponatur y =/P dx , confiderando u in integratione 
\t conllantem , integrale hoc fP 3 x erit funrtio ipfarum x 
et u, quod ita detcrminatum , vt euanefcat pofito jr = o , fi 
deinceps ftatuatur x = a , obtinebitur funflio ipfius u ipfi j 
aequalis , quae fi fatisfaciat aequationi cuipiam differentiali in- 
teraetj- propoiitae, haec aequatio refoluetur formula^^/P5jr, 

quae 
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qtiae vf ehts integrale fpectari poterit. Atquc hoc modo in- 
numctabilkim aeqimionum differeniio- difTerentinlium intcgralia 
exrnberi poflunt, quae aliis merhodii proifua lonactabilcs vi- 
derjtut. Quanquam autem formula /Pdx. i, u i quaocitate 
u \i conftame , actu integrari ncquit , tainen eitft integrate to 
tioc negotio pto cognito accipi potell, qnia eios Talor Taltcm 
pet approximationes aftgnjri poreft. Sdlieet dum fuir.ta x 
pro abfciffa , fi P denotet appiicatam orrhogonalem ci conue- 
nientem, formula fPdx exprimct aream eiusdem curuae ab- 
ciffae x inliftentem, ac pofito x ~ a, are» habetur determina- 
ta valori y ~. / P j) Jr , prouti cum modo definiuimus , aequa- 
lis , quae crgo , vri loqui Iblent , per quadraturas euruarum/ 
afiignari potelt, ex quo hacc integrandi ratio commode appel- 
latur conftructio per quadraturas. Hic autem imprimis ad eam 
rationem, qua integralia in particularia et completa diftlnxi- 
mus, attendi conucnicc; vndc follicitc efl cauendum , nc inte- 
gralia hoc modo inuenta pro complctis habeantur, nifi quate- 
nus binas conftantcs arbitrarias inuoluaut. Cum igitur etdem 
aequationi differentiali infinita imegralia particularia couueniant, 
mirandnm non eft , 11 hoc modo pro eadcm acquacione pro- 
pofica plura integralia diuerfa inueniamus. Hoc autem argu- 
mentum fcre prorfus eft nouum, neque a quoquam adhuc pcr- 
tractatnm, fiquidem nonnulla fpccimina, quae enuidem iam du- 
dum dedi , escipiantur; ex quo dubitare non Jicet, quin ifta 
methodus , fi diligentius excolatur, aliquando fone praeclara 
incremema in Analyfin fit aJlatura. 
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DE 

CONSTRVCTIONE AEQVATIONVM D1FFERENTIO » 
DIFFEREN TIALIVM PER QVADRATVRAS 
CVRVARVM. 



Froblema 



1017, 



129. 



l3i fborit y—fVdx, denotante V fundtioncm quamcunque 
binarum quantitatum x ec u , quarum autem haec u iu inte- 
grationc vt conflans fpedatur , poil integrationem vero ftatua- 
tur x — a, « y aequetttr fundiioni cuidam ipfius u; quodfi 
iam » variabilis fumatur, inueftigare valorcm ipfius ~2. 

Soiutio. 

Com fV^x exl:ibeat funelioncm quandam hinariim 
qoantitatum x et u , utius difTcteniialc (nir.ta 11 conftante e(l 
traiiemur , differer.- 



tialc aequationi» J| = /"V d x talt 
-4-Uda, nnae quia ell differcntiale 1 
(|i) = 0- At cum V nt runflio 
ponatur DV = Pi).r-i-Qt)M, eritquc 
( J _ci— Q. Htnc confiderita iterum 11 1 
~Q3*> et U = /"Q3r, in qoa integr 
riabili habetur. Qitocltca fi himc valoi 
tum fpefiemus , quippe' qucm rer qoadi 



liabebit fnrmam, djzVdx 
tble verum , nccciTc cft fit 
inftio data ipfarum j ct ti, 
ritque CJV) = Q, idcoquc 
am 11 vt conftanie, erit dU 
ir.tci;raiione fola x pro va- 
n f Q i) x vt cogni- 
uia> aH guare licet , 
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erit 3^ = Vdx-\-dufQdx. Quaerimus autcm id ipfius y 
diffcrcntialc , quod cx variabilitate ipiius u lantum nafcitur; 
quod cum fit dy = a ufQd x erit valor quaeiitus j^— /Qdtf, 
£ nempc poft integrationem itidcm ponatur X = a. 

Corollarium. i. 

ioia. Cum fit /V3.v fuuflio ipfcrum x et k, 
per intcgrationem autem fotmulae V3*, in qua u conftaus 
fpeiftatnr, fuuftio quaecimque ipfius U loco conftantis acccdere 
pofiit , funtfio y per fc erit indeterminata , determinabitur au- 
tem ftatim, atque integrale /V 3 x ita accipiatur, vt euanefcat 
pofito x = o. 

Corollarium 2. 

1019. Hac conditione obfcruata cuancfcct y poiito 
X — o, quicunquc valor altcri quantitati u tribuatur, erit ergo 
etiam y-\-au(t2) = o fafto x = o , ergo etiam (£2) = o. 
Vnde patet /Q3jr = i£ ita quoque accipi debcre , vt poiito 
x = o euancfcat. 

Corollarium 3. 

ioao. Cum y =/V a x erit (ip 

At fi ponatur (ii) = Z, erit quoque 

Quare fpeiftata u vt conftante , erit 

3Z = 3'iC|^), et Z=/3*(JJ) 

idcoque 



= V, hinc 



Co- 
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Corollarium 4. 

ieai. Quodfi ergo pofl; integrationes ita abfoluta», 
vt integralia euanefcant pofito x = o y ponatur x ~a , tam 
valorj— fVdx quam f£ =fd x erit funflio detei- 

minata ipfiuj u. 

CoroIIarium 5. 

1022. Similt modo vltciius progrediendo crit 

Quare fi L , M tt N denotent funftiones quascunque ipfiui 
», erit 

+ EL2 ■+■ = fd x fL (^J) - M C|i) -+-N V] 
totumque negotium huc rcdit, vt ilU formula integratioaem. 
sdmittat. 

Scholion. 

1033. Datis fcilicet ipllus u funftionibus L, M, N, 
qnaeri debet funclio V binarum variabilium x ct i; , ita vt 
fpcftata u conftante formula 

[L CV£) + M (£) + N V] 3 * 
juMbhite fiac integrabilis, cuius integrale , vt fit determinatum 
ita capiatur, vt potito x - o , eiiaiieCcat. Tum vcro flatuatur 
x —\a, ac fi iilud integrale etiam hoe cafu euanefcat, erit 

ilg>-t-2±2-i-lIj = o, 
hineque aequationl fatisfacit valor / =/V3*, lege iodlcati 
fumtus. Problema nutem, datis funclionibus L, M et N, in- 
veftigandi funclionem Y maxime eft indetetminatum , ncque 
methodis adhuc cognitis in genere rcfolui potclt; ex quo 
couueniet id inuerfo modo traftari , vt fumta functione V, al- 
terae L , M et N indagentur, Hinc aequationes differentio - 
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differentialcs confcquemur, quarum integralla hoe modo affig- 
nare valebimus , quae fi aliis methodi) traflari nequeant , In- 
figne lucrum fuppedttant. Quodfi integrale illud 

f[L (»?J) .-+■ M («) +NV]S* 
pofitajr^ra non euancfcat, fed datam ipfius u funflioncm U 
exhibeat, valor r—fVdx conueniet liuic aequationt 

h*»Z iLLZ -+- N y = U , 
quae cum infinitis modis in alias formas transmutari polfit, 
etiam harum integralia innotefceut , vbi fitnul hoc commode 
euenit, vt etiamfi integrale tantum paniculare obtineatur, inde 
tamcn plerumque integrale compietum haud difficttlter eolligi 

Problema 130. . 

1034- Inuenire acqnationes diffcrctftio - differentiales 
formae ti-ii + "+" ® y — u '' vt L » M ' N et U fint 
funfliones ipfius u, cuius elementum 3 u hic pro conftante ac- 
cipitur , quarum intcgralc opc confiruciionis pcr quadraturas 
exhibert poffit. 

Solutio. 

Sumatur funflio qiuiecunque binarum variabiliiim u et r, 
quae fit V, capiaturque integrale fVSx fpcflata quantitaic U 
Vt conltante, ita vt pofito jt — o , euanefcat , tum vero fiat 
x = a, denotante a quantitatem quamcunquc conllantem , vt 
iam fVdx exprmiat fumfuonem qimudam jpfius u taimim, cui 
quanritas y aequetur, vt ilt y ~f V 9 x. Cum iam fit 

Ll — fSx(^), et y^ = fdxC-£), 
his integralibus pariter ita fumtis, vt pofiro x — o euanefcant, 
tum vero ftatuatur x = a , quacranmr funfliones L, M, N- 
ipfius u, vt bacc formula 

Ft>I. II. G g fZx 
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S at abf iIiitc imegrabilis , einsqne integrale ita determinctur , 
vt pofito x = a, fiat id — U. Quod fi fucrit praeltitum , 
euitiens cft, aequationi differciitio-diffcreutiali 

fiitisfacere formulam aiTumtam y ~ /V 9 x. 

Corollarium i. 

1025. AfTumtio ergo fnndlionis V non penitus arbw 
tcio roho permittiiur, fed ad hoc potiffimum eft fpcttauduni, 
\t talis forma 

/3 * [L -+- M (£)-+- N V], 

per fe fiat integrabilis. 

Coroilarium 2. 
ioifi. Infinirne ergo hinc flaiim excludunttir formae 
ad lninc fcopum ineptae, cuiusmodi fuut VrzUl', exiflent-e 
U funftione ipfius u et P ipfius x tantumj quia tum foret 

^ — V/Pdx, ^2 = ^fVdx ct >-g = i>JfPBx, 
quippe quac idem intcgrale complcituntur, ita vt e* earum 
coaiunClione formula ablolute integiabilis confici nequeat. 

Exemplum i. 
1017. sn v = x' y <■* y — / *• 3 x y 

inttgrali cuanefcentt pofiie x = o, tum VtTO faclo x = a. 
Erit ergo 
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et !utegrabilis reddi deb« haec fnnr.ula 

X \uu+xx Sv^r*) V^"+xx)'^~xxj tt-xxJ* 

feu 

**** [Lxx+Mu(uu+xx)-*-H(uu+xxy]. 

(uu-t-xx}\((te-xx) 
Statnatur iuteeiale —- — , ^ (c C cuius differeutiale 

V(UU-^XX) 

cum fir 

(n-+- i > y" f f f — rrl fna-f- wr) — jr" + ' f atf+-.ry) — x" + ' ^cr — rr) ^ 
(H 0 * */ / (f * - X X) 

fcu 

■t» 3 x Cdw- +(»-+■ i ) e«*~C»w- 1 ) «ftLrjf-(n-i- i)r"> 
(tohw,>V(«-**)i — —uuxx \ 

cum qua fi ptopofita comparetur, fiet 

M»'-|-Nii* = (a-M)((M, ,. 

L-t-M»-+-aN««=:»ff — (n-t-a)ao et 

N = - (» 4- .). 
Hiuc elicitur 

Ms = (n + ')(cf+«»), fcu M — l " + ''' u " ! et 



L— — (n-+-i) (ec-+««) +j(b+i) ««-+-»(■£- (B+- 2) ««, 
fen L~ — c c ■ — u u. 
Quamobrem habcbimus 

(cc^mi)ddy (»+i) ( f ±^^ff u . I \ r — a %+, V f cc-aa\ 
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cui aequationi fatisfacit y — f x" 3 *■ j/ — -rrf-fi integratione ab- 
Ibluta vt eft indicatum. 

1 CoroIIarium i, 

i02g. Sumto crgo a — e, formula integralis 

pofito poft intcgrationem # = r , exhibcbit integraie huius ae- 
quationis 

a (ee+uu^ddj— (i-*-i) (ce-i-uu) dvdj>-t-(n-i-i)ujrdil' = o, 

feu 

3 3y — i- ± ij £2 » * + [^j^g — o. : _ ' '■' 

Corollarium 2. 

io2q. Si lit per integmtionem inttenitur 

fxdxy/ZJgJLS = i(te + UUj Ang. fin. "'7^;; i. ' 

— J / (f f U « -4- f C X X ~ U U X X — *■•), 

— J (t f + a «) Aag. lin. =4|jgg H- J e » f 

et polito x = c fit 

j = i (f f H- « *) -Ang. cof. -+- E f u , hincque 

y = iaAngi cof.|^ff et 

\*J = £ Ang. cof. — ^^^— , 

quae formulac cuidenter fatisfaciunt aequatioui 

Corollarium 3. 

1030. Hoc cafu integrale etiam hoc modo exprimi 

joteft 

(e c-h u u) Ang. fin. t - c " - ° ua + i f »» 

feu 
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feu cum eius multiplum quodiris aeque fatisfaciat 
y ~ (c f + « u) Ang. fm. -+• 2 etf, 

fatisfacit TCro etiam j^ft+m, Tndc intcgrale complc- 
tum e(l 

y — a(ec-t-uu) Ang. fin ""„j -+■ 2 <" »-t-(3 (cc-i-uu). 

Scholion. 

1031. Quod Talor. f — (f + »« fatisfaciat, ex inte- 
grali inuentb coucludere licet, quia eiiim Ang. lin. — Lli_ eft 
funitio multiptex et termino 2 tt augeri poteil, inregrale ip- 
iium angeri poteft lermino iit(cf + iiu). At in generc diF- 
ferentia binorum inregralium quoquc fatisfacit, ergo eriam fa- 
tisfaccre debct y — ^-K(cc-t-uu) er generatim y — p (cc-t-uu). 
Ex hoc cafu facilius perfpicitur, quomodo vaior aflumtus ire- 
quationi generali latisfaciar, etiamfi is pcr integrarionem euolui 
nequeat. Patct antem n-t-r e(Te debere numerum pofitiuum , 
quia alioquin conditto iutegralis, vt pofito x — o cuanefcat , 
implcri uequit. 

Exemplum 2. 

1039. Sumatur 
V = *>— (uu + xxT (cc — xx)', erit 

(>™) = z ll .x'-'(cc-xx)'[(uu-i-xx)*--->-i( i i~i)uu(uu-i-xxy i -'] 
feu =afij( B-, (cf —xx)" (uu-t-xxf-' [(2 fj-—i) uu-hxx]. 

Integrabilis igitur reddi dcbet abfolute hacc formula 
fx*-'dx(ec-xx)'(uu + xxy-> X 

(2|t[(a(t- t)uu-t-xx]L-i-iii.u(uu-hxx)'M-+-(uu-t-xx)'N) 

feu 

G g 3 /■*-* 
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/ 2 u.( 2 ji~ i )Lb«+- tpXxx -i-N* 4 v 
/^-'dxfye-* axyCw+KK^-^J-t-apMu 3 +-2fjJVf«jr.r {. 

(+- N u* -+• zfiuux x ) 

StatUatur integrale Jr" (« u -+■ x x'/-~' (cc — * Jr) ,+I , cuius diffc- 
rentijle cum fit 

*— ' 3 x (« u +- x xf ~ 1 (cc - x xy X 
[n (uu-t-jrjr) (ff— xjr)-t-a(fi—i Jrjr(«—jr jr)~- a (>--+- i)JfArfw-*-r Jr)], 
erit 

2u.(ijj. — i) L«« +- 2fj.Mu*+- Nh« = nccuu t 
ifj.L-*-3(j.M«-(-2Nuw — nrr — nuu+-2(fj.— i)rc- a(y-t-i)HH, 
N_ 2(fj. — i) — 2(>'+-i) — — n — ijj. — ae. 
At prima 

2fi(afj. — i)L + s |iMa+Na» = Sff 

aemta fecunda dat 

+ u.(fj.— i)L— N««_(n-i-:ii'+-a)»H— 3(|j.— i)rf, feu 
+ fj.(fj.-i)L = -2(;j.-i)(«u+-f C ), hinc L = =li=Z±, 

qui valor in prima fuftirutus dat 

— (Sf^— l)(ftf+-«u)-l-2fJ.Mf/ — (fl+-ifj.+-2y)«« — Bfr, 

feu 

a (i M « =(b + 2 i) f f 4-(b-i-4 a c — i) h«. 

Ergo 

M = ^f.;--*--. "1 -f- __! «. 
Si i o, fuperius integrale euancfcit poiito x~o, quare li 
ponamus x — a, orietur haec aenuario 

'L%+ i ^iy )j ZlZi a a + uuT-\c e -a a y + \ 
cuius Integrale eft 

y = f x K ~' D x (u u -h x xf (c c — x x)\ 
integrali hoc ita fumto vt cuanefcat pofito x = o, tum vcro 
polito x = a. 

Corol- 
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Corollarium i. 

1033. Si capiatnr a~c, vt poftrema psrs .fiat =; q, 
fiquidem exponens v -\- 1 fit nihilo maior, formula ' 

y — f x A ~ ' d x (tt u -+- X x) 1 ^ (c C — — X JT)" 
pofito x~:c, poft integrationem ita peraflam vt calii x — o 
fiat j — o, crit imcgralc huius acquationis 
*(ft'^-«H)33>'— (n-t- 2 jj.— i)(f c-t-uu) 3 jv3r— a(fj. -t-^u u D«3j r 
-1- 2 /j. (n -t- 2 u. -f- 2 f) « y d u' — o. 

, - Corolkrium 2. 

1C34- W-t- *|t— 1 = ct, ct B -1- 4-jjl -f- 2f — ».= (3, 
fiet 2fj. — a-*-i — n et a + i — « — 2 a — 2-1-2» — (3 — i-t-(j-2«, 
et aequationis 

tt{rw-Bu)39j— (afc-t-pau)3tt3r-*-(a-i-i— ((3— n+ n)ujdu'-o 
integrale erit 

pofito * = f , fi modo £t «>o et (3 — i + n>i«. 

Scholion. 

1-035. Hnec coLiftru&to latidime ad hanc aequationem 

patet 

xx(a-h&x n )ddtt-t-x(c-t-cx n )dxde-i- (f+gx")zdy' — 0, 
f rimo enim hic finc detrimentn amplitndinis fumi potcfl n = n, 
ponendo x* ~ uu. Tum veio vti fupra §. 997, \idimus, po- 
tiendo 

aeqnati 1 abit in hanc 

xx(a+bx")ddy-t-x [ia-V-t-Mb-*-(zi— e-t-tnb-t-zbb)x n ] dxilj 
-t-[f-t-ab-cb+abh+(g+(b-e->-nb-t-bh)(a-t-h))x 1 ']}dx'— o, 
lbi 
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rbi 5 b ita aecipiitur , vr fic a b h -+- (a — r) b-\- f — o, pro- 
dit aequatio formne, cuius conftruclionem dedimus. In cafi- 
bus autcm fpeciaiibus diffkultates occntrcre poifunt, quibus 
fuperandis fequentia exemph infcruiunt. 

Exemplum 3. 
io 3 <f. Sit V = <■"*•(<■ — *)*, erit 
($$ = nr"x*+'(c- X y ec C^) = «»<"'*' + 'f/-*]r. 
IntegrabNem ergo reddi oportet hanc formulam 

e n " * x* d x (c — xy (m mLjrx + mMx-l-N), 
euius integr.ile ponatur = e"" 11 x'" 1 " (c — jr)* -1- * , cuioa prop- 
teiea differentiale illi formulae aequari debcc: quod cum lit 
dx (c-xy [mux (c-x) -f (»+ 1) (f-*) - C'+ l)*], 

crit 

N=(»-*-i)e, mM= WfB-Cn-t-v-j-a), mmL=-mu. 
Statuatur nunc x = a, ec formula 

j=fr"x*dx(c- x y 

erit integrale huius aequacionis 

Hic poni potert m — i , ac fumto e = o, acquationis 

uday — aududj (n-t-v-i-z') dudj — (n-t-i) aydtf = o, 
integrale eft — f e"' x" 3 jr (a — jr)", pofito poft iLitcgratio- 
nem x = o, dum fic v -+- 1 >» o, ec «-(- i > o, vt integrale 
cuanefcens rcddi poflit pofico x — o. 

Corollarium r. 

1037. Si hic ponatur j — erit 
«9a-f-f/E3du — ens5tn- (n-f-e-t-a) sdH — (n-t-i)<i3//ro, 
cuiut 
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cufus inregrale eft 

— dr —■ C^l!^ll*S—z*y ■ 

*~j'bu~' fe**x*dx{a — xf-' - ,-■'■■'-■■-/'■ 
Ula aequfltio autem polito a = J a -f- , traD*miitatur !tv Iianc 
udv uvvdu -+- (»-f-v-t-3)i.'9w — ',aaudu~- v^a 3ar o, 
quae ponendo v = «-»-•-• s abit in hanc ■■ ■■■■■■ ... w ^'.-i 
«-«->-< Sj-^u-'"- 1 '- 3 sidu— \aaudu— J(s— y)3t>B_:o. 

Conollarium a. -■ 

1038. Sit porro ., 

n— — — du=zdt feu «-»-• -' = — (* +-r+i).(, w 

*t fiat „ ...^ 

3i- t -/ J 9i-i 0 au"+ , * + -3/ - i(»-f)a" + ' ,+, 3l = o > 

quae ergo acquatio etiam conitrui poteft. Vcl fit ": 
— (n -}- •'-+- 1) f = r, erit 

-k _r__5l_!___- o, 

quae pofito J = — (n — f- r f -J— 1 ) ^ abit in 

„ f ."^.'3 r -, [M , -"7;' V 
a? + ?? 5r ; - 0( 

hicquc eft 

B = r + ,-^, et a — j fl _( ff - hv - 1 - I ) r ''+-+.. ? . 

Scbolion. 

.1039. Cum aequationis difFerentio - differenrinii* 

i*z — a dj>+ f *+ y"^ — i» t »■ == o , ■ 

Ttf/. i/. H h inte- 
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ititegrale fit y =/_" V 3 * (a — _■)' , videamus , quomodo 
haec ipfa aequatio in dias formas traosfundi pollit. Sit pri- 
mo b __:_.*, ideoque 3 u = a X t*" - ' 3 ;, vnde fit 

. _jjL- _.ft->-«3»._ X— Ov»»- „ . 

fnmatui iam elementum 9; conflans, eritque 

. . _____Ofo_,,a;_. (.i+v^^dy XCn+i)aj-3t 

_Xi*-'d, «M x 7 ai* J = ° 

feu 

cuius integrale eft 

.7 =/,"'* »-3 »(.-»)-. 
Ponatur porro 

i-' — P d f -f. , vt fit s = e--" al ^, erir 

Ad tcrminos clcmento 3z adfeclos tolJendos flatuatw 

P = i <x X o (*-' — L-_±_^t_____j , 
fctqiie ac prodibit haec aequatio 

«uius propterea integrale eft 

_ _ - J - « I y ( _ , ^ _ _ ^ __ ^ 

Quodfi ergo iit v = », X > (a » -f- i)* _ i = 0 , feu 

X = rr^_i et - = __£ = _-a(a »-(_,;, 
labebitur haec aequatio 

33; 
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3 8* — aaz — fl 3 ( " — o , 

cuius integrale eft . . 

Vel huius aequatioois 

intcgrale eft > 

x — ~ T ,X « /fX ,X jr± A ~ 1 3 * (« - .7 - * . 
v-nde occafionem arripimus huiusmodi integrationes gencraliys 
inueftigandi. 

Exemplum 4. 
1040. Si fint P tt Qfunftiones quaeeunque ipfius u, tt 

capiatur 

■3 — *— * 3 x (a — xy-\, 

pofito fcilicti poft imegrationem x~ o , trit bic valor ipfius j 
integrale euiuipiam aequaHonis differentia - difftrtntialis 

quat quaeritur. 

Ad calculum contrahendum ponamus 3 P — F' 3 u et 
3 P' = P" 3 » , item 3 Q = Q' d u et 3 Q' = Q" 3 «. Hinc 

}{=*7Wj^-' 3jt (tf— jry-^P QK/j*«jc» et 
igg—yjWx*-' dx(e-xy—-i-iF'<XfeQ. I x*dx(a-xy- ' 
h-P (Z'feH-*x*dx (*-*>! iXW&-*x***dx(a~xy- x 
Hh 2 vods 
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Ynde colligitur 

/ffi- I J r n -'a^( a -^'- , jLP"- + - 2 LP'Q'r+LPQ // ^LPQ'Q / r*? 

j+MPVMPQ^+NP ■ ■ ( 

quod integrale ftatuatur = x" (a — x)\ ita Tt euaneCcat po- 
liro x~a, dum fit f>o, Tti etiarn eaanefcit cafu x = o & 
modo n > o. Cum igitur huius formulae differeritiale fic 
■ a*(«-»)— [Q,(«_»)-Mi«-(.-».<).r], 
eius compatatio cum focma inuenca pcaebec 

aLF'Q'-|-LPQ"-t-MP Q' = a Q- (» + *), «*. 
LPQQ' = -Q, ec 5 o L = ^=|„ hinc 

ficquc aequatio ditTercntio - differcntialis erit cognita. 

CbroIIarium r, 

io+i. Si Telimus Tt fit M — o, erit 

.Q-(.-t-o+s^ ! -+ ii=°. 

^uafl per 2-'^ multiplicata abit in hauc 

cuius integtale elt 

^J12 = Cooit. £ne 
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gavvt sr. 
Corollarium 2. 

1042. Sit Q— atta*, erit Q'=i«Xii v -', et 

p,= c , < -" ^ to ^;" + ; ) hinc 

L = — _L_e a J , et j 

N — SJ!-4- ffi ) ateft ■' ■ '"' ' 

q _ ""^ " , et ob 
3 Q 2aXX3a 

^ _ — g X g i^- 1 du-j- ___l^i_l±J . L?, er iE 
^=-«XCX-'i)fl« x -'3a'- x !_!i^__ .^-4-aaX?«iau ,x -*3i<" 

-«ViX(«H.K-.l)+l]" IM-.-.-.l-_ 

feu 

3 -|? r it-AaaB' x -'5u'--A(ir+i-)fla x - '3«' -p>- x 1,1 ±2 - _— ! . 2£ , 
hinc ;• 

Ba +A .^— r a flga x +;( n -K)g+ vv ';7;-' I '-' a-S et . 

M _ <a « a x ( ( -"- t -;- 1 -*7' j fl wCi(i^-^ *' ; ^7 h '.i'-' ir*]. 
Corollarium 3. 

1043, Hinc erit 

»=:_a a XXa x — [{aflflu x - l -i(«-0o-^'- : ' , "^7," , ~'"- > ], 
ct huius aequationis 

j[aaXXefl«' x - , +aXX(fl-v)aa i - , Hi.__±^__J] 
iotegrale cft 1 
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Ponamus ct — £ , 

H»—*y=f> "=»-■{■* « "■■^-"■-■ = =ft 

Tcde fit 

n — C±Ji±Xii=t *i et e =5 • z£±2lZ*£±*S1 
et huius aecjuationis 

3 9^ =j>dit(a<i* x —-i-aftfi- l + gtr t y 
integrale elt 

/=»r B « ; — /ex u * -tx a»(#^ — nr^. 
Corollarium 4. 

1044. Si ponamus a = , 
' >. (t — y) z=z —f, et 'i > " + 7"'-' = g erit 



Tnde huius aequaiionis, quac cum praeeedenre conuenit, 

■ d d y =y 3 «" ( a a a' * - ' a/ + g if~ ') 
integrale erit 



tbi neceiTe ell Ct «>o ec »>o, 

Exemplum 5. ■ ■ ■ 

1045. Si ponamusy=fdx(.aa—xxy — 'ctf.a.u*x, 
pefiio poft integrationem x — a , vt y aequetur certae Junttieni 
ipftus u, inuenire aequalionem dijferentio - dijfereniialem, etti ea fa- 
tisfadat. ' 

Cum 
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Cum fit " ■'- 

— — aX^—'fxdx(aa-— xxy~ 'kia 1 !, ct 

Hinc erit t|£z -4-£^+-Nj = 

Fingatur . integrnle = (aa — x x)" fin. a s* * , quod euanefcit 
pofito tam jf = o quam x = a , reperiturque comparatione. 
inflttuta 

■ L = ^*"*"' M _ aX--X^i ir x + , - N==aggl|| x 

Quare huius aequationis 

■+■ O >• " - * + 0 -*■ « « X * "1 «* x " V = ° 
integrale eft 

y~fbx(aa — x *)*" " cof. a ti**. 

Corollarium r. 
ic+ff. Si ergo fit y _ i^! et arj;, huin» aeqtu- 

tionti 

|i?-r-flja ,) >— > = o 
integrale eft 

j~fdx(aa — * xf~ cof. \ u x x i 
fi quidem poft integtationem flatuatur x = a , integtali ic* 
fumto vt euanefcat pofito jr _ o. 

Corollarium 2. 
1047. Si igitur fit zi > . ; z-' — i numero lntegro , feu . 
>. = 1 huius aequationis 
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d df-i~a a u ■-•-<- Cy 3n' = o 

jntegrale cft 
■ ■ " y=fdx(aa — x x)' cof. £ u x x 

quod reuera exhiberi poteft. Fiodeuot fciiieet cafus integra- 
' biles fupra indicati. 

Scholion. 

1048. Cum pofuerimus,/ =fV 9 cxiftente V funclio- 
ne quacunque ipfarum u et x, quarum autem in hac integta- 
tione fola X vt vartabilis traflatur , non opus eft abfolutc in- 
tegrale ita determinari, vr euanefcat pofito * — o, ied fiiftkit 
Vt ccrto quodam cafu x = i euanefcat, quo fafto C porro 
ponatur x~a, vt j aequetur fnnflioni cuipiam ipfius a, quam 
per quadraturas aflignarc licct , quandoquidem hic integratio- 
nem formularum fimplicium nobis concedi iure poftuhmus. 
Atque hic valor ipiius y per u exprelfus inregrale exhibet cu- 
iusdam aequationis differentio - liifferentialis 

Lddy-t-Mdudj>-i-t*rdt>*=:\Jdu\ 
vbi autem necefle eft, vt haee foroiula 

fdx [L ( 3 -j?) ■+■ M + NV] 
integrari adiu polTit , quod integrale Itidetn ita eft capiendum , 
. Tt euanefcat poiito x = b , tum vero poCto x—a, id fiat 
== U. 

Problema rji. 

1049. Si fucrint P « Q funftiones ipfim x , tt K 
functio ipfius u, ac ponatur 

j-/P3*(K-i-Q)*, 
integrali ita fumto vt euanefcat cafu x = b, tum vero flatua- 
tur x ^za, vt pro y prodeat funflio ipfius k, inuenirc aequa- 

lio- 
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tionem differentio - differentlalem Imer y et », cui Hle valor 
ipfius y fatisfaciat. 

Solutio. 

Sit dK = K'du ct 3K' — K"3a, ct ob 
^/(K+QJ-Pd*, crit |2=/»K / (KH-Q)"-'P3r, 
ac denuo ditferentiando 

—f[nK" (K-t- Q)' -1 n (n—i) K'K' (K-t-Q)"-*] Vdx t 
Vnde fi L, M, N denotcnt fiinfliones ipfius u, erit hacc ex- 
preffio i£iZ + + N.? =./ P d * (K Q) m — X 

[NcK-f-Q^+nMKVK+Q^ + Bl.K^CK+Q^+BCn-iJLK^KI 
_, H n ,,_,jNKK+nMKK'+»lKK"+»('ii-i)LK'K'l 
_ / i ojr(,ii-n^; j + 2 N K Q-mMK^Q+n L K"Q+ N QQ J' 

quae cum debeat elTe integrabilis, flatuatur integrale 

_ R l,K + Q)"— + Conft. 
ita vt euanefcat pofito vt ante x — />, vbi R fit functio ipfius 
jr tautum. Cuitis formae differentiale quia eft 

(K + Q)"— [K 3 R + Q 3 R + (» — j) R d Q], 
opoitct fit 

[NK K -4- »M K K' -+■ n L K K" + « (»— 1) LK'K'] P9 x 
+ (2 N K + n M K'f »LK") P Q_dx -+- N P QQ3* 
= KdR + Q3R + (H — 1) R 3 Q. 
Hic er^o duplicis generis tcrmini adeffe debent, alii ab B 
plane liberi, alii ^cro funflione K .affctfti, quos deinceps fe- 
ocftm acquari conueniet. Hunc in finem ponamus 

NKK+hMKK'+»LKK"+»(5-i)LK'K'=A+kK, 
2 N K+sMK' + sLK'=B + pK, et 
N = C + yK. 
Vol. II. I i Ex 



V 

4S o CA-PVT X. 

Ex binis prioribus elidendo M colligitur 

— N K K * « (» -i) L K'K'— A -+■ «K-B K— p K K, 
Tnde ob Hr:C+yK, concluditur 

L A-M" — H1 K — I ji — II. K-7X' ^ 

hincquc 

m = i-*- e * .!£■- ^ , 

ita vt ex funftione K litterae L, M ct N, dererminantitr, tfnm 
A, «, B, (3, C, y cnnfUntes quascunuue denount. Nunc 
autem fupereft vt effici_tur 

<A -t- b K) P 3 x -t- (B -+- p K) P Q 3 * -t- (C -t- y K) PQQ 9 j 

_=K3R-i-Q3RH-(a — j)RSQ, 
Tnde dupltcis generis terminos feorfim oequando, fit 

P 3 * ( A -+- B Q -t- C Q Q ) — Q 3 R -V- (o — , s) R 3 

P3*( a -i-|3Q-.-yQQ)=:9R, 
ideoque 

£;!7/;t7^ =QH-' '*~J^ Je '* f eu 

Jj^-M^Q,— A-fc.,H-, ia -+lC -j3>Cq-ry 

in »+0a.-t-7ii.«. » "S" 

sr — i--i'je.i-4 - sirj 

__ A-t-lJI — _(_,-r- C-pi(j_Q_— V__* 

-VDde ex fun-tioiie Q fnnflio R definirur: tum Tcro erit 

Abeat iam integrolc illud R (K -+- Q/ - ' -+- Co D ft. in funflio- 
nem U, pofito x =za, ac valor initio afrumtus 

y= (*-*)RdQ(K* -Ql . 

A-f-(B — _)Q-t-(C — &QQ-yQ'* 
Crit intcgrole huius aequationis difFcrentio- drffcreotiaiis 

Coxo!- 
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CafoRarium i. 

1050- Cum pro Q funclio quaecunque ipfius x acci- 
p"i pnflit, nihil impedit, quo minus fnmamus Q_=x. Tum 
fgitur quaeri oportet R ex hac aequatione 



1, fl^[B— ^Jx-^lC-PJii-Yi' 1 

eritque pro K. fundione quacunque ipfius a affumta 
,= (»-!)/. 



|ir qtny, integrali ita fumto vt pofito x~b euanefcat, dein- 
ceps ftatui debet x — a. 

1 Corollarium 2. 

loji. Ex funfiione autem K aequatio diffcrentio - 
cUfferentialis ita fnrmatur, vc fit 

L — 3 «% 

M-.l-l.C-SlK-.-yM a u _Lji|, eC N =C-h V K.. 

Peinde ■in cxprcffonc R (K -I- x'j*~ ' -f- Coni!. ita conftituta , 
Yt poGro x = b euanefcar, ponatur x~za, et funiaio ipfms 
« inde reiultans vocetur U, eritque acquatio differentio-diffe- 
rentiaiis 

L d -+■ M 3 « 3j- -f- Nj 9 «' — U 3 a*. 

Coroliarium 3. 

1052. Si cspreffo R (K -f- jr)" - 1 -i- Conft. ita fit 
comparata, vt vtroquc calu x =: t> et = o euanefcar, fen 
potins hi termini intetjrationis jta conilituantur, vt hoc eue- 
niat, forinula pro y affumta latisfticiet huic aequationi 

Lddf + Mdudj-i-Nydu*-z o, 
quae Ci dcinceps in alias formas cransmutetur, earum quoque 
integcalia affignaii potcnmt. 

li a Fio- 
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■■ Problemaj {) ^32. 

1053. Si fiierint P, Q fimctioncs ipGuj at K faa- 
flio ipfius u, ac potiiitur y= fe K &Pdx, imegrali ita fumto 
vt euanefcat cafu * — i, tum veto pnnatur x = a t ct y, ae- 
" ~us u, quae fathfaciec cuipiam aequationi 
\ quam inuenirc opoctct. 

Solutio. 

Cum y—fe^Z-Vdx, erit 
i?=/y°-K'PQ3x, ct ^=/^ N 2.P^x(K' ; 'Q-^-K•'K'QQ), , 
vnde fit 

^,?-t--7/-+-Nj=/c ,t !ipa J :(N+MK / Q-i-LK' / Q+LK'K-'QQ), 
cuius intejralc flatuatur * K 2-R -<- Conft. quae expreflio euaucs- 
cat pofito x~b, fierique oportet 

3R-f-KR3Q=:P3.<-[N-KMK'-)-LK")Q-<-LK'K / QQJ, 
et ob rationes ante allegatas faciamus 

. LR'K'=A* B KfMK'+LK''==B-+-f3K, nz=c+yk; 
eritque 

atqite obtinebimus has acquationcs 

3R~P3^(C+BQ+AQQ), 
R9Q=P3ar(y + pQ*aQQ), 
,Tude colligitur 

inuentaquc fimCtione R, erit 
, ' P?y— " 3 » , 
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Si iam expreflio ^&R -+- Conft. pofito x — a abeat iu fun- 
dionem U, aequario differentio - differentialis, cui hoc inie- 
graU conuenit, erit 

CoroIlariLim t. 

I05+, Hie pro Q fcribcre licet * vt ante, vnde fit 
»r — ^f- n.+. ^i e[ r - f e it» , »i» . 
, k 7+[»i-t-.** ' "•/-./* 
ct U ori;ur ex fbrma f H * R -+- Conft. pofito x=a. Valor 
autem ipllus R, pro ratioue coefficientium a, (3, y varia* 
fannas induere poteil. 

Corollarium 2. 

ioss. Pro K autem quaecunque funclio ipfius u ac- 
cipi poteft, a cuius iudole aequaiio differentio - diffcrentiali» 
pendet. Erit autem 

" " tt~*±pdu— i>- + *™<->*K , tt H=C+yK, 
Vnde aequatio differeutio - differentialis cft 

Corolkrium 

losfi. Cum liic etiam u cx calcnlo excedat, pcrinde 

eft cuiusmodi funf.io eius pro K alTumatur, quin etiam irne 

detrimento amplitudinis poni potcft K = «, dummodo ratio 
elementi, quod conftans aflumitur, habeatur. 

Scholion 1. 

1057. St ergo fumatur K~u, atque elementum 9» 
fumatur couflans, Tt fiat di!K=o, hinc illa aequatio cnn- 
Ii 3 llrut 
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ftrui potcft 

^,,»^»^», ,;^,,,),-,,, 

exiflenTc U ciusmodi funftionc ipfius tf, quarn defcrrpfirmi^ 
Simili autem modo ex praecedente problemate conftrui poteflt 
haec aequatio 

[A-CB-«)«+CC-[3)HU-^a 5 ]^--t-(:B-i)[B-C2C--p)a-2Ya«]^ 

- + — (C + y«)^ = U, 
quae aeque latc patcre eft cenfendn, ac fi funilionerri qnam- 
cuuque ipfius u loco K fcripfifremus. Hinc enim loco u fcri- 
bendo functionem quamcunque ipfius f, ac di pro conftunte 
fumendo, omnes illac formae deriuari poflunt. Ex quo haec 
acqujitio muko latius patet ilia, quum fupra in genere per 
feries infinicas refoluimus. Plcrumque autem hac acquationcs 
ita funt comparatae, vt earum integratio aliis metliodis expe- 
dtti haud pottit, qupcirca liaec merhodus omnino digna vidc- 
tur, ad quam vlterius excolendam Geomecrae omnes vires in- 
tendant. 

Scholion 2. 

1053. In inucftigatione huiusmodi conflruetionum iti 
fum verfatus, vt primo quafi per conicfturam formulam quan- 
dam diffcrcntialem f V d x — y , in qua V crat certa fnnflio 
ipfarum u et x, vbi autem u vt conitaus fpcftabatur, affum- 
feram, indeque dato ipfi x valore triburo pcrtigerim ad ac- 
quationem differenrio-difFerentialem inter u et y, cui formula 
Hln aflumta farisfacerct. Hic autcm oblciuandum cft illam lor- 
mulam inregralem non prorfus ab arbitrio noftro pendere, fed 
certa quadam indolc pracditam effe debcrc, vt cuolutione fa- 
cta rcs perducatur ad aequarionem differenrialem fecnndi gra- 
dus. Quamdiu antom hanc cleifrionem (bli conieflurae per- 
mittimus, perpaucae huiusniodi formuJae menti fe offerunt , 

quae 
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qune ad 'copum propofitum perducunt: multoque minus fpe- 
r.ire licet, vt hoc modo vnqi:;im ad datam aeqnationem dif- 
ferentio - differentialem pcrueniamus, cafuique potillimum tri- 
buendac vidcntur confttuiftiones, quas hic tradidimus. Cum 
igi ur longi !ime adhuc limus retnori a foluiionc problematis , 
quo propofitii quadnm aequarionc diffcrentio-difFercntiaii quae- 
ritur formula illa cius inte',rationcm fuppeditans, quod pro- 
blcma, an vnqiiam folutionem lit naclurum, admodum inccr- 
tum vtdetur; eo mayis opera cfl adhibenda, Tt faitem pro 
cafibus particnlaribus inueftignrioncni formulae integrantis cx 
indole aequationis propolitae deriuare conemur, ficoue quo- 
dam modo viam ad folutioncm dircfiim paremus. Ad hoc 
autem fcrics infiniiae, p- r quas hniusmodi nequationes fupra 
refoluere Jocuimus, vtiliter adhibcri potTunt; vnde in fequenti 
(apite meihodum exponam ex feric infinita folutionem cuius- 
jii.nn aequationis dirfcrcntio-dificrcntialis continente, formulara, 
iilam integralem inueftigandi. 



CA. 
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CONSTRVCTIONE AEQVATIOttVM DTFFERENTTO- 
DIFFERENTIALIVM EX EAKVM RESOLVTIONE 
PER SERIES 1NFINITAS PETITA. 

Problema 133. 

i°SP- 

l-^ropofita fcrie infinita 

A + Bj + Cj'+ . . . . ■+- M j 1 -' +Ni'+ ctc." 
in qna fit B — ^+t^ A, C = ^-±*B, D — C , et in 
genere ' N — M , eiiii fummam pcr formuhm inte- 

gralem exprimere. 

Solutio. 

Ponatur fitmma quacfita — ~, ira vt lit 

- = A + Bj + CZ + D/h +-Mj f -'-i-Nj'-H- ctc; 

eritquc differemiando 

^ = oAh-iB/-i-2Cj'-i-3Dj 1 -*-... .-*-(/— i)Mj'-'-(-iNj'-+etc; 
ex cnius combinatione cum praecedente oritur 

=* ; » -j- b z — b A -+ (m - h) B 1 ( i m - b) C j' -t- . . . .' 

-+- [ (i - i ) m -+■ A] M j 1 ' - ' -+ (i * -1- A ) N *' -+■ etc. 
Deinde vero ciiatn fimili modo elt 

^ + i s = iA+C n +-ijBj-+Czn + i)Cf , + . . .: 
-+. l(i — 1) n ■*■ *] M j' _[ ■+- (# » -H t; N j' ete. 
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ergo ob 

C»+t)B=AA, C2«+i)C = («-+-5)B,etc. erit 
'±~^kz=.kA-*-bl! l is-*-(m-*-b)'Qs'-i-(2.m-t-h)Cs'-*- etc. 
Tnde manifefto conficitur J 

■£i_-+-_* = ifcA-f-~-£i*-r-*/*, feu 
j3s («~MJ) + »3j(i — *j) = i A3j 

hoc eft 

ds~h *^ = ; *M| t| . 

Cum nunc Jjt 



aequaiio ifta integrabllis fit multiplicata pcr 
jTfn — u) E~ , proditque 

c»—«/) -» j"»"2_At/i"" "aif-— »/) »» f , 

quod integrale ita capi oportet, Tt pofito j = o fiat _ = A, 
quo obferuato habebiir ius 

_JL -»-»» *_, ___*_! 

z=Aks *(st-eis) /j* DjC»— mj) »" 

Corollarium i. 

loffo. Peculiari folutione eget cafus m=o, quo fit 
dz-+- -? li±=_ J __ , 

quae per j"»"* - i ~" multiplicata praebet 

rs-jv* — !!/ — ,t— >a, 

ideoque 

If. K k s = 
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integrali ita fumto, vt fiat z = A pofito s = o. 

Corollarium 2. 

jo6i. Cafus etiam tt = o feorfim refolui debet , ae- 
quatio enim 

multiplicari debet per j»#"«r , et inuenitur integraie 

± ± b_ 

»»^"2 = — j*> 3 j, 



9j. 

Corollarium 3. 

ioffa. Si fuerit ei « = o«t»=o, ob Nr^-jj-Mj 
ferles noftra erit geomctrica, aequatio vero noiira erit 

z 9 j (£ — bs)~Akds feu z = 
vti natura rei manifefto poftulaC 

Scholion. 

to6$. Imprimis hic cafus notari mcretur, quo efti=o, 
et fumma % fine figno integrali exprimi potefti crit namque 

(n — mj)»S = Conft. 

et quia fi j = o, fieri debcCszA, erit Conft. = A ideoque 

X = A «» (n — m feu z = A (^-2—)=", 
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Yel etiam 

« = A(i-H~T. 
At vero integratio ctiam fuccedit eafii quo t = «, erit cnhn 

(b — ms)^~ z sz = Anfds(n — m s~y^ ~ 2 , 
* — i 

quod inregrale cft = Conft. — A - ^"J^" ' » cc 1 uia pofito 

/ = o, fit z — A , erit o — Conlt. — • " ~t hincqne 

Potro perrpicuum eft, iutegtaeionem eipediri pofie cafu bi», 
quo cum fit 

(«— fn *sss = sAnfsds(n — 3 , 

erit hoc integrale 

— Conft.— i^i(n— tns)™~ a +£±Z-fis(n— wj)" - 4 vel 

Tbi CoBfc = (&-JiVl aW ) ' idcoque 

fimiliquc modo ctiam integratio eafibus i = 3 n, £ = 4 11 ctc. 
abibluetur. 

Froblema 134. 

Propofita huiusmodi feric infinita 
ASiH-B» U ^CC«'-t-D£l«'-*- .... -t-MWlu'-* -t-RNirVetc. 

Kt 1 coeffi- 
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coefficientium lege exlfteBte 

B_=^±*A, C=i=±»B, D=*£±JC.... N=U=±l£t!M, v 
eius fummam per formuL.m integralcm exprimere. 

Solutio. 

Pofita fummi 

,y__Aai+BS_.«+C_!.'+D<Dti'+Ee«*+ ete. 
eonfiderctur feries hoc modo formata 

a=A+B«*-i-C«' x'+D«' jr'+Et[* „*+ ete. 
cuius fumma polito u x — s eft , vr modo inuenimus 

___ . mk — nb I, . 

z=Aij « ( B _ «;) «• /j» Zs{n—ms) «■« , 
integrali ica determiuato , vt pofito / = o fiat a = A. " ' 
Formetur huiusmodi formuls; integralis 

V=/Ps_»*=/P3*(A+B«*+CuV+D«V+etcO 
in qua « fpefleiur vt conftaus, pro P autem eiusmodi funfiio 
ipiius x accipiatur, vt fiat 

fPxdx-^/Phx, fPx'dx=-*fPxdx, fPx'dx=-ffPx'Bx,ete. 
poftquam fcilicet in his integralibus data lege fumtis variabili 
x datus quidem valor fuerit tributus. __J_fu.n igitur hinc fit 

fPxdx=%-fPdx, fPx'dx=-ZfPdx, fPx'dx=^fPdx, etc 
crit 

V = ( A + <yS « + «' + ^ «' + ctcO/P 3 
vnde patct fore 

Quare cum valor ipfius z fit cognitus , tantuni fupereft , vt 
fuuciio P ipfius x condi.ionibus jnemoratis pracdita inuefUge- 

tur. 
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tnr. In genere antem efle oportet 

/Px<dx = £fP **- • d x = "-yzf V P Jr*-' 3 x , 
quae aequalitas cum fufficiat, Tt tantum certo quodam cafu , 
quo ipfi * datus tribuitur yalor, fubGflat, ponamus in gcnere 
efle 

Cir-i4yt*d*=t0— i)H--(->lI/Pjr , - , 9*-l-*'Qi 
iti Tt pro terminis integralibus lit Q_—o. Dificrenfiando er- 
go habebimus 

(.V+^Pya* — Ci>-( Ji -»-tOP*'- , 3r- f -*'3Q- ( -iy— Q9x, 
feu per jr 1 — 1 diuidendo 

(iv-t-t)Pxdx=(ifL— ^-t-i^FBx+xBQ^lQix t 
quae aequalitas cum pro omnibus raioribus ipfius i aequo 
fubfiftere dcbeat, hinc duas adipifcimur aequationes 

vPxdx=:p.?dx-i-Cldx, et iPxdx=(n— p.)Pdx-i-xd<l; 
Tnde duplici modo coliigimus 

P3* = _&±f_, et P 3 * = f—^-j , 
ficquc alterum ralorem per alterum diuidendo 

quac cuoluitur in 

hinc integrando elicitur 

Q = jrl — 1 (v * — ^t) 1 per Conft. mult. 

fen 

Q_= — x Cjj. — v x) e> ~*~ 1 , 

Tade fit 

XI a Pdx 
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P3jf— Sx(i>. — vx) »> . 
Cum igitur fit 

— x* T ~ 1 CH- - * *) "** 1 » 
fi hacc inteeralia ita capiantur, vt euanefcant pofito x = o, 
tum vero flatuatur x — fiet Tti hypothefis noftra polhilac 

fVx^Sx — /P 9 *: 

at vcro in hunc finem neccfle eft, vt fit 

'" + f — « > o et Vi±3l •+■ i *> o, 
Quac conditio fi locum habcat , feriei propofitae fumma ita 
exprimetur, vt fit 

jt/V*" 1 ^^— vxySi^—zDfx^ *xdx(it.—\-x') , 
exiftente 

-k m* — n6 ft _, »> -■■> _, 

z_:A*^(n-MJ) »» /^ *3j(„— % 
integrali hoc ita fumto , vt fiat z zz A pofito / — o. Hoc 
autcm mtegrali inucnto, pro s fcribatur ux, et hoc vaiore ip- 
fius z in illa fotmula fubitmito, quantitatem u tanquam coo- 
ftantem trafiari oponet, quoad illae integrationes lece prae- 
fcripta fucriut abfoiutac, tum cnim pro y prodibit fundio ip- 
fius u, fummam feriei propofuae exprimens. 

Corollarium. i. 

1065. Quia in geminatis coefficientibus noflrae feriei 
fimilis lcx progrefiionis aflumitur, fingulas ferics A, B, C, D etc. 
et 51, 35, E. S, etc. inter fc permuiare Jicet, vndc hac methodo 
duplex iormuia fummam feriei exprimcns obiinetur. 

Corol- 
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Corolkrium 2. 

lotftf. Etfi funflii) Q qoq in cakulum ingreditur, eam 
tamen nofte oportct, quoniam ex eius indole termini integra- 
tionis conftitui debent, ita vc pro vtroque fiat Q = o. Hi 
fcilicet tccmini funt x — o et x — !i , dum fuerit 

i + J— i>-o « ts=n-K,>„, 

vbi i eft numerus integer poiitiuus. 

CoroIIarium 3. 

fuiiclione Q caius quo vel fi ~ c rel 
Priorc quo f*. — o, eft 
— .?!?*, vnde fit ' 

Q 

Pofteriori quo — o , eft 
Ideoque 

_ ~ -5— I 
Q = C » JTH 

Scholion. 

lotfg. Conftrufliones hnc modo adornandae prorfus 
iimiles funt iis, quas capite praecedente tradidimus, cum res 
etiam ad formtilam integralem huiusmodi /Vdx reducatur, 
in qua Vefl funflio binarum variabilium a ct qttarum illa 
autcm u in ipfa integratione conftans reputatur, poit integra- 
tionem vcro ipfi x datus quidam valor aiTrgnatur. Vcntm ta- 
men haec conftructio ad eafus in fuperiori methodo non con- 
teutos extenditur, quandoquidem ficri poteft, vt quantttas % 
funfiiones maxime tranfcendentes inuoluat. Viciflim autem 
vidimus, mcthodum praeccdentem ad ciusmodi aequ3tiones 

appii- 
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applicari poffe, quae per fenes, quales hic traftamus, euolui 
nequennt, vnde in Analyfin ei hoc fonte haud coutemncnda 
incrcmcnta hauriri poffe videntur. 

Problema 135. 

10S0. Propofita aequatione differentio - differentiaii 
* x (a+bx 1 ) 9 dj/-*-(e + ex v ) dxdj->- (f+gx*)ydx' = o, 
valoretn ipfius j per formuiam integralem conftruere. 

Solutio I. 

Hanc aequationem fupra {967.) ita in feriem euolut- 
mus, vt pofito 

y = (A -+- B -+- C D x" -+■ E -|- etc), 

primo exponenti X tribui debeat radix huius aequationis 

* (X — *) a -h X < -+-/ = o , 
tnm vero pofito breuitatis gratia 

*(X_ i)b-\-M-±-g = b fit 

B — ;— — -^fy*— — — A, 




ideoque, illius feriei pofitis binis terminis contiguis indefinite 
M jr" — + N generaliter 

N = -" < -"'';.'^- t , .'i , z , .' 1 '/.r.r""" > M ' 

vbi cum denominator iam habeat faflores , quales ante affiim- 
fimus, numeratorem quoquc in faitore» refoluamus, quo ni- 
hiio aequali pofito inuenitur 

fcu 

0-0 
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(<-.>»=-!<«»-.)-£_„/<(.-,)_<;»_, 

Ponatur brcuitatis gratia 

■/[(* — <)"—4-*t] = f, 
" Cl _j K— I»- 8 

et noftra relatio fiet' 

i»« [<»«-)- 1» ,-..,,,+«] M - 

Ponamns iam = et feriem inuentam ita repraefenremu, 

4=A«*BS«-i-Ce;ii , H- *»»r^f»lV*«e, 

.borumquc duplicium coefBcientium lex ita fe habebit 

- = _-____i_» -,).-;, -j, 

— ib6 

St = "-■■"■»-. <->-,)«-;,-;, _ 

l«_-J-(.J A — »)«-+-- 

Cnm tgittir haec feries timilis fit ei, quam anre conftruximm» 
cornparationcm inftituamus, et habebimus 

m = nb, fc — ifaX — i)6-t-ie — i q, 

n __ — n _, et i__o: 

k = *]=;(-* — o*-f-i--i-*.i 

f__n_ , et 9 _= fa X — i) a-t-f, 
Primum ergo quaeramus quantitarcm ct ne litrcra x arrbi- 
guitatcm creet, loco litterae * in praecedentc problemate vfur- 
patae vtamur littcra t, fitque -(__., et quia ell k = o, erit 
per §. 1063. 

-::.:-■ • .1 -— ■ -la-nt-.-^ -|,)-nt-i+. 

_ — A (1 -t- /) __A(i+«0 ^ 77 " ' 

f c/. J/. L 1 Hoc 



aff* capvt ja. 

Hoc vilore inuento tracletur in requentibtis mtsgratloriibus qtiaa- 
ricas u Vt confhos, tt cum quod fupra ccar. y bic Ct Z, et t 
quod fupra erat Jt, erit 

rbi cum fit u— x", hic valor ftatim pro u fcribi poteft, jt Ht 

z = a ( . + y " 1 *, 

-et in his integrationihus littera jr vt conltini fpeflari debet. 
Quodfi autem luerit 

f-r-1— i >o et *S=_ -+- i >o, 
haec iategmlla ira capi debcur, \t euaBefcint pofifo >t— H&j 
quo fafto ipfi I tribui dcbet valor r=^=:|-. Cum vnitas 
£t minimus valot iplius i, fufficit vt fit 

t "'"~'LV" f ~' D ) tum vero l - iX - 4 -' ti> »^;* t '~"~*f ->- 1 >o. 
Nunc veto cum 

-i — i -fcL—jm 
/■'*■ "iQ». — vi) , 
fiat quantitas conftans, pro j- autem elns mtiltiplom quoduis 
imflrae aequatioui aeque fatisfaciat, cius iutegroJe ita expit- 
metur 

3_i _=_ 

j = C*fl* a 9it>_y») w. a 
-exiftente 

* = (i H- *■ 0 * ■"'* ,J "' . 

Solutio II. 

1071. Si coemcientcs geminatos iater fc permute- 
mns, Tt iit 
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m — nb, i = J(aX— i) * -t- 1 e -K ?, 
» = flfl, * — (aX — i)o-Hf, 
f = »*. t)_:i(»i\ — l)*-i-i« — i?» 
* = -b£, « = o,, 
fumatorque X ex aequatione 

Primo pouatur x n t = i, et quaerarur 2 vt fit 

_: i_i ■ >—»_ . 

integrali ita dcfinito, vr pofito r — : o fiat a_:A, qui qui- 
dem valor A c(i arbitratius, tum fpeftata x xt conftante erit 

y = C _>/l* ~~ 1 * 9 > Cf- - v l^V*, 
integralf ita fumto vt euanefcat pofito t=o; tum vero faflo 
* = S., fi modo fucrit .l>o t; i — i>o, ob f_oj vbi 
noietur e per hanc aequationein differentialem definiri 



Solutio III. 

1072. Per feriem defceiideucem aeqnationem propofi- 
tam ita reibluiinus , vt pofiro 

j-=* x (A +Bx-' + Cx-" + Dr» +ctc.) 
exponens X dcfiniri dcbeat ex hac aeqnatione 

X(X — i)i + Xf + g_o, 
tum vero pofiio X (X — r) a -+• X c -\-f~ b, lit 
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et geueracim 

N = ~' f " ,F '"^;X'"iTiV-,t''*"' , "~ i M > " 

quae aequalita6 pofito \/ [(a — ff — 4<*f] — pi tta per faflo» 
res exhibetur 

w _ -n— £___zl2_±____ >a»>-')«-^ M M ■ 

Quod/i iam ponamus x~" — a, ec talem leriem conftituamu» 
" ^_A!!lH-B~S«-t-C~u'-+. ^MfflW-^NtRtf-t-ete. 

erit 

__Q^,),,„-if*x-0 + 
in»~yz X - iJA - f 
et babcbimus comparatione inftituta cum conftruiftione gcncrali 

m — na, b — — |{U — i) a — ie — ip t 

n — — n a, et k — o, 

ft=»<t, - = — j(tx— U+J^, 

f = n A , et * = — (:> — ij 6 — f. 
Hiuc pofico j_bi = .v — erit 

—4 

( « = A(»+fj- =A(i+jr" 0". 
quo valore inuento, fi inm lola quantitas > pro variabili ha« 
beantr, orietur liaec conflruifiio 

i — i <__> 

Tbi termiiii integrationis ita funt conftituendi, vt vtroque fiat 

Solu- 
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Solutio IV. 

1703. Hrc etiam coeflicientes geminati permutari pof- 
funt, n lit 

m~na, b — — — lt-t-ip, 

n = »i, k— — (a X — — *, 
= 1 = — — 1}« — >f — i^, 

* = — n o, et 0 = o, 
fumtoque vt ante X cx aequatione 
i(X~i)J + Xf + j = o, 
et polito /[(ff — — *'<»/>=f> fit.J = et 
s cx hac aequatione 



ita vt pofito x^o fiat a~A, ynde fit 

_» «j-tf, »*-:»* , -i 

3-Aij 0 (i-«j) m " /j* ds(n — ms) , 
tum vero fpeftata x Tt conitante , erit 

/ = C **■/(* — 1 z 3 r 0* — » 0 "1 

vbi bini termini integrationis ita fumi debeot, Tt Vtroqne £at 

Scholion. 

1074.. Singntae hae conftructiones plerumqoe plun- 
hus modi- exbiberi poflunt, Cura non folum \ dnplicem va- 
lorcm habere queat, fcd etiiim fotmnlac radkales p et q fig- 
no ambi^uo gaudeant. At hae cotillruifliones alio modo ne- 
gotinm conficiunt atque pracccdentes, quod quo clariua appa- 
i aequaiionem 

J-l 3 xx 
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x x fi -xx) ddy-x (i+xx) dx^y-xxf^x'' — o; 
Ita « fic <r=-i, * = -!,.* = -«, «=— *■» /=° « S= r » 
atque n — =; vnde.pro duabus prioribus conftruclionibus ha- 
betiir Ji(X — i) — X~o, «rgo «1 X = o vel X=z », taim 
Tero } = +*• Conftruftio ergo prima dat X = c, »»_ — a, 
ft = + i, » = 2, *=o, !*. = — a i 1 = ± r » "=*» ff — • — a ; 
vnde colligitor 

Valeant iigna Inferiora, vt fit 

* = /(*+***) tt/sO/ ,,^,^, .' . 

Quae formulae quomooo fatisfaciant, videamus. Sumta nem* 
pe fola * variabili, fit 

ll — v ' et 3 9 - = ' 

** ■ vy+*** (1+**// 

fiinc 

3 ' =c /T _^i! — ; * ^ = c/-, — ip. — - 

vnde conficitur 

.**(!-«)— -*(i-t-*Jr) — -»-**,^C/"- ; 

cuius formulae integrale eft ^^''^^^ i quod cum euanef- 
cat tam cafu / = o quam cafu ( = « , cunftrnftio noftiae ae- 
quationis 

, = c/ „ ,.„■„■•, = c/ ,;";;":*.",, - 

ita confici debet; fumto jt pro conftamc, inregratio ita infli- 
tuatur, vt integralc cuancfcat pofito l = o, quo fafio ftatua- 

tur 
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tor t-=eo, et funflio ipfius x t quae pro y prodiblt, fatisfa* 
cietaequationi propofitae. 

Sin autem fecuodam conftruflionem eligamus, fumta 
X= o, erit m = — i, h-±i, « = a, k = — a, jjt = — a, 
U = ^i, f = ?j S = o, atque z ita definiri debet-ex hac 
aequatione 



exiftente j-xxt^ vt pofito j = o fiat *=A. 
Valeat iignum fuperius, et ctim fit 

multiplicetur per Hi^l , eritque integrale 

" = f onft. — A f y t „l'_^" Ceu 

qnae pofito J = o dat s = A, quicquid fit B. Deinde eft 

jr=C/i i-, K3l(i*0 _I ftn J^C/pjii^, 
qui valor quomodo .fimtaciat haud fiicile oileadi poteflj hoc- 
que magis ifla methodus excoli meretur. 

Exemplum. 

1075. ConJtruSHonts aequaiimis differentlo-dlfftrtMlalU 
xx (1— xx) 3Sr~x(i+xx) dxBy-t-xxjdx'=a 
tx pratetdentt prohltmatt ariundas txbibere. 

Ob n=a, «=i, b = -t, e=-r, t, /-»».« 
j-i, pro prima eonftruflione habemus vel X = o tcI X=a p 
vndc obtmemus. 

1.) 51 * = o, Tt modo inuenimu* 

.1=-.:,.*: + !, »=a, k-o, (fc=— *i ^"i »» 
K=a, $ — — a, viide fit 
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ficque duplex oritur conftruitio 

aliera z = /(i -+■**() et y = Cf~ 

* " ttt^t, « j - C /r^V- . ■ 
a.) Si X = 2, erit ob 
b:-«, nra, * = o, (j. = — s, 

mde fit 

srCr-.-**»)^^ ^C**/i* l_i:i:i - 1 a 3(Ci- ( -0 ±i , 
ficque duplex habetur conftrufiio 

altera s =z (i x * ' et C x* /JHLglztll, 

■Itera * == (i -t- x x t)~ 1 tt y~ C x'fz±^ y 

Pro fecunda conftruftione generali habemus: 

3. ) Si X = o, permurando illos indices, 

tn = — 2, iz+i, n = 2, i = — a, fj. = — 2, \\ = ~tf 

vnde pofito xxt~s, primo quaer.itur a es hac aequatione 
Y, — r '. A ;^"X-'lr' " ' ) vt P olil ° jro nac z— A; tum vero crit 

y = C/f- ! ~ 1 s 9; (i -+- tf \ 
•Hinc ergo nafcilur duplex cnnltrutfio 

alrera |? — ~ " et j = C /' ^,' "■ 

4. ) Si X=-a hnbebimus 

m-'— »', A = ~a±i'; *s ; 4, t = a,-|A=a.«, 

>) = — z -+- 1, K=a,J = o, 

pofito- 
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pofitoque xx t — s, vt ante, quaeratur a ex aequatione 
— **~ , eritque 

y = C **/*-' z 9 * (i + J 
ideoquc etiam duplex conflruflio elicitur 

altera §2 = « j = C x' f — ffig-g 

altera |f= ° A ~ [ ''^ 3 " " ^ = C *"/ -ff-^n' 
Ex folutione teriia colligimns primo 

— X(X — i) — =o feu XX = i , 

ideoque 

X = _ i etp = y' + = r t2j quare 

5.) C capiatur X=-|-», erit 
« = 2, n— : — a, k = o, jj. = 2, tj = _ 1, 
y = — 2, ff — : s, 

hiocque 

, = Ci-i-i) ±5 et^-zC^/^^-^afCi-HO" 1- ^ 

ita. vt itcrum duples habeatur contlruiflio 

altera z = %V(xx + t) «^-C^/ ^,,',,', 1 ^,, 

a — 7777-- et ^ = C */-T^r 
tf.) Si capiatur X = — 1 erit 
' - = 2, A = 2 — 1, n = — 2, A = o, *jl = -, ■>] ~ 2 _ I, 

hincque 

irnde binac conftiufliones fiuunt 

"c/. I/. M ra eltera 
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/(«-»-0 
C f *3tV(t-t) 



- , * ffJ ,-C/' »9f/C«- 



Ex folutione quana denique eoucludimus 
>) Si X = +r, 

— : a, & — : _; I, » = — 2, A — : 2, (J. — 2, 1) = 5 
Pofito nunc ! = quaccatur 8 ex hac aequationc 



Tt polito s = o fiat z — A, tumque erit 

Tnde duplex conflruftio 

altera §f = ~'.*^~" et j- = C jf/sii^l+U 

8- Si A = — i, habcbitnr 

M = 2, 6 = 2 = I , 71 =: — 2, i = 2j jx — 2, 

= a ~ : i, y = — a, S = o, 
■t pofito -' ; = s, quacri debet z cx iiac acquatione 

57 — TT+TT ' 
Tt pollto j = o fiat a = A, quo fafto etit 

_r = -£.//^ J *a;(i + 0 -I - i ; 

ficqnc duplcx orituc conftrudio 
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ilre» if = « j = £■/ , ,^'/!+ tl • 

Omnino crgo fedecim conilrucliones fumus confecuti. 

Scholion. 

icifS, Periculum faciamus oftendendl , qnomodo hae 
eonftructiones, quae magis arduae videntur, aequationi propo- 
fitae fatisfaciant; atque in hunc fincm eligamus couftruiftiunem 
pofteriorem No. 4. quae babet 

hacc per multiplicata pracbet integrale 

/«/(j+O^A/^j^^aA/O-t-O+B, feu 

Iam 7t pofito s ~o flat z=A, debet e(Tc R = — 2 A, Tt fit 

a — — ryjr+a r— ■ 

Hinc £t 

fiiA - ~* A -4- »A(i+3«**) „ 
Cum nnnc Gt j» — "C/i|^ii- ( , erit 

<^)=«c/^, ++ c/^,(;-{)H.c/ ?K i! ri o, 

hineque 

Mm a * 




x (i — x x) *Jg — x (« + * jt) || + x x y = 



0- 



et hac forms exprimi poteft 

— sC:f[3 *+*(£_)] /'<«+0 
vel eciam hoc modo 

Expreffio aucem ida fit ro, primo fi ( — — i, dcinde etiam 
& t = o, vnde vaior pro y inucntus 



ita per incegrationem definici deber, vt euanefcat pofito i-o; 
tum vero ponatur t = — i. Vel pofito t = — u erit 



, integrali ita fumto vt euanefcat polito v = o, turn vcro 1 fa£lo 



Exemprum fcoc fiifficir ad ofcendcndum, qnomodo con- 
'ftniiliones cxhibitac aeiiuationi differcntio - diffcTcntialt facisfa- 
ciant; incerim vero ii quantiias z tranfcendentcr, per logarith- 
mos fciiicct exprimittir, confenfura nonniii pcr calculos; Dimium, 
taediofos declarare iicet. 




Pro- 
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Froblema 136. 

1077. PoCto y — Cf(i-\-ty~' (a-ht x?-dt , ia 
qua integratione quanritas x vt conftans fpedatur, integrali per 
terminos deinceps inuefligaudos definito, vt j aequetur ccrtae 
funftioni ipiius x, inuemre aequationes diffcrentio - diffexentia- 
Ics formae 

h x x . yj-h M x . f£ -f-Nj 1 = o, 
cui ea funftio fatisfaciat- 

Solutio. 

Cum fit ex principiis ante ftabilitis 

i! = c/\ t (i -+- ty- (a -+- 1 xf- 1 d ( Ct 

*j>j. = Cfh C* _ 1 ) ( 1 ( 1 -t- 0'— (a ■+■ t 9l, erit 

[\(\-T)Lttxx+*Mtx(a->-fx)-i-N(a+txy} = 

(Naa-f-iNfl^-t-NttArjr } 

C/Ci-t-t) , -'C<n-»*)''~*3(< -t-XM<i(jr-i-XM«rjf y 
( -i-\(X—i)Lttxx) 
qoae formula fumta x conftante abfolute integrabilis efle de- 
bet. Ponatur ergo integrale 

' CCi-+-^(ff-4-*x) x - r CPoff-+-Qa**> 
denotantibus P et Q. fuoftionibus quibuscunque ipfius x , erit 
eius differentiale 
C(T->-t)'-'(a->-txf-'dtX 

[r(a+tx)(Paa->-Qatx)+Q,- 1 )x(i->-t)(Vaa->-Qaix)-*-Qax(i- t -t)( a -+-tx) ] 
( ■+-v?a' -+-v Qaatx -*-vQattxx \ 
\+-(\-i)Paax->-y?aaix ->-(k-i)Qaltxxf 
a )-+-Qaax -+-(k-i)?aatx ~i-Qaitxx V 
''\ +-(\-i)Qatxx f, 

( -t-Qatxx ) 

Mm 3 qua 
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qua forma cum illa comparara , adipifeimur 
N=vPtf-r-(X — i)Px + Q* 

N-f-XM-|-X(X— i)L = (X-f-iOQ«, 
quarum aequationum cxtremae demta media praebent 

Jaincque 

XL = C«-*)CQ-P) feu L = U«-*)CQ-P), 
fecunda autern dcmto primae duplo, dat 

XM=(A-K-OP«-«(X-i)Pjr+Cw-t)Q a +Cx_»)Q*,ft B 
XMrfYv-f-Oa-K*— "*)*] (Q-P)+X(fl-*)P. 
Qnare fuintia pro P et Q funCiionibus quibuscunquc ipfius x, 
£ funcuones L, M, N ita definiantur, vt iit 
L^JU-^fQ-P) 

M=ltfr-»-0»*^-")*]CQ.-P)+C«-«}P 
N=j:CQ~P)-r-Cff+^*)P, 
aequationi difierentio - differentiali 

fatisfaciet formula integralis 

3 — C/(i -I- «;— ' (a + r*)* 3 (, 
tradata jr vt conflantc, dummodo intcgrationis termini ita con- 
fliiLiatitur, vt vtroque haec expreiHo 

( t + ()* 0» ■+■ < *) x -* CP o ■+- Q t *) euanefcat. 
Notari autem opoctct, hos termiros non ab x pendcre debere, 
Primo autem patet hanc expreflionem fieri = o cafu r = — i, 
fi modo fit c>o. Dcinde pofito ( = oo etiam euanefcet, fi 
modo fit » + > — i + i numerus negatiuus, feu v-i-X«^o. 
Quocirca fi fic v > o « * -»- X ■< o, imegrale 

.7 = 
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ia eapi debet, vt pofito t = — i euanefcat , tum vero fla- 
tuatur (=00, funelioque ipfius * pro y refulcaus fatisfaciet 
aequationi propofitae. 

Corollarium 1. 

107S. Quoniam fun&iones P et Q ia formulam in- 
tegralem pro y atTumtam non ingrediuntnr , manifeftum eft 
eandem focmulam facisfaccre omnibus acquationibus differcntio- 
diffcrcntialibus, quicunqiie valoccs lttceris P ct Q tribuantur. 

Corollarium 2. 

1079. Sumto ergo Q=P eadem formula Integralii 

fatisfacit etiam huic aequationi differenciali primi gradus 

(o — x) x d y 4- (k 0 + X x) y dx = o. 
Huius \ero integraie eft 



qui ergo valor quoque in genere noftrae aequationi differen- 
tio - diffcrenciali fatisfacic, id quod tcncanci mox patebit. 

Corollarium 3. 

1080. Hic ergo valor integralis 
.r = C/(i-!-0'-'(i-M*)*9t 
fecundum terminos definitos fumtus, congruere debet eum for- 

mula algebraica y = ffi . f . x ^ , li raodo fit v >■ o et 

x" 

<;o. 
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Scholion, 

togi. Parum ergo integratio hoc problemate exliibi- 
ta habet in receffu, Verum redu&io formulae intcgralis 

j=Cf(i -*-»)— '(a+t*?dt ad/ = Pfa ~ y) — 

co magis eft nofatu digna, ad quam illa reducitur, 1! iutegrali 
ita fumto vt euanefcat pofito i — — i, ponatur l — oo. Po- 
fito crgo _-*-v__ — ji, yt fj. et v lint numert pofitiui, erit 

c /• (■ + »)— a»_ d 

Vel ponatm i -H ( _ a, erit 

c f 3« = D 

J (j — _ -^-*aJ , '- t - , *'(« — „/ 
terminis illius intcgrationis c-iftentibus Z = _ ct _ _ oo. Ve- 
rum etiam haec obferuatio non magni cft momenti , nam po- 
Sxo a — x=u x , fit 

C f „"-'_„ _ D 
7 C-h-jO 1 "*"' jr* -*-**» 1 
ideoque haec formula _/"^- — y — integrata vt «uanefcat 
pofito z = o, fi tum ponatur s_oo, hanc induet formam -A. , 

in qua A quantitatem conftantem denotat ab u non penden- 
tem. Pendet autem ab cxponentibus ji tt v, lege cx cafibiis 
facile obfernanda. Sciiicet pofito 

r z—-dz _ A 

fi 
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C fit v— i, ftiteprale illud praebet — — H , 



et 




tcde in genere concludimus fore 



Si 



A = 



Quare iategra:ione fecundiim regulam praefcripram infiituta, eric 



Quod fi cjtporens v non fucrit integer, nalor ipfius A opc in- 
terpolanonfs huius Formiitte pcr ficlorcs procedentis defii iernr. 
Quadrarura fciircer circuli ingredietur fi exponens v fraiiionem 
J innoluat , de huiusmodi autem interpoUtioiubns alibi fufius 
Cgimus, neqne hic !ocil'! eft hoc argumentum vberius profe- 
<juendi. Rcllar vHrpum huitis feJiioiiis caput , qim aequatio- 
nnm dirTcremio- differentialium integratio per approximaLione» 
doccbitur. 





Fel. II. 
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. DE 

AEQVATTON VM DIFFE RENTIO - DIFFE " ENTIALIVM 
INTECRATIONE PER APPROXIMATIONES. 

Problema 137. 

1082. 

|-*.-opofita aequatione dilFerentio-difFerentiali quacunque , prin. 

• cipia e*plicare, ex quibus inte^ratiouem per approxima- 
tioncs peti oportct. -y 

Solutio. 

Verferur aequatin propnfita intcr btnas variabiles xtty^ 
3C pofiro dj-pdx et dp-qdx, dabitur aequatio inter quatuor 
quantitatcs r, y, p et q, e* qua q ita defiiiire liccbit, vt tj 
aequetnr funCHoui cuidam trium quatititatum r, j et p, qua 
nocatti — V, fir q — V, feu dp~ V d x. Hic priir.o obfer- 
yandum eft, inrcgrationem, vt fit determinata, duplicem deier- 
minatiot.cm icqtiircrc , lcu duas condiliones qitafi pro lubitu 
praelcribi pofie, qiiibus fatisfaciat. Scilicet non fufficit, vt 
pofito x~a fiat j — b, quemadmodurn in acquationibus dif- 
fereniialibns primi grjdus VTu venire vidimus, fed aliam inlu- 
per condirionem adiicere licet, nuac fit, vt pofiro x = e fiat 
etiam p — — c quantitaii datae. His er^o determinationi- 
bus confiitutis, vt pofito * = o, fiat y — b et p— f, totum 
integratiouis ne^otium buc reducitiir, vt ipfi * alium quem- 
cunque' valorctn tribucndo, imielligentur valorcs refpondente» 
•■!"' '■ : ' ipfiu» 
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IpDus r et ipfins p; hoc enim 13 praefliterimus, aequatio' is 
propolitae imegrale perfetfe definiuerimus, vt nihil pr.icierea 
defiderari poffir. Quod cum in gcnere fieii nequeai, appro- 
ximationis ra-io in hoc confiffir, vt ipfi x valor quam mini- 
n.um ab a difcrcpans tribuatur, qui fit x = a-\-a, et inqui- 
ratur, quantam valorcs quantitaium y et p a primiciuis b et e 
fint dilcrepatnri. Hic pro prtticipio afTumin as, dum * ab a 
ad a -+- 11 iucrcfcit, ctiam qiiantitatum y ct p vnlnres tam pa- 
tum muMrom iii, vt inde funflio V nuliam variaiionem no- 
tabilem patiarur. Qtiare fi ponamus, lla uendo x ~ a, y = b 
cr p — f, fieri V = F, etmdcm valoiem F quawitas V reti- 
uere cenfebitur, dum x ab a vsque ad a-t- iu au^etur. Cum 
igittir pro hoc tmeruallo miniino habeamus bp — Fdx, erit 
imegrando f — F x -+- Conlt Verum, quia pofito x~a, fieri 
debct p — f, erit p — e ■+- F x — F a. Sit nrnic * = a + m, 
atque habebirrus p — c-t-Ftu, qui eft valur ipfms p, valori 
x— a -f- iii lefpouiiens. Dcnkme pro hoc minimo intcruallo 
erit d y = e d x, iucoque y = b -f- e x — a e, et pro valorc 
x = a—i-m fit j^i + ru, qui ell valor iplius _y valori 
x ~ a -f- w eonueniens. . Qnocirra fi vah>res primitiui fint 
x z= a, j =b ei /> — ^ — e, cx iisquc fiat V - F, lcquen- 
tes valores in'ernallo quam njininio ab illis rLTnott erunt 

jr — a-t-iu, j — b-hem, p — c-hFu, 
qui fi porio vt primitiiii rpecicmur, cx iis fimili modo per 
inrertiallum quam mtnimum progredi licet, licquc taiuicin pro- 
grclTus per interuallum quauiumuis majmum innotefcet. 

CoroIIarinm i. 

1083. Qno minora capiuntur haec interualla, eo mi- 
nus a vcrn aberrabitur, dummodo quamiates t et F non fint 
nimis magnae,fio autcm cae adeo in infinitum excrefcant, ma- 
N n a ni- 
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nifeftum eft, errorem in quantiiatibus y et \> infigncm com- 
ir.ilium iri. 

CorollariuTi 2: 

108.4. Si quantitas c vel F fiat vebementer magna , 
Intcruallumy qno y. vcl p crefifit, pro dato accipi potelt; ita 
.pofno f .si ~ ^ erunt feqnentes ValofCS 

At 1 F proJcat quantit.is perrra;ua, valor ipfius p intcrvallo 
rr.imuo $> aiigeri iun attir , vt fir F tu — Cj), eruntque valoret 
;iequentcs x = a^f,y = b-i-'^. et p = c4-Cp. 

Coroilarium 3, 

ioss. Si b Cit quantitas infinita, pro valore proximo 
ipftus y cxpedict definiri 

j-jT7 u — i — rs — 7t B ' 
qunc exprelfio vt fit fiuita, etiam qnantitas c infmira fit opor- 
tet; alioquin valor ipflus y refpondens non foJum ipfi x — a 
fed etiam ipfi x = a H- u manercr iufinitus. 

Scholion 1. 

io%6. Quoties folutio nlicuius probiematts pendef ab 
intcgratior.e cuiuspiam acquationis dificrciitiaiis lccundi grudus, 
-tories conditiones problcm.nis binns deierminationes fuppedi- 
tatc tolent ; quarum alrcra, dum ipfi x certus quidam valor 
x — a tribui'ur, exitit \t y datum valorem y = b, aliera 
vero vt etiam raiio 12 — p datum valorcm p — c confequa- 
tur. Quodfi er^o in gencre aequationem qtiandam diffcrcntio- 
differentiatem inregrare veiiirus, integrarionem ita inftituere li- 
cct, vt poiito x= a, fiat y=.b ct p = e, quantitatibus a, 
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4, e ab arbltrio noflro pendentibus. Interim rjincn qmtndo- 
que vfu venire poiell, vt pofi:o x~a, valores ipfarum y et 
p non pcniius ab atbirrio noitro pendeant, fed ex natura ae* 
quationis iam daros valorcs foriiantur, quibus cafibns defeclus 
determinatioms aliis condictonibus compcnlatur. Vcluti Ji pro* 
poimtur liaec aequatio 

x x(a — b x)ddy — a x (2 a — bx)dxdj 
2 (3 o — * x)y bx* = 6aadx , i 
quomodocunque ea per integraiionem deterniinetur , pofito 
jr ~ o neceftario iic y — a et ^ =zp b; tta vt pro cafu 
x z= a valores quantiratum y ct p minime arbitrio neftro rc- 
Haquantur. , lnicgrale autcm completum reperitur 

y — «4-^* + '*^;',' ^) 

vbl etiamC conflantes A ct B pro lubitu afliimantur, tameo 
femper polito j: — o prodit y — a ct p — b. Huiusmodi er- 
go cafibus mirum tion eft, (I pro dato ipiius * valore, quan- 
titatnm j ct p valorcs arbitrio noflro baud pcrmictantur. 

Scholion 2, 

10S7. Expofita raiio aequationes differeniio- diffcren- 
tiales pcr approtimarioncs integrandi, dum per inierualla n.t-' 
nima progredimur, qiiemudmodum eiiam in aeqnationibu* dif- 
ferentialibus primi gradns fccimus, certis cufibus difficulratibu* 
hmotuitgr, vr. tiifi remedium afferatnr, in viiim vocari r.eqne- 
at. Primum hoc eticnit, quando c~oo, tum enim quantum- 
■vis ex.iguum accipiatur imeruallum u, neque ipfius y ncquc 
iplius p vaiorem cognofccrc licct. Similc qtioque incommo- 
dum turbar, fi pofitis * = n, y — 6 er p =. f, funclio V fiac 
infioica, idcoquc prodcat F^roo, qito calii valor ipfins p non 
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d«Gnirar> Oeindc etiam ct 
fcorfim iraftari roruenlt: c 
p •>■■■ accutate oftendnntur 
patiunmr, dum wuraiio air 
ipfam ir uttrior em inuertigfli 



ifus quibi 



.1 F 



!ft 



[fi 




imen qi 



ii- a veiitaic arcrrctor. S 



Ipfitti u F 
ile eft, m 
auirm qttai 



b 



rrogrem 



f. 



nrr», iam ar.in aCi ertin us, loco ipfitis v ejus rccirrncum * 
exj-lorari dcberi. Quen admodnm ergo dimculriaiihui autc rr.e- 
moratis fic oecurreuduin, dili^entius perpcndamus. 



108S. Si integratiouem ptr interualla inflituendn, pro 
initio cuimpiam interualli , pofiio x~a, > ~ b et pT.e eue- 
Iiiat, Tt quantiras c fit vel cnanelcens vel infinita, integra- 
tionem pcr faoc interualium abfoluere. 



Praecedens approjtimatio dedcrat _~ — &-$-c(x — o), 
vnde fi c~o, increncntum ipfius y altiorc pnicftate ipfins 
x — a eiprimetur, fcilicet j>- b -4- A (x — a]\ exiftenre XJ>r, 
reieclisque altioribns po'e(htibus, qtiae prac hac ob intcrual- 
lum x — a rr.inirrum re£e conrerrnunrur. Sin aurem fit 
f = eo, vaior ipfus j fnili rrodn tepraefenrari poreft , 
j~=6~+- A fl)\ exlllente X <; x , ita tamcn vt nihilo fit 

maior; Ytroque errjo cafu eadem inuelligatio eft, yt ex ae- 
quatione ptopofiia dp—Vdx tam coefficiens A quam e~ 
ponens X defiuatur. I.im ex rlla aeqiiatiooe deducimus 

^—p—\\A(x — a)~~ ' et 

dp — \(k— i)A(x-ff) k -Sr, 
ac neceffe cEt, eandem espreiT.onem rciultare, fi in formula 



Problema 138. 



Solutlo. 



v dx 
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V3.r flatuantr 

y — b-\-k(x — o) x et p = \A(x — a'f—', 
vnde euidens eft, fore 

# = o fi X*> i, ct « = eo fi 

Cum iam V J3c furiftio ipfarum x, y et p, ponatur vbiqne 
x~^a, tiifi quitebus formula x — o ineft, quae relinquatur, 
tum vero y — b, nili hine prodeat V:=o vel V = oo; hoc 
enim fi eueniat, pro y valor b-t-A(x — af 1 fcribatur, fimili- 
que modo pro p icribatur X A (x — fl) >,— *- Reiiciantur au- 
tem formulae x — a poreftates altiorcs prae infctioribus, fic- 
que pto V orietur exprelfio huius formae C (x — af-, quae 
formulae X (X — i) A (x — a)*-~ * aequari debet, vndc tain 
COtfficiens affiimtus A quam exponens X defiuietur, ideoque 
Ycro proximi vaiorcs 

y — b-i-A(x~ a? et p = XA(jr — af~' 
innotercent, qui eo minus a veritate recedenr, quo minor dif- 
fcreiitia inter.o ct ar conflitu itur. Cafus auem quo \ — i 
pCr fe eft perfpicuns, atque in praccedenre probfemate per- 
tra-ftarns, cum is iit lolus quo quiutitas c finitum nansifcitut 
naloiem. 

CoroIIarium i. 

io8p. Si eneniat vt pofiro c=oo, qurj eafu efe de^ 
bebat X ■< 1 , fun&io V finitiim oblineat valorem, ciii (brmu- 
la X(X — i)A(jf — a/~ ' aequari nequit, cafus per fe nihil 
babet difficulratis , ct valor ipfius y erhm pro minimo exceuii 
iplius x luper a reucra iufiniius euadet. 

Corol- 



Digitizod b/Cooglc 



>S1 capvt m 

Corollarium 2. 

ioqo. Facilius hoc perfpicere licet cx exemplo 

i)p = 6 x dx, vode fit 

p = f -h 3 x x — 3 aa = i3., hincque 

j = b+(c — %aa)(x — a)-\-x* — «*, fcu 

y=b — ac-i-i.a 1 -\-(c — 300) x-t-x*. 

Si er;>o confhns c fumatur infinita, valor ipfi-us y femper erit 

iaunjius folo excepto cafu x = a. 

Cbroliamitn 5. 

1091. Sin auttm fun.to e=:c, quo cafu efie debet 
IJ» i , funfiio V fiiiiium habeat valorern eumque adeo con« 
ihotem, pofiro x~a ttj-b, ei forn uia xa-ijAO-oj*'- ■ 
aequabimr famendo X= a, et 1 A = illi valori corrltanrj. 
Veluir in pr ecedente cvenplo fir V=6a=sA, tiii.c Arga, 
eritque croxin c 3 — b -+- 3 a f x — tf)", quod ctiam congruit 
c-urn intcgrali inuenro, quod pofito c = o cft 

y = ^* — 3 flfl* + (*-r-»<0 
quae exprelTio faf/.o * := a in illam abit. 

Scholion 1. 
rooi. Pofito r-o fumftio V, C in ea fcribatur r=a, 
j = i et p — c — o, valorcm nancilcetut vel iflfifliie iiiaguum, 
tcI finitum, vcl adeo euai.efcenrem. Prino calii, quo fie 
V =: °°, vt ei aequari r-oQ.t \(\— 1) A (x — o) x — fumro> 
arzrn, neceffc cfl fit X<<2, exiflente )i > 1 ; vt autem lnr.c 
quantitates A et X defiditntnr, in funcuone V tcribi oportet 

y = b-\-A (x — a) x et p = \A (x — a) x -', 
itemqt«! x = a, niJa vbi foin.ula x~a occurrit; hoc modo 

qui» 
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quia per hypothefin cafu jr ~ o fit V~oo, ifte valor pro- 
dibit -C(x — a)—' t quo collato cum X(X— i)A(jt — o^— 
reperientur A et X, dum ne prodcat h <; i , qiii cafus cum 
(— o fubfiftere nequic. Secundo cafu quo prodit V — quan- 
titati finitae, capi oportet >-!, fin aurcm tcrtio cafu fit 
V — o, fumi debet X s, vt eius valor in formula 

X(X— i)A(*~ «)*— 
contineatur. At fi debcat effe e-oo, fieti nequit vt vidimus, 
\t funclio V finitum obttneat valorem, muko minus euanes- 
ccncem, nifi quidcm cafus incongruos, quibus y perpctuo mi- 
neat infinita, admitterc velimus, Tum igitur funftio V ne- 
ceffario valorcm infinitum induit cum formula 

*(\—x)A(x — af-' 
comparandum, ita vt fit X<^i, Hinc igitur patet, determina- 
tionem quancicatis e non fcmpcr arbitrio noftro relinqui, fed 
quandoque ex indole ipfius acquatiunis nobis praefcribi. Veluti 
li proponatur hacc acquatio 3 dy ~ ^'.j 1 ^, > erit 

H = P = A — ct > - B A * j^— ' 

vnde pofito 

x~a fit c~A — i et kB + Aa + l, ergo 

A_c-t-±, et B-b-ac-^, -f-i, 
quare nc acqnatio integtalis omnino in infinitis verfetur, lit- 
terae b ct e non poffiint non efle infinitae. 

Scholion 2. 

1093- Non autem omncs ordines infinitorum el eua- 
riefcentium in formula (x-a)\ cafu jr = <7, contincri, iam ob- 
feruauimus; exprefiio fcilicet x x I cafn x~o, iufinities fu- 
perat potcftatem fecundam x', intcrim tamen infinities minor 
Vtl, II. Oo eft 
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.eft poreftate ** — *, qnantumuis etiam exigua fractio a. aeci- 
ptatnr. Quare fi in fuperiori lolutione formula» ita inftruerc 
Telimus, Tt ad omnes ordtnes tam infinitorum quam euanes- 
centium pateant, ftatui conucnict 

Tnde fir 

J|=p=XA (*-«)*- [Kx-aW+V-ACx-^VCx-W-i 
at pofito jr = o, pars prior cft ad poftcriorem Tt l (x — a) ad 
i, hoc eft vt co: i, ex quo fufficit fumfifle ' - 

f = XA(* — <i)V- [/(* — «;)-, 
ex quo fimili modo colligitur . 

||= X (X— i) A <* —*) x — [/(* — «)]«,. 
cuae expreffio cum funftione V, poftquam in ea fcripferimus 
X = a,^> = b etp=f, feu potius 

comparari debet, vt tnde tam conftans A quam cxponcntcs X 
et u. innotefcant. Haec ergo tenenda funt in ifta inueftigatio- 
ce, quo ea ad plures caftis extendatur. 

Froblema 139. 

1094. Approximationem ante expofitam accuratius per- 
fcqui, Tt fumtis interuallis etiam paulo maioribus minus a ve- 
10 aberretur. 

Solutio. 

Pofito dyzpdx, acquatio differentio-differentialis hae 
flirma || = V exbibeatur, ex qua ante p ita definiuimus, quali 
V eflet quantitas conftans pro interuallo faltcm Tehementer 
paxuo, vnde obtinuimus p = c*-V(x — <i), poftquaro fcilicct 

in V 
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iu V pofiierimus y = b et p~c, qui fuot valores pri- 

mitiui pcr interuallum x — a— m retinendi. Cum autcm fun- 
dio V interea nou fit conftans, quia jt, y ct p inuoluit, rc- 
vera erit 

p = t + V (x ~ a) — f(x — a) 9 V. 
Ponamus igitur 

dV = Pa* + Q3r + R3j>, 

Tt fit 

aVn(P+Qp+RV)3*, 
ct nunc quantitatem P+Qf + EV vt conftaritem fpedremus, 
cuius valor prodcat ponendo x~a, y~b etp~c, quo faCto 
V in F abire fupra fumfimus, eritquc 

?=f + F (,- fl )-S(P + Q f + RF)(*- 0 )'. 
Hinc porro ob dy—pdx, fit 

y-b-t-c (x—a) -+-JF(ar— 0)°— | (P-f-Qr-f-RF) (*—*)*, 
fimilique modo approximationem vlterius profequi licer. Quan- 
do autcm quantitates P, Q, R et V formulam x — a eiusuc 
poteftates compleftuntur, quam non amplius vt conflantem 
fpeftarc licet, cius ratio in intcgratione eft habenda, qua fit 
vt in feriebus approximantibus formulae x — a poteltates nbn 
ordine afcendanr. Tum igitur conucmet pro p ciusmodi fe* 
ciei inittum affumi 

p = e-hA(x — af-, vnde fit 

y=-b~hc(x — ,)) + jJL- (* — et quii 

|f = \A (x — o) x --, 
huic formulae aequari debet funftio V, poftquam in ea pro 
y et p valores affumtos, et a pro x fcripferimus, nifi formu- 
la x — a ingrediatur, hoc modo tatn exponens \ quam coef- 
ficiens A determinabitur. 
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Si e fit — o vel — oo, eius ratio poteft in calculum 
introduci, vt ponatur 

vndc fit s 

J = &-±-*- l (x — ay + --hJ F - i (x — a)*+>, 

ijui valores fi loco # et p fubftituantur in funiSione V, pro- 
dire debet r 

«/ (* — «)— + XA(* — a^ — . 

Corollarium i. 

1095. Hoc modo per interualla continuo vlterius pro- 
gredi licet, dummodo fingula non maiora accipiantur, quam 
vt errores commifli maneant infenfibilcs; atque hac quidem 
correflione errores illi diminuuntur , vt interualla etiam maio- 
r.i ftatui queant. 

Coroltarium 2. 

iogC. Pro primo fcilicet interuallo valores primitint 
x-a, y-b et p~c pro lubitu aflumuntur, et valores in fine 
intcruaili inuenti pracbent valores initiales pro fecundo intet- 
vallo, ex quibus calculus pro hoc interuallo pcrinde expcdi- 
tur ac primo; ficquc continuo vltcrius eft progrcdiendum. 

Scholion. 

1097. Huius problcmatis duplicem folutionem dedi- 
mus, quarum prior etfi ktiflime patere videtur, certis tamen 
cafibus in vfum vocari ncquit; iis crgo altera folutionc vii 
comieniet. Extflunt autem tantum plerumque paucifiima ciHS- 
modi intcnialla, qnae pofteriorem methodum poftulant, dum 
rcliqua omuia ope priotis expedire licet. Euenit hoc, quando 
pro quopiam interuaJlo quantitates V et e vcl cuanefcunt vel 
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*in infinitiim excrefcunt; qnin etiam fieri potcft, vt quantum- 
vis cxiguum inteniallum accipiarur, quantitates y et p varia- 
tiontbiis infinitis fint obnoxiae, quarum rcpraefentatio dcter- 
minationem prorfus iingularem requirit. Veluti li propoatur. 
liaec aequatio Sdy-\-^~—o, intcruallum ab x - o vsquc 
ad ar^tu, etiamfi u qium minimum afliimatnr, infinitam mu- 
tationem in valoribus y et p indicat; id quod ex cius.inte- 
grali complcto perfpicitur, quod cum fit 

y = Ax*&a.(^lx-i-*)> 
liincque 

p = fin. / x + *) + ^ coC l x ~+- a) , 

ferj 

P — v \ fin. (£-'/* -\-a -)- 6o"), 
euidens cll fi x — O y forc quidcm^ — o, fcd ipfius p valo- 
tem eilc incertum. At ipfi * valorerrf quam minimam tribu- 
endo, y quidem miuimum rctir.ebit valorem, fed qui pro mi- 
nimo intecuallo modo fit pofitiiius, modo toanefcenj , modo 
negaiiuus, ob misimam rr.oiationem , quam tx pstiiur, quao- 
titas autem p imerea tr.mfit pcr omnc mutadoucs pofHbilci. 
Idcm luculcmius pcrfpicitur ex hoc cxemplo 

cuius integrale efr y - A fin. (L -\- a) ; dum enlm x a o ad si 
crefcit, angulus jf-t-« ab iufinito .ad finitum traofibk, etusquc 
finus intcrea omncs mutationcs ab -+- i ad — i infinities adeo 
fubibit. Quando ergo eiusmodi interualla occurrunt, mirum 
non eft, fi confnctac mcthodi approximandi deficiant, quippe 
quae lioc principio innituutur, quod mutationes per interual- 
la minima, fiot etiam valde paruac; liis autem interuallis ex- 
ceptis folutio praefcripta femper cnm vfu adhiberl poteft. 
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Exemplum i. 

iopa. Vropofita aequatione 
ddj+'Jf = o ? 
lius imegrationem pir approximationem abfeluere. 

Cum ergo fit dp = — erit V = J^; quare ft 

pro initio interualll fit x = a, y = b ctp = c } inde tantillum 
progrediendo, per foiutionem priorem , ob 

habebimiis ' ■ 

Sumto ergo x — a = a, pro interualio fequente erunt valores 
initiales 

as^a + u, 



- vnde fimili modo valores initiales pro interuallo fequente col- 
liguntur. Verum fi pro quopiam interuallo fiat j-o, ope- 
ratio peculiari modo inftitui debet. Pofito lcilicet pro initio 
huius interualli jr =: o, j = b et p = <r, ftatuatur 

p = c-\-Ax x et j = b + cx-h A *^~ , crit 



- fx /x / ov+o/ 

cui nifi fit £_o fatisfieri nequitj prodiret enim A:^ro < 
A_co, vnde concludimus poni debere ; = * + Ai/r, i 
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Gt p = Alx -f- A et ji =i = ~°-*"* , hinc A= — 
Veritm quo hinc p aceuratius cognofcere liceat, ftatuamus 

J- = *,-H AWjf-J-B*, erit 

p=A'/*-hA-HBet||=i, 
*ndc concluditur vt ante A = ^, et B manet indetermina- 
tnm, ita vt fir 

^^6 — ^/jf-f-Bjf et — t-t- B, 

nifi ergo fit 6=0, cafu j-o, quamiras c neccflario eft 
infiuiia. Quiimobrem li interualii initio llt x = o, $ — b et 
P = =o, pro eius fine et initio fequentis erit 

x — 01, / = fi — ^/wet^=^i/w. 

Exemplum 2. 

10951. Propofila ftt baec aequatio 

x xddr — 2* djr~h zjt r> Jf*"=iiii^l, 
gMOB! f*r approximationem imegrari oporteat. 

Cum fit 

■ |£ = *J_Li-4--5 =V, erit 
P = =^-Hi?; 

Hinc fi pro cuiusque interuallt initio fit ,f = S, p~e, 

ob f = ¥-S+^. «* 

— l(£-r-;&X»— «)■. « 
j = » + »(» — «) + !(¥— n-t-AK* — 
vnde calculus per interualU facile continuatur, dum ne fic 
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.0 = 0. Hoc autem cafu quo a = o, difficultcr intercallum 
computo definirur, quia tum fieri nequit, vt quantitatibus b 
et e dati valorcs rribuantur, id quod indc facillime intelligi- 
tur, quod aequationis propofitae integrale completum eft 

pofito cnim x — o y neceuario fit j- — o, nifi coefficicntes A 
et B infinitos caperc velimus. Sumto autem b~ o, appro- 
ximatio eft in promtu. 
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CALCVLI INTEGRALIS 

LIBER PRIOR- 



PARS SECVNDA, 

SEV 

METHODVS INVENIENDI FVNCTIONES VNIVS 
VARIABILIS E\. DATA RELATIONE DIFFEREN- 
TIALIVM SECVNDI ALTIORISVE GRADVS. 

SECTIO POSTERIOR, 

DE 

RESOLVTIONE AEQVATIONVM DIFFERENTIALIVM 
TER ril ALTIORVMQVE GRADVVM QVAE DVAS 
TANTVM VARIAJBILES 1NVOLVVNT. 
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DE 

INTEGRATIONE FORMVLARVM DIFFERENTIALIVM 
TERTIl ALTIORISVE GRADVS SIMPLICIVM. 

Problema 14,0. 
11 00. 

Sumto elemento 3* conftante, inuentre integraEe eompletum 
harum formularum 3' y — o, d'y = o,, 3'y^o etc. atque in 
genere huius d"y = o. 

Sokitio. 

Cum 3* fit conftans , acquatio d' y = o per integra- 
tionem dit 3 3y — adx', hincqne porro integrnndo dj> = 
<txdx-{-pdx, et tandem y = ax' -\- p x -\-y. 

Simili rr.odo cx acquatione 3V = °i pcr quadrupiicem 
integtatiouem reperitur 

3,) 3 dy — ax 3 jt' -f- [3 3 x\ 
3.) dy = ■ ax x 3 jr-|- (3 x 3 * + y 3 x, 
et tandem 

y — i a ** -+- J (3 Jt" + y .r.-t- S, 
Ex aequatione autem 3'j — o , Intcgraiio quinquics repctita 
dat 

y — ,', a x* -+- J p jc* -f- J y Jr* -+- 5 x t. 

P p 2 At 
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At huius acqnationis d°y = o integralc colligitur 

ficque ad huiusmodi formas d" y = o , quanticirmque fuerint 
grudus, piogiedi liect, dummodo n fuerit numerus integcr po- 
Ctiuus. 

Corolhrium i. 
iioi. A (impiici(iiina forma ergo incipiendo integra- 
lia feqiien^i ordiuc procedunt 
Formularum 
hy — o 
%<>y = o 



Intcgralia completa funt 
-|3 



; |3 x' ■+■ y x -+- S 

Corollarium 2. 

conftantes o, (3, y ctc. ab arbritrio i 
re licet, eritque 
Integralia 

■J-P 

■i-px-hy 



Corollarium 5. 

nog. Qnoii ergo ordiiiis cfl formula difTerenti.ilis , 
totidem couflantes arbitrarias cius irtegr.i T c rom]-|caim com- 
pledlitnr, quas pro quouis calu obiaLO fecundum conditiones 
pracfcriptas definiii oportct. 

Scho- 



ftto pcndcnt, fraciioi,cs 


tuto r 






F "7="c. ra 


/ — 


93v — 0 
7>'y = o 


J = 


3V - 0 




Vy = 0 
etc. 


y — 
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Scholion 1. 



1104. Ponendo t>y = pd.r, dp = qdx, ?q=rdx, 
3f — s d x ctc. omncs neqtiationes differentiales aliioruin or- 
dinurrl ad quantitres finitas rcdncuntur, in tjuibus nulla Qtn- 
piius ratio ehis clementi , quoJ conftans afiiin-iitur , habctur. 
Atque hinc formac omninm aequationum diffeEeutiaiiura ie- 
qucnti modo repraefentari pollunt: 



.etc. 

vbi quantitates J, p, q, r, s etc. ita, excludcndo 3jr, 3 fe in- 
vicem pentleut, vt Cum Jit 



fcqucntes relatioucs locum habeant 

qdj — pi)p, rdy=.p<)q, sdj—pdr, idj—pds etc. 
rdp~qdq, s^)p—qi)r, tdp = qds e:c. 



quarum formularilm qiinediim per fe (unt integrabiles vcluti 

fq*f=lpp, frdpzlqq, fsdq = > t rr, ftdr^l.s etc. 
ex quibus porro ob fzdv~vs—fvda tlhe coiicluiiuntnr 
fybq-jq-\pp, fpdr=pr-',qq,fqi)s = qs-',rr,frdt-rt-[ss,etc. 
quarum ope e>t praecedeutibus tleducitur 

fsdj-pr~lqq, hinc fybs-js— pr-t-lqft 



Acquiitionum 
differeiitialiuin 



Forma generalis 




3* 




sdq — rdr, tdq=.rds 



Pp 3 



fllf 
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fl^p-qr — lrr, liinc fpbt~pi~q!-t-',Tr, 
fudq-rt — Us, hinc fqdu = qu—rl->-lss. 

Hinc porro definitur fjdu=ju—fudy, at ?2 = ?S, vode 
fydu=ju-fpdt=yu-pl+qs-~l rr. 

Quare fi diiferentialia irertim introducamus , obiiuebimus fe- 

quentes formulas integrales 

/> 3* r — y ?y - djh' r -f- i 9 9/ 

/> = ? d> - av -4- 3 3V - i 3'/ 

ita vt formula fjo"j fit in.cjjrabilis , quottes n eft numerus 
impar. 

Scholion 2. 

1105. ]n aequationihus dirferentialibus feeundi gradus 
formas fimpliciores ita conilituimus , vt q aequetur funtftioni 
vel ipftus x tantum , vel ipfius y, vel ipfius p , quas litteras 
maiusculns pro furnfiionibus minufcularum fcribendo iM re- 
pracfcntare licet, vt fit 

vel ? = X, vcl q~Y, vel q — P. 
Hinc fimili modo pto aeqiiationibus diffetentialibus tertii gra- 
dus formas fitrpliciorcs conftitucre poffumus 

r — X, r = Y, r = P, r~ Q, 
ita vt taunim binas quantitates variabiles inuoluanr. 

Pro ousrto autem gradu eifent formae fimpiiciores 

s = X, s = Y, J = 1% / = Q, s — R, 
ct pro ouiiito 

t = \, i=r.Y, f = P, t — Q, t = W, 1 — S, 
atque ita porro pro funerioribus. 
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Vcrum Iiae formae non omnes aeqne integrationem 
admittunt , dum aliae ne fcmcl quidem , aliae femel tantum , 
aliae per omnes integrationes vsque ad relationem inier x ety 
perduci pofTunr, cuiusmodt funt primae quaeque in qitouis gra- 
du. Semper autem id c(t propofitutn , vt relatio inter binas 
variabiles ptincipales et y eliciatur. 

Problema 14J, 

iio<5. Pofito dy = pdx, e)p = qr)x, dq = rdx., 
dr — iSx, di = tdx, etc pro quouis difTerentiaiinm gradu, 
ii litterarum p, q, r, s, I, etc. quaepiam aequctur fun&ioui 
ipfius x, quae fit X, inueuire relationem inter * et y. 

Solutio. 

Si primo fit p = X, per t) x multiplicando eric 
pd x ~dy :X 5 x , hincque y = f X d x , qui e!l calus ior- 
mularum differentialiutn primi gradus fimplicium. 

Stt fecundo q — X, erit q d x ~ D p = Xd x , liinc 
p =/X d x , et pdx = dy = dxfXdx, ergo y-fl x fX d x, 
feu per iimplicia integralia y = x/X d x — /X x 3 x. 

Sit tcrtio *• = X, ob dq = rd x erit q = /Xdx, 

p-=fqdx=zfd xfX dx — xfX 3 x —fX xdx, 
ac tandcm 

y=ff<>x = fdxfi)xfXdx = IxxfXdx 

— xfX x dx -H ifX x x 3 x. 
Sit qrtartoj-X, ac reperitur y =fd x fd x fdx fXdx, 
quac csprcdio cuohiitur in hanc - - 

y= \x'fXdx-ixxfXxdx-<-lxfXxxdx-lfX.x'dx. 

Sic 



Digilized b/Coogle 



3 o4 C APV.T }. 

Sit quinto r-X, erh y-fBxfd xfdxfdxfXdx, 
feu ... 
y — ,' 4 **/X dx — l x'fX x d x + 1 x' /X x x Z x 

— lxfXx'dx-i-l,fXx-dx; 
Tndc lex vltcrius progrcdiendi eft manifcftit. 

Corollariura i. 

1107. Tot ergo habentur formulae integrafes , qiioti 
gradus aeqimtio fucrit diifcrctitialis , ct qtiia qtinclibet couftan- 
tem arbitrariam aiTumit , toiidem conllantes in integrale ingre- 
diuntur, quibiis id complcttim rcddirur; quod idern ex priori 
forma, vbi totidein ligna imegralia implicantur, intelligitur. 

Corollaiiiim 2. 

iios. Sumto clcmcnto hx cnnftnntc, fequentium for- 
niularum more coiiiuem expreflarum mtegralia complcta ita fe 
habebunt 

I. Si Sy — Xix ttt ? —fXdx, 

II. Si ddy = Xdx' eft i y ~ xfX 3 x — /X x d x, 

III. Si 3V = X3 .v' eft 

^j — xyXdx — axfXxdx-i-fXx^x, 

IV. Si 3* » = X 3 x* eft 

67=*yxar-3*YX*9.r+3*/X*'3*-/X;<-'a*-, 

V. Si 3'r^X bx' eft 

*4y=x*fXdx— +x'fXxhx-i-6x'fXx'tix— +x/Xx'dx 
+fXx'dx, 

etc. 

Scholion. 

irop. Fnrrnulas antem, quas fupra fecundo kico con- 
flituimus, funfiiooem V cojnpleClentes , poft fecundum gradum 



Digitizod B/Coogle 



.CAPVT I. 



integrare non lieet. Ex rertio enim ordiue formula r — Y 
etfi nouimus cfTe 

r — rJj = i±i — Ls , 

nullo modo inregrari poreft; neque etiam hinc q per y derer- 
minari poreft. Nam fumta lorma pdqzYdj, exiltenrc pdp^z 
fdj> ob p-ZJJ, erit 

hincque p elidendo 

tjuae quidcm acquatio cft fceundi grudns , fed neutiquam in 
gencre refolnrioncm adminit. Ex quarro genere formula^rY, 
Ob ftdj ~p r — i q q -z fY 3/, femel integrari poreft, fed liine 
vlterius progrcili non licct. Qtias autem fuprn pro qnouis gra- 
du formulas firr.piiciores vlrimo locu conftiruimus iremque pc- 
nulrimo, cae tratfabiles dcprehenduntur: carurn ergo integra- 
tionem inueftigemus. 

Problema 14^. 

nio. Poflto vt haCtenus dj —pdx, dp~qdx, 
dq = rdx, etc. iitterae Y, P, Q, R, etc. dcnotent funf.iones cu- 
iusqne litterae minufculae cognominis, inueftigare inte^ralia ha- 
rum formuiarum iimpltcium 

P =; Y, q — P, r =z Q, s = R, I = S, efc. 

Solutio. 

Aequatio prima ob p = ij. ftatim dat 3 * := ideo- 
que x—f^, 

Aequario fecunda jrP ob 7 — 1| praebct dx = ^,tt 
<V - 1 *ndc cum P Ct fundio ipfius p, vtraoue vaxkbilis * 
ifol, n. Q 1 et 



Digitized b/Cooglc 



C A P V T t 



et y per P determinatur hnc modo 
x=fi$ et ?=/tif. 

Aequatio tertia . r = Q ob r=f| dat 3* = ^, liine 
5 3*'=3p = «*«, ita vt (it * = '^ et P-f^i vnue colli- 
gimus p3* = 3r = ^/l£S, crgo y=f^fi^. Quare p« 
ean.iem variabilem y vtnique variabilis .» et y ita determiua- 
tur, Yt fit 

,=/ii « ,=/*/<£«■ 

Aequaiio quarta j — R — ~ dat 9.r = Lr, rnde col- 
Iigimus rbx—/)q— , ita tt fit q-f-^ r . Porro jSizdp 
dat 3p = tr/!_ir, hincque p —f~'f r Z r i-a quia phx-hy 
habebimns 3j» = i±fi£fT-£z , quarc per r anibae varhbiles 
jjrincipales _- et j> ita definiuntur 

x=f% e ty==f%/%fr>x. 

Aequatio qumra (— S fimili modo traclata praebct 
iicque facile vltcrius progredi licct. 

Corollarium i, 

iiii. Ex formula (ccundii itiiclliritur, fi x acquerur 
fun-tioni ipfius p, vt fir x ' = P, fore y=fp5P=zPp — ffbp, 
quod qiiidcm per lc eft iranifeftum. 

Corollarium 2. 

iiis. Sin autem (it x =z Q, ob 9 jr = 3Q erit 
?3x = ./> SQ, et p=/ ? _Q, 
hincque 

^=/dQ/ ? 3Q, feu / = Q/?3Q-/ ? Q8Q. 

Vel 
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Vel etiam cum Jit 

j-/aQi- ? Q~/-Q5 ? ), crit j=;?QQ+i/QQ9?-Q/Q3?, 
fiue hoc modo 

— Q Q ? — * Q/Q 3 ? -h/Q Qd ?. 
Corollarium 3. 

1113. Simili modo fi jt — R, erit 
q=/rdx=frdR ct p =/q d x =/d R/r 3 R, 

Stque 

j- = //»3*-/3R/3R/r 3R, feu 
a r r / 5 R (R R r - z R / R d r + / R R 3 r) , 
per praccedens Or'>Ilarium. Ergo per frniles redudtiones 
6j/ — R 1 r — 3 RVRSr-i-jR /R R 9 r — /R 1 t) r. 

Corollariiim 4.. 

1114. At 11 fucrit x~ S, reperietur per (iir.iles re- 
diifliones 

a + t=S^~4SVS9/-*-6S , /SS9j-4S/S 3 3/-H-/S , 9j: 
Iiinc ergo pcr clilTcicmi.itiones retrogrcdiendo 
24pdS=, i S i sd$-i2SSdS/Sdj-i-izSdS/SSds-+dS/S 1 ds, 
feu 

6p = S 3 j — 3 SS/S9/-^ 3 S/-SS9/— /S 3 3j, et 
i? = S'j-i S/S 3i'-f- /S S ds, 
tum r=Sj- /S3j et s ~ s. 

Problema 143. 

1115- Tisdcm mancntibus dcnomimitioiiibns , quibus 
haftenus liimus vfi, iinieftigatc intcgralia liaruin formularu.ro 
fimpliciorum 

f='Y, rzzPf j= Q, <=R, etc, 
... • Qq a So- 
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Solutio. 

Pro fbrimilu prirna q — Y, cnm fic q — fJJL, crit 
pdp = Ydj et pp — *fY3j t hinc p = yf 7fYdj— 
Tnde colligitur. x =z f^2-~~, (ici|ue r pec y dcterminatur. 

Fro fonnuh feeunda r = P ob r = ^ * , habebimus 
q~dq = ?Dp ec J = / 9 /P 3p = * ** = |*i Tiide couclu- 
dinius ^ 

Pro formub tcrtia j = Q ob i — r ^'> fi<* 
r=/ a /Q»f = «#, 
Tnde fetiuiettr y ~ / y . * . :'- . ■ Cum Yero fit r=||, erit 
3 jr = — i± — , et ob p dx = r)j habebimus 

Pro formula quarta t = R oh t = , nflncifcimw 
/ = / 2 /R 3 r. At eft j = |r, Tnde. fit 3 * = ~~ ■ Ett 
tcco etiam s = T '*, ideoque j — f ^t/zJ r ' quoniani 
P=fqdx, fit P-/ v . J 3 R, r /; i r / K r jr i " qno prodit j = fpHx. 
Qnocirca Jf et j ita per r derermiBantur,. vt St 

Pro formula quinta o — S, ob tt = '^i, adipifcimnr 
r=/a/S3~^, vt fit axr^?-. Eft yero^eaam » = 
ergo r=/.- y i-.. Tum q=frix, p=fldx et .}■ = /*/> 3 *, 
eot quibus conficitur 

*=/ —75— ^y=fjTi7rJ 7i^rJvT j[ -^f7Tjh-, •' 
Scho- 
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Scholion. 

iirfi. Hi fuot cafus, quibus formulas illas fimplicio- 

qua reiiquae tmflart queanr. Muito pauciores occurnmt ca- 
fus traflabiles iii formii magis compoGris, vbi —1 aequatur 

funflioni binarum pliirinmue quantitarum variabilium, ob quam 
penuriam parum admodum fuppetit, quod in hac fcciione es- 
po ere qtieamus. Aequj'ionum auti_m, qnae per methodos 
adhuc inueuras traflari poilunt, hacc ferc eft forma geiiCtalis 

A^+-B .f|+-C .*^-KD .^-f-etc. =o, 
fumto elemcnto Sx conflante, quae etiam ponendo 

by — p d x , d p = q d x , d q — r 3 x, etc. 
ita repraerentari pnteil 

A^ + Bp + Cj+Df + E etc. — a. 
Deinde vero etiam aequationes hac forrna latius pateute con- 
teatac refolutionem admitttint 

A7+B^i + Cf + Dr+-Ef + ete. = X, 
denotante X funflionem quamcunquc ipfius x. Porro quoque 
fequentes formae, qiue quidem ad illas reduci pofflint 

Aj+-5£+-^+-|f-+|f+- etc. -oet 

A^+-^+-^+-^+-^+- etc. - X, 
qsirimi refolntio adeo fuccedit, ad quantutnuis gradnm etiam 
differentifllitas aiTnrgat; in harum e»go aequationum euolutio- 
ne tractatio nottra verfctbitur. 
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RESOLVTIONE AEQVATIONVM HVIVS FORMAE - 
A^-f-B.^-hC.^-1-D.^-l-E.^J-.-ctc. =o, 
SVMTO ELEMENTO dx CONSTANTE. 



fumto clemento bx couflantc, in e_,cale completum inuenire,' 
Solutio. 

Cum A, B, C, D fint ouantitates conflantes, leui at- 
tentione adhibita patet , ifli nequadoni huiusmodi formam 
y — e >> * (iitisfacere; cum ciiim liinc fit 

his fubflitutis ct aequarionc pcr e Xx diuifa , fit 

A+^B + X'C + X'D=:o, 
vndc cxponcns X dererminatur, qui cum tres valores fortia- 
tur, qui fint a, habebimus tres formulas faiisfacicntes 

j = e* x , y — fi x , yz=i yx . Venim ex natura aequationis 
propnfitae pcrfpicuum efl, fi ei fatisfaciant valores y = P , 
j" = Q, ;:R, eriam his vtcunquc comuugendis iatiifacturum 
j = SlP + »Q + £R. 



Problema 14.4,. 




Quare 
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Quare ex ternis formulis inuentis nancifcimur Iianc latilfime 
pateatem aeque fatisfacientem 

qiiae forma cum rres conlbntes arbirrarias 9, 3J, U comple- 
elatur, reuera erit integrale completum aequationls noftrae 
propofitae. 

Corollarium r. 

nrs. Tntegrale ergo completnm tot conftat partibus, 
qtlot radices habeat feu faftores aequaiio 

A+BA + CX^+DX 1 — o, 
cuius fi factor fuerit a-+-X, pars intcgtalls erit c~". 

Corollarium 2. 

1119. Hacc fcilket pars erit integrale huius aequa- 
tionis ay-h-± — o. Vnde fi fit 

A + B X -+- C X' + D X 1 = (a ■*- X) (b -i- X) (c + X) , 
quacrantur valores iplius y cx his aequarionibus fimplicibus 

ay + >jt = o, by-i-U = o, ^7 + ^=0, 
qui fi fint y =z P, y ~ Q, j-~R, integrale aequationis pro- 
pofirae erit 

j^aP + Sli + ffR. 

Corollarium j. 

1120. Si binse radkes (int aequales, puta (3=0, con* 
fidcretur difcrcntia vt cuanefcens vel |3 = a+-w, et cura fit 

euidens eft liito 3 f"* -+- 58 £ 01 fcribi debere 
31 i" -+- » C» * = C" (St ■+- » 

Ac 
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Ac (1 omnes tres radices fueriut .aequales <t = p = y , Tt ac " 
quaiio fit 

ob o = p — y = — a, inrcgrale completam erlt 

Corollarium 4. 

1121. Si binae radices fiant imagiusriae, yt Cc 
azzm-K/— 1 ct p = F— 1, 
loco Sf*"-f-89^" fcribi debet 

quac rcdncituc ad hanc formam 

<"'(acof.fx-f-SBfin.vx). 

Scholion 1. . . 

1 1 2i, Qnanquam aequatio propofita triplicem inte« 
grationem poftulat, anrequam ad relaiioncm finitam intcr x 
et y pcrueniatur, Iiic tamen vna operatione, quae ne integra- 
tioni quidcm eft affiiis, eo perrigimru. Conieflura (cilicet 
formam colle.imus aequationi particulari-cr faiisfacientcm , li- 
mulque tres hulusmodi formas fumus confecuti. Deinde ex 
ipfit aequarionli indole intelleximus, fi Talores iinenli y=P, 
y = Q, y = R ratisfacianr, crhm formam ex iis compofitam 
y = 31 P-Hf&Q-)- £ R latisfacere dcbere, quod nifi commo- 
de eueniffer, ex illis tcrnis valoribus nihil amplius conclndi 
poruilfct. Ex eodcm crgo principio in gcnere huiusrnodi ae- 
qitationes differentialcs, quotknnque fuerint gradus, vno qiiafi 
aflu ita refolui poterunt, vt adeo integrale complctum affig- 
netur. 

Scho- 
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Scholion 2. 

1123. Quoniam acquaiioncm diffcrentialcm tcrtii gra- 

dus 

Aj + B&+C £i/ 4- D £j = o, 
in gencre refoluere licuit, vt integrale completum eflct 

exiftentibus a, (1, y radicibus huius aequationis cubicac 

A + Bl + Cx' + Di'=:o, 
hinc vfum non contemnendum pro aliis aequationibus, in quas 
illam transformare licct, percipiemus, Primo autcm iliam ac- 
quationem ad difFercntialcm fccundi gradus teuocare licct opc 
fubllitutionis y — vndc fit 

&T — tf"**it, — f""*(§i -*-*»), ct 

|12 — t '* ' ' ( i|£ -+- +- «*) , 
ita vt acquatio trsnsformara (it, diuifione per e?' 3 * fa£fct, 

A+B» + Co+Da , + C^ + i^is -+- 
cuius ergo ob i — '^. integrale eft 

u — a Sle aj +-pS^ j: +-vg^ J 
~ a e" -+- E^" 

tlncc autem aequafio vltcrins ad gradum primum redutitur po- 
nendo dx — ctim enim cleir.entum Oar liimtum fit con- 
lUns, crit t d dn - 3l da= o, fcu dd*-*'-'", vndo (it .- i, 
ct jj? — 73% ' ta ?r prodeat hacc aeqnatio differcntiaiis primi 
gradus 

A+-Bu-+CB(/-f-D« 3 -)-iCC-*-3D + = o, 
cuius ergo refolutio quoque cfi in poteftatc: vtriusque fcilicet 
variabilis u et ( valor per eandem variabilem x exprimi po- 
Wtl. II. Rt teft. 
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tcft. Cum enim y pcr j 



I -\-uu = 



Loco y crgo (abfttrui 



Si^-r-St-^-r-S^ 



dummodo a, (3, y finc radices ex Iiac aequatioue 

A -+- B ^ + C^ + Di 1 — o. 
Oblcruari autcm conuenk, iliam aequationcm, pofiro t-t-au-s, 
abirc iu hanc formam 

A-r-B«-v-z(C-t-Da)-f-21iS(:s — » ») = o , 
quae latius paterc videtur, qnam iliae eiusdem generis aeqna- 
tiones, q.uas lupta traclauimus; cuius, quia rntio pcr metha- 
dos cognitas intcgrandi non coiiflar, rafolutio facilime inditui- 
tur ponendo 

Ttide fit 

idcoquc 

ficque refultat hacc acquatio 

Aj + S |*-f - G ^ -t- D = o , 
cuius refblucio cft oftcnfa. 

Scho- 
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Scholion 3. > 

1124. Aequatio ilk difTcrcntialis primi gradus 
DtD(+ (3a(C + 3Da)-4-a«CA-*-B«-i-CM'-*-D(< 3 ) = o, 

cuius mtegrnlc inucnimus, diligenriorc euoluilone eft digna. 

Ac primo quidcm obfccuo, eam integrabilem reddi, fi diuida- 

tur per hanc formam 

DDi'-.-Dii(B + !C« + 3D«) 

•4-tCC+3D«)CA+B«-+.Ca , +D« , )-t-CA+BM+-Ca , -i-DH 1 )', 

Tndc concludimus ct hanc aequationcm 

Dt3s-Da«ds-4-s3H CC-*-D»)-f-9« CA+Bft) — o 

integrabilcm ficri , & diuidamr pcr hanc fonnam 

DD z> + D z z (B -+- 2 C u) +z [ AC-+- (3 AD BC) u + (BD CC) (< «] 
+ AA-t-2AB^^-^-CAC-<-BB)««-^-CAD- ( -BC)« , . 

Vtrinquc nutcm diuifor ifte nihilo aeqnatns praebet integntlc 

particuJare, vnde cum r vel z tcrnos obtineanc valores, iin- 

guli exhibcbunt integialia particularia. Hiuc operac pretium 

erit in gcncrc acquaiionem 

inueHigare , quae pcr formam 

y 1 -+- L y j -I- My -+- N, 
diuifa intcgrabilis cuadat. Per opcrationem autem fnpra ex- 
plicatam inucnitur 

H-!p3.r, 9M = PL3x-}-3Q3x, 

SN = 9 QL 3*, ct PN — QM=o; 
vndc colligitur 

¥dx — J 3L, Q3*.= ^, 

3M = iL3L-»-^|!, et N 31 = feu M = £Hi, 
11 r 3 qui 
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qui valor ibi fubftitntus ftimto 3N conlfcinte dat 

3 3 N' =: L L 3 L 3 N 1 N L l. S 3 1 -I- a N I, d L" , 
quae per dL multiplicara , tranfit in 

3 3 L 2 N* = 3 - N L 1 9 L\ 
Verum commodins, ac (ingitlari quidcna. moiio, iUac aequatio- 
nes refoluunttir, ftatuendo 

N = *Z' et L = g, 
Ynde fumto clemento 3 2 conftante dcducitur M ^ ~ a a ^ s 
hineque 

d M — £i!i^|ZiiJ et 

;L3L + iLi? — - f^/ 4-3 *Zds. 
Ergo 3 l Z = fia92 l ; ideoque 

2 ^ a =' -t- p z c -(- v = + 

P3x = ^ ct Q_3x = a ZSz. 
Quocires fumto Z — a c* -|- (5 s' -+- y a -h J, haec aequatio 

J 3 J-HJ -^l-f-aZas — c. 
intcgrabilrs redditur, diuifiv per hanc formanv 

y ~*-s ■ h + r ■ tH? * z z - 

Praeterea fi Z habcat fafloref, tt propofita iit haec acquatio 

3o (ie-f- [3 -t- Y -t- 3 s) -•- 3a (W (|J-+. s) (y -+- s) - o 
diuifor cam integtabilem redttens erit 

cnius finguli fitflores nihilo aequati praebent intcgrale pattt- 
eularc. Ex vnoqitoquc antem, more magis confueto, intcgrale 
eompletnm ita elicitur. Pmiatur 
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ae reperitur 

fit porro <)v~pdz, eritque «r:tl?±!!S±ii, et differen- 
liaudo locoque ponendo pds, otietur haec aequatio 

quae dat hane feparatam 

j * — »» . 

t«-l-sKi»-+-a>i.1!-f- ■) plp-l-"y-<i|1p-(-'V = PJ 

Froblema 145. 

in$. Aequationis diiTercntialts cuiuscunque gradus 
ftimto elemento dx conltantc, intcgralc complctiim iniienire. 

Solutio. 

Ec Jiufc aequationt eurdcus efl fatisfacere formniaQi 
jr=ze x ", cum enim hinc flt 

1 ff< y *' 

er in gcncrc g-i = H*(** t fafta fubttitutione peruenietur ad 

hanc aeqnationcm, pofiquam fcilfcet pcr r 5 ' 1 diuifcrimus, 

A + B \ -+- C \' -+- D X* -H E \* -t- etc. = o, 
ex qua valorcm ipfius \ dcfiniri oportcr. Hinc Ifrccrs 7. coti- 
dem valores obtinebit , quoti fuerit orciinis aeqitatio differen- 
tialis propofita , quonim fiuguli acquationi aeqnc fatisfacicnt. 
Qui valores fi fint ct, [?, y y S, etc. integralia quidem particu- 
laria.erunt 

j — r=»^-,.r = ef* r , etc. 

Verurn ex ipfa acqnaiionis usturs perfpicuuin eff, aggregata 
quotcuaque horum Yalorum , idcoque ctiam ornaium, perindc 
Erj _ 6- 
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fatisfacere, Cnm igicnr aggregatum omjiium 

y — SJ e" 1 + SS e pI + C e>* + 55 f 1 + etc. 
tot complertatur conftantcs arbitrarias a, 2}, S, ©, etc. qiioti 
ordinis differentialis eft aequatio propofira , quin haec formi 
eius fit intcgrale completum , dubitari nequit. Afcendat ae- 
quatio differcntialis ad gradum /f, vr fit 

Ar-BlI-c^Djf?* ~»P.**, 

dx <)x dx dx* 

atque intcgrale completum ex n partibus conflabit , quas cx 
refolutione huius aequaiionis algcbraicae ordinis n, fcilicer 

A + Bl + Ci' + DX , + +NX" = o, 

dcfinirc oportct. Singuli nimirum eius faftores (implices par- 
tes illas patefacient , ita ii Taflor fit a — X, ex eo integraiis 
pars nafcitur Sl«", quac, vti manifeftum cfl, cx intcgratione 
aequationis differentialis fimplicts aj — i| r= o nafctcur. Si- 
mili modo duo tliflores couiuoctim 

(« _ X) CP — X) — * p — O + 13) X + * X 
integralis portionem a c" * + S5 fuppeditanr, quac fimtil eft 
intcgrale huius acqtiationis difFcrentialis iccundi gradus 

Atque in gencre fi aequationis iilius algcbraicne facior fit 

u + U + a' +/ X' + etc. — o, 
ex hoc viciflim formetur aequatio differentialis 

fl/ + i^ + ff^*+/££ + etc.=ro, 
cuins intcgrale completum fi fit y — P, id fimul crit pars in- 
tegralis aequationis propofitae. Atque Iioc modo ex fingulis 
fadoribus acqnationis algebrairae 

A + B X + C X' + D X' + + N V - o 
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deriuabuntur fiugulac partes Irttegralis quaefiti, quae iunclac eius 
inregrale completum coniliruent , ita T£ praecipuum ncgorium 
rclolutioni Iiuius aequationis innitattir. 

Corollarium r. 

iiafi. Si igitur iftius aequattouis algcbraicae omnes 
faflorea fimpliccs fucrint reales fimulquc inacquales, iutegratio 
nullam habet diOicultarcm. Si enim faflor fimplejc iit f-*-g*, 
integralls pars inde oriunda ell S t t . 

Corollarium 2. 

1127. Si bini fadores limplices fint aeqnales, fcu fadlor 
fu«rit (/-+-g>0\ pars imcgralis indc oriunda clt f~e~(5J -t- 25 *). 
Si factor fit cnbus (/-t- g >,)', indc oritur pars intcgralis 

CT* {m-\-<&x-h<lx-), 
et ex factorc biquadraco (/4-gX)' huiusmodi pars 

e~T (91 -I- ~ x -+- ~ x' -+- © .r')', 
et ita porro pro quotcunque facloribus aequalibus, vti cs §. 1 1 20. 
coHigere licct. 

Corollarium 3. 

ii2$. Si faclorcs occurranr imaginarii , bini coniundli 
exhibent fjtftotem trinomium icslem , cuius forma ira reprae- 
fcntatur 

//-4-2/gXcof.£-f-£g*X, 
vnde deducitur 

quo cum §. 11 21. collato, fit ^ — =t3 U et y—HihS. Ex 

qno 
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quo pars inwgralis ex tali faflorc oriunda erit 

,='-7— ( 51 *C '-£25Li -4- SS fin. fcfcf ) . 

Coroilarium 4, 

itsp. Si hniutmodi formae quadraNim intc* fafiores 

OCMM'SC 

C//-H »/« * «<"• * « * x )"' 
feu duo huiusmodi faflores fint aequales , confidcrclltiir quafi 
infinite parum difcrepantes, vc in altewi loco L fit L(i-t-w), 
ct ob 

fin/S&<Ci fin/afiril -+- «afciwCts&i : 

ex hoc Taflore colligitur pars intcgralis , 

' ^fcW-iAi - K'S('pL< fin.'^^+S'^^c'of/^^( 
cui prior addi debcr. Hunc in fiuem conftantcs ita contraha- 
mus ponendo 

31 -4- «' = € , - y "J , "- f - f -+- ^"^^ — ©, 

as-t-fc' = g, =J^s^- «^4=^ = 0. 

vnde iliae conflantcs vtiquc dctcrniinantiir , critquc pars inte- 
graiis refpondcns 

[ (s -+- © r ; cof. £ffl»af -K«+«jO ■ 

Scho- 
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Scholion. 

1130. En ergb Tniuerfam methodum huiusmodi ae- 
quationum difFcrentialium integralia inucniendi 



dx 0 x 

ita in compendium contraftam. P: 

1- ,mm. 



3' r H m 

? 

datur 1 



d x" 

ifle laterculus iudicat 



fcri 



I a I a 



A + Bi + CiVDsVEiV +N^:o, 

cnius Qoguli fiiflores reales , fme fimplices fiue duplicati, no- 
tentur, aique infuper cafus quibus duo plnresue funt inter fe 
acquaJes, probe oblerucntur. Tum cuiusmodi partes pro in- 
tegrali quaelito ex fingnlis fa&Qribus oriantur, ex fequente 
tabella iotelligere licet: 

Partes integralis 



FaCtores 
' (/+^)' 

ff+*fgzcott-hggzz 
C//+=/gscof.^ + g g Sa y 

(ff-*-*fgzc 0 c.i; + g S zzy 
rct: ii. 



a x e x') <ri* 
ix^&x^rr 

(5)co r.i£i^-f-<Bfin ) 
-f"*-i C(H-i- 53*) cof.-^liS 

$(SI+S5j*"*-e*-i )cof.f^i 
((*+U+txx)£n/jA<r 



S s 



Fro 



Pro fingulis autem faftoribqs diuerfoe litterae eonflantes fcribi 
debent, vt integrale omnibus numeris completum obtineatur- 

Exemplum r. 

1131. Aequaiionis differcniialh quani gradus 

miegrale compleium affignare. ( 

Hinc oritur' acquatio algcbraica 

fjuae in hos faflores ^refolnitur (1 — «)'(i+tt), quomm 
prior ob 1 et g ~ — 1 praebet hanc partem integralis 

(H S5 #) alter vero faclor ob f=i, cof. £ =: o, g=i y 
et fin.£ = 1, dat SI cor. jr -+- ® fin. x. Quare integrale com- 
pletnm, cjuod quaeritur, erit . • t 

j = (21-+- sj *) t* -+- e dor. r_ -h sb fin. * 

contincns quatuor conflantcs arbitrarias. Quod fi velimus, Tt 
pofito — o fiat jf = o, iieri opottet 91 -+- £ — o , fi etiam 
j^? codem cafu euanefcere debe.lt, ob 

|| ■■** (Sf -+- & -+- 53 *) r 1 — € 6nV* -I- ffl cof. x 
fieri debet §( -+- 33 -t- £1 = o. Si praeterca euanefcere de* 
beat ,' ob * ■ . s - 

??? — («-+-.» S8 -f- 8J *)<>" — (Scof.* — ©fia.# . 
fieri debet 31 -+- 2 33 — (r — 0. Quare his tribus conditionl- 
bus farisfaciemus fumendo S — — Sl , S& — • — 9( et © — o', 
ita Tt fit integrale ' . ' V \ ' 

jr=JB_t;i — »)«•-. «CC»4f. 
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Exemphim 2. 

1132. Atquationtm diferemialtm quarti wdinis 
A_f-i--C^-*-E^~o, 
fumto elememo 3 x eonjiame, imtgrare. 

Aequatio algebraica ad integrationem perdueens eft 
A-4-Caa-HEa* = o,"' 
quae fcmper duos faflores duplicatos rcal.cs habct , quorrmv 
forma dupiesc e[Te poteft ;i . 

vel (aa-\-amas-r-nzz)(aa — amaz-{~nzz) 

vel (aa-i-mzz)(aa-i~naz). 
Ex priori eft 

A — a*, C — imaa — 4. nt m a a, E — nn, 
ez poftcriore vero ' 

A — a\ C—Lm-hn)aa, E = mn: 
femper autem terrninum primum A biquadrato a* repraefentare 
licet, ct prior refolutio iocum habet, fi E fit numcrus pofiti- 
rus, et znaa — C feu s/AE-G quoque pofitiuus, ideo- 
que + A E > C C. Pofterior vcro fiCC> 4 A E. Tum igir 
tur vtdendum eft>, ad quamnam claffem finguli faclores petti- 
neant, vndc fequemes cafus occurrcnt. 

I. Si omnes quatuor faftores fimplices funt reales , 

etit 

A-i-Css-i-Es*— (a+z) (a-z) (b-*-'z) (b-s) , 
et haec habcbitur aequatio 

a a b b j ~ ( 0 a b b ) *£> -H = °, 
cuius integrale completum eft 

3 = a f ' 4- fS> r- ' * -+- £ t* * + ffl e ~ » 
' . S s a Ac 



3* capvt n. 

Ac (1 fit b~a, huius aequatiouis 
intcgrale complctum crit 

y = (s -<-»*■) + s*) r-«. 

IL Si duo faftores (iir.plices fint realct, duo Tero 
imagmarii, erit 

A.-h Cx » -+- E *• = (a -+■ *) (" — *) C* * -t- * *)» 
et hacc habebitur aequatio 

«Ji/ + («-»)^-^| = o, 
cuius integralc completum cft 

J^ae^ + Sr^ + C cof. &x-hS}fm.l>x. 

III. Si omncs fadtores fimplices fint imaginarii, duo 
cafus funt cuoiuendi : . j 

i) C A+ Czz ~f- Ez 4 — (aa +- sz) (i£-|-s:.), 
rnde huius aequatioais 

<j a bbj ■+- (a _+-**) j|?-+- o 
intcgrale complctum crit 

_= 3lcof.fl.v-t-S8 (io.flJ-+-ecof.ijr-t-© da.bx: 
a) fi A+C^-t-Ec-zzCflfl+aflOTof^-t-saJCflfl-aaccof^zs), 
»ode huius aequationis 

^ 4 ^ — '- ^^ *of. 2 < + = °» 
iotegrale completum eft 

j- — fH coi; c y fin , © fin. a x f in . 

_4_ g—**ir.i(g co f_ a x fin. © fin. ar fin. ,£). 
At (i fit priori cafu b~a, feu poftcriori cof.£:_o, huius ae- 
ijuationis " • < 
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integrale completum cft 

j — (91 -i- 2J *) cof. <r * 4- (£ + B x) fin, o 

Scholion i. 

1133. Cum igitur ae<juationi3 

integrale aflignari pofllr, omnes aequationes quas inde deriua- 
ie licet, inregrart potcrunt. At haec aequatio per idy mut- 
tiplicata per integratiooem ad diSerenrialem tertii ordinis re- 
ducirnr 

Ayj ■+■ -+- = Conft. 

In tntegrali autem ante inuento conftantes 3, 58, €, © its 
dcftmre licet, Tt hacc Conft. euauefcat, ideoque huius aequa- 

integr.ilc completum erit in noftra poteftate. Nunc ponatur 
_j~e Sv) ", vt Ct v = , et ob ^-re'''*», 
ii2 _z e J ' a)x (LZ-\-vv) , atque- 

„j=«"".cs£+ '??+•■>> 

aequatio noftta hanc induit fotmam 

Sit porro dx = ~, vt fit 

, = »S=»£ — -ii^, erit 

Tnde rerultat haec acquatio differeutialis ptimi gradui 

A + C « v -+- E (iiii^ - r -f + 4 " * ' + *0 = 0 > 

_, 3 cuitu 
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cuius relatio inrer v zt s ita ex rclatione intcr X et / inuen- 
ta definitur , vt fit : .. 

Scholion, 2. _ ri , 

113+ Retenta autem illa coaflante per integrauoneia 
ingrefla, vt habcatur 

Ayy -t- -+■ * Ea> 3 ; > - 5 » >■ ±3'G , : : 
in integrali completo, quo y per x exprimitur, conftantes Sf, 
8}, © 5 quantitati huic G conformitur determinari pote- 
runt. Nunc igitur ponatur dx~^, vt lit ^-i = u, crit 

ideoque ^ = f- 3 . Vnde obtinetut Jiaec aequatio dif- 

fereatialts fecnndi gradus 

Vbi confideratio elementi pro eonftante aflumti cfl exuta. Ni- 
hii ergo impcdif, ouo minus fumamus dy pro conftante, iiet 1 
que 

Ayy -+■ C « s+ E + = G, 

quae ergo aequatio etiam integrari poteft. .. . 

Vel fi ponamus yy=p ct uu = q, fumto' clcmenfo. 
dp conflante, prodibir haec aequatio 

Af + Cj + E C^^^^y-f.Q ^G.. 

Vcl fi in illa aequatioue ponatur « = 1^, erit 
Aj-.j<-f-Cr J -+-}Er ! \*?-r = G. ^ [ 
Quarum formarum ititegratio fiue lioc fubfiJio maximc irdni 
Tidetur. 

. .. Pio- 
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. ■- ■ ' Froblema 146",, ■ > . ••, ; . . 

1135. Propofita acquatione differenthJi ordinis cuius- 
3" y 

tunque a n j-±_— - — o, vbi elementum dx conflans eft af- 
fumium, eius intcgrale completum. inuefligare. 

Solutio. 

Aeqoatio algebraica folutioni infertiiens efl a"+!*ro, 
pro cuius refolutione dnos cafus conftderati conuenit, prout 
ignum vel ftipcrius vel inferius valeat. '•' ■■'' 

L Valeat fuperius, vt haec propofita fit aequatio 




ct fotmulae 0™ + z" faclorcs reales funt 

aa — 2 a z cof. a a — ±a z cof. - 

. aa — a a a cof. ^ + a 2, ete. 

qtiorum vltimus efl vel a a — a a s cof. ^ -+- z. s vel 
a a — a a z cof. % z , 

prout vel n vel n — i fuerit numerus impar, atque illo qui- 

dcn cafii loco factoris quadrati aa-\-zaz-\-zz eius radix 

oH-s fiimi debet. 

Hinc iftius aequatronis integrale complerum eft 
y — -\-e ax cof " h (8 cof. a x Cn. t -t- » fi n . _ * iin. £) 
-+- / * cof " TT (C eof.a * Jin. J5 -t- © fin. - * fin.^T) 

... 4- »" * cor - V (g cof. a x8n.!£+ 5 fin.«* fin.15), 
«tc. 

cuius 
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cuius expreflionis , fi n fir numetus impar , vltima pirs fic 

58 e~ 01 . Quod iuregrale eiiam ira poteft exhibcti . 

. ^ = a/* Cof- «cof.(a^fiD.l+o)-*-»r aJrCOr "^cor.(axnn.^+6> 
^ e ^ cof -^ co C(^ij n .tr+t) + S( OA:COf, ^(:of.(fl*lin.^+bX 

quae forraa cousquc continuari dcbct, quoad iirmles termini 
- rccurrant. 

II. Si valeat fignum inferitn, propofitaque fit haec ae- 

quatio 




ftimulae 0" — z" faclores reales funt 

a—z, aa~iz + cs, aa — saz cof.12 e, ' 

a a — 2 a s cof. -1- z z, etc, 
quorum fi n numerus par, vitimus eft a-f-s, fin autcm impar 

Quare aeqtiationis huius inregralc complerum eft 

j — %e" + t ax C(iri T (g C otff * iin. U! h- fin. jxfin. SS) 
-f- e" V Cof - (ffi cof. j^fin.^ + e fin.a * fin. 12) - 
■*■ t a x C0f ' V (g co c „ , fin. f? + © fin. j x fin. 

quod integrale etiam ita exprimi potell 

j = SU" -t- 85 e° * cof ' V co f. (a a- fin. SS + 6) 

* €^ C ° r ^ cof.(flyfin.^+t)+© e °* cof -^ 0 r.(fl*fin.^+6), 
etc. quae 
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qone forrna eousque eft contiouanda, «ruamdiu .termini a prio- 
ribus diueifi prodeunt. ' ' " " ' 

Scholion l. 

113«. Pro variis ergo «xponentis n raloribus integra- 
lia fequenti modo & hiibebunta ac .primo ouidem pro aequa- 

traue — °* - •' ■ " 

I. Aequationis ay -\~yt-n 'o integrale eft 

II. ■ Aequationis .iV + l^ir-o integTale efl 
IIL Aequationis a 3 j~±-~£~.o integrale effi 

,•; .y-=a i a C-V^ -h*H- fbf" 1 - 

IV. Aequatlonis -a*y -4-'^J — 0 integrale eft 

> = 3 e^ coT. -+-ff) » cof. -t- 6). 

V. Aequationis o* y +- ^ — o jntegjale eft 
" jt ~ Si t" «*■ »° cdf. (a * fio. .36" +- a) 

VI. Aequafioris >a'y ~h^~-o integrale eft 
y — a e~ -~ *of. (" a * ■+- a) 

-a»Vi ■ ■ 

-t- S3 cof. (a x +■■) E * » cor. f,J 0 Jf + ()» 
etc. „.. 
Simili antem modo pro altera forma ■ 
. frf, U. T t tPjr 



integrationcs ad valores fimpliciores exponentis n accommoda- 
tae ita fe habebunt . 

J,- Aequationis ay — £| = 9 integtale eft 

II. Aequaiionis a'y — = o integrale eft 

» = B «""-*-» r—". 
DL Aequatioais a*y — 0 = 0 integrale eft 

f = « ■+■ SS f~ { " * cof. ( i£_ + 6) . 

IV. Aequationis a* y — 2g — o integtale eft 

. y = $ic"-h<acor.(ax + b) + e.r'"- 

V. Aequationis a*y — = o integrale eft 

j = a e" * SS «" <* *" cof. (s * lin. 78° ■+■ 6) 
+ er'"*' "' cof. (a x fin. 36° * 0- 

VI. Aequatiouis e*y — g-* — o integtale cft 

y = 8 r» * 8J e°' a * eof. -+- 6 ) 

+ e r" ; * * cor. c ■+- c) + o r- 0 1 , 

ficquc quousquc libuerit progredi licet 

Scholion 2. 

1137. Quamuis mcthodus, qua hic fum vfus, expe- 
dite integralia aequationum in ptopofita forma contentarum 
fuppeditet, a principiis tamcn integrationis omnino abhorrct. 
Coni enim aequatio differentialis eft altioris gradus, legcs in- 
tegrationis poffulant, vt totics fcorfim intcgretur, antequam 
ad relatiouem fiuitam inter binas variabiles perueniatur, et dum 
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fingulae integraiiones conftantcm arbitratiam recipiunt, hoc dc- 
miim modo integrale coihpletum obtinetur. Haflenns auiem 
vna quafi operaiione intcgrale poltrcmum eruimus, cum omni- 
bus conftaniibus, quibus id. completum redditnr; reuera .fciji- 
cet foia conieetura vtenrcs plura integralia particnlaria imnifs 
adepti, atque natura nequationis commoda permifit, vt ex ii» 
integralc completum formare liceret. Vetum - fi .Ieges integran- 
fji ftridle obferuare velimus, propofira verbi gratia aequatione 
difierentiali quarti gradus, quadruplici integrarione opus erit, 
quarum prima C3 reducniiir ad aequationcm difFerentialcm 
tertii gradus, tum vero ifta per nouam integrationem ad ae- 
quationem differentialcm fccundi gradus, qtiae deuuo inregra- 
ta ,td gradum primum perducatur, haecque randem iterum in- 
tegrata rclationem quaelitam inter binss varisbiles paiefaciatJ 
Atque hoc modo etiam aequationum hic traetatarum formam 
refohiere ircet, vt per continuas integrationes ad gradus fim- 
pliciores redigatur, quibus tandem eatkm" integralia , quae 
Iiic elicuimus', inueniarttur. Cum autem hacc metnodus laiiii» 
pateat,- quam ad formas hic confideratasj eiusque ope haec" 
acquatio genetalior integrari oueat ■ ■ ■-,-".. 

X = A, + VI -H Sg2 ^ »*» -H etC. 

denotantc X fundtionem qnamcunque ipfius x, cui refblueridae 
praeccdens methodus minimc fufficit, nouam mcthodum lla- 
tim ad haoc formam generaliorem accommodabo. 



Tl » 
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JNTEGRATIONE AEQVATIONVM DIFFERJ_N.TIiU 
LIVM HVIVS FORMAE. 

X=A, + ^+^^ ew, 
' - Froblema 147^ : ■ ■ 

113S. 

Propofita acquatibnc diflfereatiali 

Y~At + Ea ' r - l - 03ar i - D ^.|- ' • Nyy 
. j; ■ . <f*f^ f "^"' ; 

fiirnta \<iteiWW &¥\ copOsLnte, et . figniScant.; X. fiwrtiona» 
<ni^c«nque ipfios vmenice. fup/aionem ipiius jei ^fiajtt 
haec aequatid multiplicata. integraiilis. euadw. ■ 

■*'-< .SoIutEa,- ! ; . ' - 

Sfe PiiJjr -ifie rnnltjpricator qtiern qnaeiiiriM, : oc crrrrn 
pdlis membrum X oo integribile reddatur, eius mrionam cx; 
altero membro; Sefiniri opartet. Facile aurcro inreiKgiiur^. fftr* 
mam huius mnltiplicatoris P eiusmodi fore e*", ita yt quan- 
titas X definiri dcbeat. Sit ergo e Xx dx mulriplicator , atque 
hanc fbrmam 

^ ? T (Aj . r P fe^ c agjr ^ p _. w> 

iotegrabilem cfTe oportet, cuius integralc propterea ftatuatur 
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*:=i >y A /j,^.B'V. l ca» , r M's—t y 

ha 7t huiu. differeutiale cum forrr.a corigruere d.bet , 

qnud cum lit 



__» -. 



neceflc etr fir 

A' = J, B'=!=i?, C':=E=i',-D-1i2=lV.... 
M' = S=i-, atquc M' = N. - -HinC eric 

a' J, '-:'-=il - • . 

c^vWTfcf : .-..-:, \ ... 

c '— i~ - _ ... ,._ . - '.' 

u — s — si, 



M' = 



M 



N M , L _A -»l 

" '■ jf * -v •*"-■■-■ *iy?".. ' '■'<. 

.bi ex . Itima aequatione quantitas _ erui debet, quae' aeqna- 
tio induic hanc formatn --_..,- - . 

A-Bl+qp^nxx-if _.■,., .<__.«:___= o, 
Tnde cum „ fortiatur tt valorcs, totidem quoque mui-Pticato, 
res inueninnrur.; ,. . . 

Tt i '" « yidei-' 
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"Vidcattius, coomodd hac aeicBninatioiies .j>ro rfingulis 
valontms exponentis n fe li;il>eict. .. \, ' 

I. Si » = i'i crit A — • BXi— -o, -turtt vero^ ' * r 

a'=a=b. ...... . s ,... . 

H. Si it = a; erit "A — B J»rf» 0' = ?, tum' Tei» . 
A"=A~B — C.X et B' = i"^* — C. s--- 1 "* 

llh Si n = a; erit A — B X-t- C X* — D X' = o tmn 
yero 

A'==£s=B — CX-i-pxV " - '" .; .- A 

B' = '- X ^ = C-DK et ■ ■*. . 

C' = r "'-» ) --i- A , — D. ; ~->V-, 

IV. Sln = +; erk A-BJi + C^-DV + Ex'^ o, 
tcm vero i- - J 

A' = A — B — CA + DX'- Ex*, ... 

B' = ^i = C — DX-f-EX', 

c , _ cil.-^ + a — D — E\, 

D" = °>'-»^' _ = E. . .-- 

V. Si n=$i erit A— BX+CX*— DxVEX*— ■ FX*=o, 
lnm vcro 

A' = -f = B — C X +- D X" — E X* •+- F X* 

B' = £*=*=:C — (DXrrrEx" — F X' . , ' . . 
C' = cV-bxVa =D — EX + FX* 

p/ — B»-cy-fB>-* — E— FX 

E' = "■*—"*'^ t > '— " L " t ' A = F 
itqne ita poiro. 
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Inttento aiitem hoc muitiplicatore e*"9*, prius aeqoa- 
tionls membrum fit f e* 1 X t)x, et aequat-io propofita, ijuae eft 
differentialis gradns n, per intcgrationem reducitur ad hanc vno 
gradu fimpliciorem 

/ ,» xs ,=«"(A^.c^.,..:^p). 

Corollarium i. _ 

1130. Integratione ergo hac prima inftituta, aequatto 
propofita vno gradu deprimitur, et definitis coefiicicntibus A', 
B', C, etc. tx fnperioribus formulis, aequatio mtegralis hac 
forma eshiberi poreft ' 

' v^/^-x^^a^-hb' Jr+c^-H ±u£Zi . 

*■ . dx dx dx*-' ,- 

._ Corollarium 2. " t . ' ■, .., 

114.0. Cum prtus membrum e~ *"/e**X3j: fit.fuofli» 
ipfius x conltantem arbitraciam inuoluens, fi eius loco pona- 
tur X', haec aequatio fimilem formam habet atque ipfa pto- 
pofita, idcoque eadem methodo iterum integrari ct ad gradum 
differentialttatis n — a reduci poteft , quae huiusmodi formam 

v//-A"y -4- B" dy I C" 93fl + . L // y~'v 

X _A J+B _+C ^ . 

Gorollarium 3. 

1 1 4-1. Hoc modo vlterius progrediendo tandem ad 
aequationcm^difrerentialem primi gradus peruenietur 

'X 1 — * , ='A 1 "— I 'j| T f-lP«-^|2'v 
quae fimili modo ad aequationem finttam X ,,li — A! n) j reda- 
citur, qua relatio inter ipfas variabiles x etj exprimitur./ V- 

Scho- 
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! : Scholion. - ... t 

'■ 114:. Haec igirur cft methodus huiusmodi aeqnario- 
'iies -differeiitialcs -airiomm gradtium ftlGcefliue pcr -gradus inre- 
grandi, vbi tot opus eft integrarionibus, qttoti gradus differcn- 
tialis fuerit ipfa aequatio propolita. Totum ergo negotium fi- 
tum eft in iniieWonc fuccefiua coefficicnrium, qino* ex- prac- 
cedenribus ope mulriplicatoris definiri tiportet. ln gencre qui- 
dem Iex , qua ii continiSo ex antecedentibus determinantur , 
«on ita cft perfpicua, vr inde fortna integrabilis. «xtremi per- 
fpici poffir; verum quia ex capire fuperiori ntarimn», , cafu quo. 
prrmiim membrum X euattefcit , «riam.vlumum, integrafei lcge 
fatis fimplici conrineri, idem hic vfu veiitre.nierito-flifpipamiic, 
eamquc legcm facillime agnofcemus, fi pcdutenrim a gradibus 
iiiferioribus ad iiftLOres -prpgrediaimir. Ac prirr*) qnidemtafu, 
qito aeqnaiio cft diiTercntialis primi gradus X A f H- B ^ , 
multip-licator crir e Xl d jr, pofito A — VB = o, vt iit* = -i, 
et cum' fit A' — ij- = fi, intcgrale «rit 

Ad hanc fimilirudinem aequationcs graduum altiorum euolui- 
mus, ac fermam jntegralis vltimi iuucftigemus. , 

Problema i + S. '• 

-114-3. ^ropofita aequationc differcntiali recundi gradus 
X — Aj-i-Bii-HC^, 
per duplicem integrationem rclarioncm inter x *tj> inueftigare. 
SolutlO. 

Sit ^'dx muitiplicatpr lianc aequationem per fe in- 
tegrabilem -reddens, eritque A — BX-i-C V = o, tum fumatur 
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pofitoque 

acquatio fcmel intcgrata eft 
X' = A'.r + B'i2. 
Huius ism multtplicator fit ^ T 3.v, erit<|ue A' — B'ix:r:o, 
ac ftatuatur A":=£=:B'; pofiroque r-*",iV x ' 9 * = x " 
habebimus X"^A"j-, quae cft acquatio bis integrata rclatib- 
ccm quacfitam inter x et y exprimcns. 

Cum igitur hic Jit A" = B' et B' = C, eritA"=C. 
Deinde loco A' et B' fubftitutis valoribus, aequatio A'— B'jjl=o 
induit hanc formam 

B — C X — C /j- ~ o, fen B — C (X 4- (J.) = o, 
es qua cum fit X-i-ji.zr-i, patet X -»- jj. aequari fummae bi- 
mriim radicum aequationis A — B )i + C X' = o, Quoniam 
igitur X cius vna eft radtx, jx nccclHirio cius alteram radicem 
denotat. Quare fi cx aequarione propofita, Vti in capitc prae- 
cedente fecimus, hanc formemus aequationem A-t-Bs-t-Css=o, 
eius radices ernnr s — — X et z —. — u. Seu fi fadlores eius 
flatuamus C i> + c) (j3 -i- 3), litterae a et |3 praebebunt valores 
X et jj.. Hinc cum fit 

X'=ze-°*fi**Xdx erit 

X" = r^V^-" I 3r/' f "X3 J :. At 
f^-^dxf^Xdx^Jt-^ffXdx-^f^Xdx; 
Tiide concluditur 

^'—^-"f^Xdx+^e-^f^Xdx. 
Quocirca aeqnarionis pnSpofitae integrale completum eft 

Cy = ^ir^ff -X 3*+^- p V*" 1 X 3* 
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Tbi litterae a et (3 ita funt capiendac, vt (it 

A+B«+Ci!s = C{(i+«)(p+z). 

Corollarium i, 

1144. Si bini hi faftores iint aequales, feu ^=a, etit 
X"=e-"fdxfe"*Xdx=ir"xf<!"X.dx-r"fe"Xxdx ) 
ideoque cafa 

A+-B*-|-CBZ=C(d+- 2)', 
aequitionis noftrae integrale eft 

Cy = r *" (*/«"" X-3 * — /*"* X * 9 ar). 
Corollarium 2. 

1145- Si bini fadtores Cnt imaginarii, quod euenit li 
A + B* + C** = C(//+a/zcof.«-«-.ss) ) etit 
0 =/Ccpf.fl+-/— i.fin.fl) et 
/3=/(cof. 5 — /— i.fin. 0) hinc 
«"^(^^■«(cof./T fin.f+-y' — i.fin./jr fin.fl) et 
. (P* — ^"«M (cof./* fin. i — V — *• fin-/ *fi". Oi atQ . uc 
J3 — a = — a/— i./fio- 

Corollarium 3. 

1146. Quo haec faciltus fubftituere queamus, fit bie- 
vitatls gratia 

tfti-i^m, cof./*fin.S = p, et fin./ x fin. fl = ?, 

vt fit 

f-mp + mq^ — 1, et e< u = oip — m ? /— i. 
Hinc fit 

/e a, X3*:/«J>X3*+/wfX3i;/-i et 
f<P*Xdx=fmpXdx-fmiXdx}/-i. 

Tum 
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Tum vero efl 

Corollanum 4. 

n+7« Ex his eolligimus , 
r"/<" X 3 x = £/m p X d x — V^pl/mp X 3 x 
+- t*=ifm q X 3 x +-£/» ? X 3 
et fumto /— i negatiuo, prodit e~ $ x ffi* X 3 quae formi 
inde fubtratfa rclinquit - . 

— iii=-*/« p x +- vX— y« f xa«i ^ 

hocquc refiduum diuidi debet per 

[3 — a = — 2 /— i./fin. 0. 
Vnde intcgrale colligitur j, . . . 

Cj' = j-Lj/a p X 9 *■ — j-L/w 3 X 3 x. 

Corollarium 5. 

1148. Reflituantur pro m, p t q valores aflumti, atque 
aequationis noflrae , (i fuerit 

A+-Ba+-Ca*; = C (//+- cof. ( + sO 
integrale etit 

quae ergo expreffio aequiualet illi , fi n et (3 valoies imagi- 
narios obtincant. 

Problema 149. 

n+p. Propofita aequarione differentiali tettu gradus 
X = Aj-+B||+.C|y + D^ 
per triplkem integrationcm eius integrale coinpletum inuenire. 

Vti Solu- 
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Pofito. multiplica 
A — B Ji -r- C V 



Solutio. 

licatorc e Xl dx r 



dcbet cjTc 



X" — D £ = o , 



ttim fumati 



A':E-C)i + D>i', B'=C-DX et C = D t 
pofitoquc 



fiimatuniue 

A" = E' — C> et B" == C, 
et pofito 

acquatio fecunda integralis eft 

X" = A"j 4- B" |£ , ', 
cuius multiplicator erit fumendo A" — B"c = o, at 

pofito A"' = B", erit aequatio integralis tertia 

e- ' 1 /<" " X" 3 x = = D y , 
quaeri ergo oportct quantitatcs X, c. Eft vcro prim© 

A — B ?. -t- C V — D V == o , tum 

B — C(X-J-^)-t-D(X?v-|-XM.-+- n = o , 

ct Ob 

£■■. A"=C — D(^-)-(a) ct B" = D, x 
erit tertio * 




«"* d jr, Tt fi* 



C — D(X+p + 0 = <>i 



ex 
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tx qua poltrema aeqoalitate patet , >. -+■ ;j. — v aequari fu mmae 
radicum acquntionis primae, cuius X elt vna radix. Quod 
autem [tetv fint reliquae radices, hoc modo oltcnditur. Con- 
fideretur aequatio 

A + B i t+Cs , + Dt , = o, 
cuius fi vna radis fit z — — X, feu i+; vnus fhtfor, diui- 
darur per eum aeqnatio, ac prodibit 

Ds--!-(C-D^s^B-C.X + DU~o, 
qnao eft ipfa aequatio fecunda Css + ffs + A^o, eii- 
ius radices funt z = — fj. ct s=- — feu fadores Cf--i-~.) 
f>+-z), vti in problemate praecedente ottendimus. Quarc .(i 
formulae 

A + Bs+Cs' + Ds , > 
failores fint' 

pro integralt vltimo inueniendo ponatur 

r"/<"XJx = X', *+*ft*X'9x=JL", et 

eritque D jr = X y ' / . Verum per reductionem integraiium e(l, 
Vti fupra viitimus 

x"= F L- i r«;*"xa* + 1 -i 1 H.v< p, 'XJr, 

hincque porro 

vbi bini poftremi termini- cwitrahuntur in 

xfc 

Quamobrem. jntegralc quacfitum eft 

Vv 3 Dr 
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_ r__WTtdx rfffXdx f»- fi*'XZ* 
(P—XV— 0 («-pXv-P> C«-vXJ3-v)" 

Corollarium i. 

njo. Si formulae A + Bj+Cs^ + Di' duo faflc- 
res fuerint aequales, puta y — (3, erir 

/(3' X"3r = JWff* Xdx- f^ffi' X3* 
+ _^ »/^« X 3 * - sr^y^" X * 3 *, 
ideoque integrale hoc cafu erit 

Corollarium 2. 

1151, Si omnes rres faclores fint nequalcs , feu 
a=(i = y, erit 

t*'X" =fdxfe"Xdx = xf^'Xdx-f^'Xxdx, et 
S"X"'=f<<"X"hx=fdxfdxf<<"Xdx, feu ' 
«"■X^^Ux/^xax-a/^Xjrtlr-f i/^X**^*, 
Tndc integralc hoc cafu crit 

D 3 — l r ■ * {x xff * X 3 x - 2 xff * X x 3 x -*-/«■ * X x * d x) , 

feu 

D.y = r"f3 xfd xfe" X 3 x. 

Scholion. 

1152. In genere etiam nulia integralium reduflione 
adhibita intcgratc noftrac acqiiationis ita exprimi poteft, Tt fit 

J>j=0-'* m ff*-*' d xf&-">" 3 */#-« X d x, 

pofito 

A -+- B z -+■ C s 1 -t- D s 5 = D (a + z)Q3 ■+- s) (y -*■ *) , 
*bi 



CAPVT III. 



vbi imprlmis notatu dignum occurrit, quod ternas litteras «, 
(3, y quomodocunque intcr fe permutarc licet, ita vt haec 
integralis expreffio fex roodis variati poflk. In problcmate 
etiam praecedenre, vbi duo tantum faflores occuttuut 

C (« -+- *) (p 4- a) = A -j- B a 4- C s* , 
aequationis 

X = Aj- + B ||(E 
integrale completum ita exhiberi poreft 

Cj = i-* M ft*—**dxff*Xdx, 
ac permutatis litteris n et p etiam hoc modo 

Quarum formularum acqualitas fi fuerit perfpefla, io* quod 
tentanti facile patebit, praecedentium quoque variationem de- 
clarat. Sit cnim r°7e°*X3* = X', ctit pto fuperiori 
formula 

D y — e-v*fe<v-ft* 3 xf£* X' 9 
cui cum aequalis Ct ifta 

Dy — t-ffeV-Wdxfe" X' 9 x, 
erit etiam pro X' valore reftituto 

Dj^e-ffeV-wdxff-^dxffXdxi 
quae a prima hoc tantum diffcrt, quod litterae p ct y fitnt 
permutatae. Quod autem etiam lirterae p et y cum a per- 
mutati queant, hoc modo difficilius oftenditur, ex redufdone 
autem iu folutione adhibita, atque adeo ex ip(a fohitionis in- 
dole per fe eft manifeftum. 

Problema 150. 

HS3- Propofita aequadone differentiali quirti gradu» 
X = A^ + B^ r C^*D£»-t-E*3, 

fumto 
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fnmto elemento 3 x conftaute , et denotante X funftionem 
quatncunque ipfius x, eius integrale inueftisare. 

Solutio. 

In fubGdium voceuir formula algebraica ex aequatione 
propofita facile formanda 

A + Bs-^Cas-i-Ds^ + Eji* = P , 
quae in faflores fuos fimplices refoluatur , vt fit 

p = e c« «0 <fi + *) Cr + ■) G + «) i 

ct multiplicator aequationem iioitram integrabilem reddens crit 
fumcndo X acquali vni litteratum n, p, y, 5; fuma- 
tur ergo X =: «, vc iit multiplicator ("S*, atque poQto 
e~ X 3 jt = X', aequatio femel integrata eric 

X' = A'j ■+■ B' p t ■+- C ■+■ D' 
vbi A', B', C, D' ita determinantur, vt lit 
A'=i, B'=t^±25, (y= c -£=f2±±, EK= p--c^+b«-a ) 
feu 

A' = £, : B'.= 5=A', C' = £=J*', iy = .»=^, 
vel ctiam 

A=A'a, B^B^-t-A', C = C'tt-i-B', D=D'a+-C. 
Ex quibus determinationibus liquet, fi ponatur 

A'+B't + C'!'+ D's* = Q, 
hanc formufam Q nafci cx formula P, fi hacc pcr a-^-z di- 
vidatur, jta vt fit 

Q. = = E G 3 * => Cv *) (5 + «> 

Eodcm ergo modo fccundam integrationem inftituamus ope 
multiplicatoris iP*dx, et pofito 

erit 
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crit aeqnario integtalis 

X" = A" y -f- B"f|-t- C" JiT, 
cocfficienribus A", B", C" ita fumtis, vt Ct 

A"+ B"a ■+■ C" z> — ^j^, — E Cy + =) + «0- 
Hinc porro ope mulriplicatotis e yx dx iategrando, fi ponamus 
e - "** fe* x X" = X"', inuenicmus 

X'" = A '"j+B'"i2, 
exiltente 

A"' + B"' s = ^,,,^,,,^,, = E C5 + s). 
Ac tandem ope multiplicatoris f* 3 x, pofita (brma 

integrale dtimnm reperitur 

X""=A""y exillente A""=E. 
Haec igitur omnia colligendo, intcgralc quaefitum crit 

quae expreflio iam fine vilis ambagibus ex refolutioue formae 
principalis 

P - A + B! + Ci' + Dj 1 +Es', 
in faftores fcilicet 

p = E( a +*KP+*)Cv-^*)CS+«), 

confici potcit, vbi notiindum quomodocunque ordo iittctarum 
a, fj, y, 3 permutetur, pro Ey femper eundem valorem. 
prodire debere. 

Corollarium i. 

iiS4- Cum fit X' = r'7{*"Xa*, erit vti lam 

vidimus 

Vei. II. X x X" 
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feu 

X + 

Coro!larium 2. 

iiSS- Forro ob X'" = f~"**fi**Tlf 3 erit fimili 
modo reduftionem inflituendo 

x- _ <~*rs*x>r r-^f^x», 

f-3 — «j (v — «j (p - «; (« _ v y 

(« — p;(v — p; («— ■ pj(p — v)' 

qnae reducirur ad hanc formam 

x „/ _ e —*ftr x xdx _^ r^'tf'T3., r"" rry*x? x 
(fi— «J (v-*J («-r-, (v - ft) (*-v;jj-vj " 
Corollarium 3. 

iijtf. Hinc fimili modo euoluitur valor X"", vbt 
quidem fufficeret primum mcmbrum crniiTe, quippe ei quo 
ob pcrmutabilitatem reliqua fr-orj-e formantur. Hoc modo in- 
tegtale noflrae aequationis repcrietur hac iurma cYrreiTum 

Ej- = _ _ ?_!?___ _ _t_ ^'^ ' ^ ■>-«• 

(Ji - a; k y — aj (3 — a} (n — (3j [v~ pj l<i - fS) 

(a-V) ((3- v) (<--VJ C«-i; ((i ~ 5 J (V 

Scholion. 

Ilfj. Si duae pluresue radices llnt aequales Tcl ima- 
glnariae, inrei>ralifl inucnta transforrrationem roftulnnt, euam 
dcineeps inuefi _abimus. Atque haec poftrema quidem forina 

magis 
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magis aptavidetur, vnde transformationes repetintnr. Ita pro 
faflontm aequalitate fi fit 3~y, bina pofttema membra tantum 
reduftionem potlulant, ad quam inueniendam ponatur^ry— m, 
et penultimum membrum erit - — — — ; pro vl- 

a(a — v)Cp — y) 

timo autem notnndum eft , cfte 

Z^S a—y-t-a a— "V (n— rf* * C P— £ B— J (p— 

hlncque 

l= — IxB-SM-y-*) u[ — -ir.tH — i> U — -yiMIJ — 7r"* 
Tum vero pro numeratore erit 

r-»» = r-*"(i-T-»jr), et — »*»(i_»*£ 
ideoque 

r* x9 * — r " 1 ' TW&x -4- • «/**■ 
-urT"/ ( «Xr3r, 
atque hinc btna vltima membra ob terminos per u diuifos fe 
deftruentes , abeunt in hanc formam 

(ay-a-^f— "^'iHj ; g-T-jr /V 1 Xftr-T-' **fr**Xxdx 

(a-yf (p-v/ (a-yJCp-yj ' . 

quae expreffio etiam ex priori forma elidtur. Eodem modo 
problcma in gencre rcfolui potcft. 

Problema 151. 

1158. Propofita aequadone difterentiali cuiuscunque 

gradus 



X— Aj--+ 



fumto elemcnto <)x conftante, et denotame X functionem quam- 
cunime ipfius x, eius integrale inueiiigare. 

Xx 2 Sc- 
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Solutio. 

Formcfur ex hac acquitione formula algebraica 

Ah-Bj+C^+Ds 1 * +Ns"=P, 

quae in faflores Gmplices reloluatur, vt iit 

p = N(«**)(p+.*Hv+*) (*-*), 

quorum numerus eft n. Quodii iam fimill modo per fingu- 
las mtegrationes continuo progrcdiamur, tjndem ad banc ae- 
quationcm integralem cttr^mam perueniemus 

N/=#—// , -" j -ajf/^-* J "3x/ feQ-"*dxfe"Xdx, 

feu cum lacTiores inter fc permutare Iice.it, erit etiam 

ty = /-->/y*-ft-d< r / < tf-vi"d4/ ft"—>*dxf*"XBx. 

Hacc vero exprelfio per iimiles redufiiones , quibus fupra fu- 
imis vli, in fequeiites p^irrcs lelblui poielt, ad quas con.nio» 
dius repraeientai;das iit brcuitatis gratia ' 
{p-«)(7- «)(? — .) (v — *) 

(* — 13; <y — « <? - P) (* — ft == r?, 

( a _ v j(p_ vJ (5_ v j ...... (v— y)_y', 

Ca _, )C p_. )fv _,) ^_,)_^ ( 

hincque erit 

N/ _ i e-*'f e °* X 3 *■ -+- * t-?*ffi* X 3* 

+ £ t—**fi** X d x ■+■ ■+- l e-"fe"X 9 x. 

Nc autem opus iit ad valorcs a', f3', V ', ctc. inueniendos, 
tor. laclores in fe inuicem multiplkarc, cum (it 

j^^j — Cp-HiEjty + ^Ca+a) (* + =0, 

cui- 
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euidens eft, hanc formulam pwebere valorem «' , fi in ea fla- 
tuatur z — — a; hoc autem cafu fradlionis | . tim nu- 

rr.erator, quam denouiinator euanefcit, ex quo cius valor eiit 

P-A + B!+fj'+Di , + . . . . +N»', crit 
il-B+iCs + sI 1 --^' • ■■ -t-niJ 
quae expretro vocetur Q, vnJe pa;et fore 
af = g- polito * = — a, 
f3' = i pofno z = — (3, 
y' — 2- poG:o a — — y, 

Vel cum his valo.ibus fubftitutis aequatio integralis per N dl. 

Vidi queat, fcquente* vaores colligantur 

B — >C»+lU«'- + E a ' i»N <*—' — 3, 

B — sCp + 3D(3' — + E|3> ±fl N p— ' — 3, 

B-!Cy + 3Dv'- + fc.y ±»Nv*"' = £# 

B _ 3 C c ■+■ 3 D *■ — 4E> ±«W v"— == 91, 

auibus con!tiru:U erit inrcgrale quacfitum 

quaad omncs fafiores fuerint iti compurum ducti. 

CoroHarium i. 

»159. Cum fit 

<✓=&, p' — v' = f» crc - erit 
Sl _ N a', SB = N fS', £ _ N y'> etc. 

Xx 3 H'ic 
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Hinc ob 

p-A-t-Ba-t-Cs'-f-Ds'-+-. . . . .-*-N»*= N(o^X(3+*Xv + *5 t^*)> 

«rit 

% = ~- x pofito z — — a, 
® = p-^ P° fKO *= — P' 
« = 7 ^ P ofico s — — Y» 
«t ita porro. 

Corollarium 2. 

1160. Regula ergo huius aeqnarionis propofitae 

integralc complcium iniieniendi ita fe habet. Formetut iade 
formuh algebraica h:icc 

A*B« + Cs' + D!' + +N2' = P, 

cuius quaerantur omnes fidores Gmplices, qui fint 

tt+s, (3-r-z, y-i-z, 5-t-«, etc. 
quorum multitudo numero n cft aequalis, tum pro fingulis 
his frctoribub fequemes quantitates conftantes definiantur Sl, 
S3, C, S>, ctc. vt fit 

51 = -JL pofito sr= — tt, feu 

azB-2Ca+3Ds'-4E a ' + »N a*— , 

SS^P^ pofito a = ~j3, feu 

a5 = B-aC(3-t- 3 D|? — +Ep ] + »Np—, 

£ = ^ij pofito I = — y, fcu 

G = B— iCy + jOy'- -f Ey 3 . . ..+»Ny' -1 , 
liis omnibus imicntis crit inicgrale quaeiitum 

y — 
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^=«r"/V"X3*+J*-P"/ e P'X3*i-^e->'»/<!i'-X3*-f.«c. 
quae forma tot cond.it partibus, quot fuerint faftores fimpli- 
ces in fbrmula P. 

Corollarium 3. 

Ittfl. Cum hoc modo integrale tot conflet partibus^ 
quoti ordinis cft aeqnatio difFcrcntialis ptopofita, et vna quae- 
que pars per integrationcm vnam inuehat conflantem arbirra- 
riam; manifeftum eit integrale opc huius regulae iuueutum 
fore completum. 

Scholion. 

1 161. Integratio ergo huiusmodi aequationum diffe- 
rentialium nulla ainplius laborat difficultate, fi modo formulae 
illius algebraicae P omnes faftores fimplices, feu quod eodem 
rcdit, huius aequaiionis algebraicae 

A+E i + Cj' + Dj 1 + +N!"ro, 

omnes radices numero n aflignari queant. Hic vero duplicis 
generis cafus occurrunt, quibns haec integratio vehementer 
impeditur, quando fcilicct vcl duo plurcsuc eorum faiftotum 
fimplicium intcr fe liunt aequales, vel imaginarii, quo quidem 
pofteriori cafu hoc tantum inrommodi acccdit, quod partel 
quaepiam inrceralis inuenti imnginacia innoluant, quae aurem 
fafta reduflione fe mntuo dellruunt. Priori vero cafu parres 
ex fiictoribus aeciualibus oriundae adeo fiunt Infinitae, fed ita 
diucrfis fienis affectac, vt coniunctim nihilominus quantitatcm 
finiram refera<it, cuius valorem nonnifi per plures ambagei eli- 
cere licet, vbi probe notandnm cfl, vtroque cafu inuentionem 
idiquarum imcgr.ilis paniuin, quae fufloribus ii>aequalibus con- 
■veninn', reutiquam hinc lurbari. Methodum autem huic fiui 
accommodatam in fcquenti pioblemate explicabo. 

Pro- 
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Problema 152. 

1163. Propofita sequatione difterentiali cuiuscunque 

gradus 

X=A,*B a C ?lZ*D $>+E *l* 

3* t)* d* K 

ii focma algebraica inde facla 

. P =z A + Bj + Cb'+ Ds'+E«*+ +Ns' 

duos pluresue fatfores (implices inter fe habcat aequales, par- 
tem integralis inde oriundam inueftigare. 

SoKitio. 

Sint primo duo faclores a-KS ct p+ B intcr fe aequa- 
les , feu pra, reiiquus vcro faflor formae P fit-Q, vt ha- 
beatur 

P = (a + «) G? + a) Q = (a + «)' Q , 
polito autem a — — a, abeat Q in E. lam inttio falrcm lit- 
terae a et (3 vt diuerlae fpeitcnrur, exccpta quantitate <£ qnae 
Vtrinqne .fit eadem, arcne pro binis integralis pambus ex bis 
binis faftoribus oriundis hnbebimu» 

a = f|3— b)C et » = <* — f3)C. 
Partes autem inregralis inde oriundae littera w dcfignentur, vt (It 

vnde differentiando colligimus 

ad hanc addatur prior pcr f> d x multiplicata , fietqoc 

quae per (3 - a diuifa , et per e -oX niuloplicata , ob (3 = a, 
integrale praebet 

Quo- 
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Qnoclrca loco binarum partiam ex fafioribus aequalibus a-t-x 
et p + s oriundarum fcribi oportet hauc formulam 

v = k<l- a *fdxft!"Xdx, 
Tbi _ oritur e_ forma — ■ poiito z — — a. 

Ponamus iam formulam P tres habere faclore! timpli- 
ces aequales, vt tlt a -t- z~ (3 z - y ■+■ z , quosquidcm initio 
tc diucrfos fpeflemus. 

Ponamus ergo P =: (a -4- z) ( [3 -+- z) (y -+- s) Q , abear- : 
que Q in _], pofito — a, ac pco integralis panibus ha- 

bebimus 

a = CP - «) Cr - «) an, ss = c* - p) Cy - p) 

_ = ( a -y) (p-y) 2S. 
Hine _ fummam trinm integralis partium, quam quaerimus, lic- 
rera v denotemus, erit 

«Hr — f''A"Xar r''tf'X3r r^7^'X3t 
Cj3-«)Cv-<0 C— PXv-P) C«-Y)CP-V>" . 
Cum nune fit 

1_ — _ _= o, 



dx ~ <,p- a )(y-~~ (a-pKY-P) C"-VAP-Y)* 
fld quam li prima per n multiplicata sddatur, fit 

a»('^.^ = _____t + _!____; 
W y Y -p (3-y 

Haec aeqnatio denuo differentietnr, vt prodcat 

„/83» . »M _ _______ _ Yt">Vr"X3 x 

'VS? v -|3 p-y ' 

W. II. V 7 ad 
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ad quam illa per (3 = a mojtiplicata , fi addatur, oritur 

vnde iam omni» incommoda funt fublara. Multiplicetur nunc 
per e"* 3 r, et integratio dabit 

gBe"(i| + *-«)=/9#/*«*X3jf, 
quae per 3^ multiplicata dentio fit ititegrabilis, prodirque 

SR e"« = /3 xftxff* X 3 .r. 
Quocirea fi forma P finflorem habeat cubicum (cc-4-s)*, quae- 
catur qnantitas SR, vt fit 

Sffl = : ; ^ — i pofito 3 = — a, 
et integralis pars hinc oriunda erit 

Simili modo fi formula P quatuor habeat fiultores aequsles, tc 
fit P = («-»-z)*Q, capiatur m = ^-— feu 5Dt=Q, pofit» 
x = — «, et integralis pars inde nata crit 

^t-**fdxfd xfd xfe* x X 3 x : 
ficque etiam cafus, quibtis formula P adhuc pluret habet faflo- 
res aequales, facile refoluentur. 

JVbfj» Tota fiaec fijluiio efl tiriofa, propterea moi Jicet quantintes cc, 0, y, 

«*. quae ponunlur acqujJci , \t ilijciijc 1":.:.-U';;n.r . t.men nro (innulij 

jnembtis qirantitu ait euiideni vstloren, retincre affunmW. <l„nHn.^!™ 

lirrerae ss, fi, 7, etc. intinire psrum a fe inuirein 

tur, etiam in valoribus litrcra S) indicaris ditte.c 

agnofcere oporter, vnde cujn fingulae 

que euolulis inembra inltnin fc mu 

jraruis lincne -Bl parres quoqiic finirae cmcrgutil. Correcltouem horuni 
etronim pcrcrc liccr cx fcq. 1'robl. 154. dmn fa.torcs aequales iu aequa- 
tioncm peculiartm conticiuutur. Malui atircin hunc corredionis laborcni 
indullriae Ieifionun- rclinqueie, qitain hoc opus a rali «rore (ibenire, 
bepa eufm plni prodcfl errores, in quos etism cTerciralii inctdere con- 
t&igir, confcruari, quo melius harum rerum fhidiofr addifcsnt quanta cic- 
cuuiljieuioiie cwiendum Ct, ne iu rariociiamlo lialludncuiur. 

Corol- 
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Corollarium i. 

1KJ4. Noratu hic omniuo eft dignum, quod hae for- 

mnlac 

.3w-t-aw3*, a9«-t-*a3*3w-+-» , «3x', 

d x' d V -t- a* v* d 

et ia genere haec 

3" W-t-j a3j3" — v-*- xdx' 3" - 'v-t- !■'"-■"*-*» a^jr^a—V+e tc. 

fi fcmc] per c 11 multipltcenrur, fucccfiitie tories integrationcm 
admittant, qttot vnitates contiuet iudex n, ita vt poftremutn 
iatcgralc fit e alc . 

Corollarium 2. 

11S5. Rntio antem huius phaenomeni inde eft mani- 
fefta, qttod fi formula e" v conrinuo ditFerentietur, fnmto ele- 
mento dx conftante, formulae illae differentiales per e" mul- 
lipiicatae prodeant, ita vt fit 

CoroIIarium 3. 

nfftf. Aeque memoratu dignum eft alterum phaeno- 
IDenum, qttod folutio illa nobis offert; fumtis fcilicet nutreris 
quibuscunquc a, p, y, 5, etc. fequentes aequaliiates femper 
iocum hauere, vt fit 




etc, 

quotcunque numcri hoc modo capiantur. 

Yy a Corol- 
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Corollarium 4. 

11^7. St formula P in faclores firnplices reiblutrl po- 

natitr 

P=NC*-^)(p+«)f r -t-*) (fL-i-a)C+*)» 

espreffio integrali* prins inuenia (1158.) quae erat 

N f-t-^f^^dxf^K&iffr-*^ fi*-'"dxfr"Xdx, 

ob fatforcs acqu:iles nulla implicatur difficulrate , forma autein 
poflerior, qiu inicgrale in partes cx lingnlis fitSorbus onas 
diitribuzum etiiibetur , er quae ad vfum multo magis accom- 
modiiia viiictur, eo difficiliori egebat euolutionc. . 

SchoJion. 

nfiS. Phaenomenum Corollario obtruaMim eo ira* 
iorcm attcnVmncm mereiur, quod citam ad Aritbmettcam iul- 
garem rransferrl poteft, vbi vfn adeo i;ifi*ni non cjrirurtiin ii- 
detur, pntccipue quud eius demoiiHrati-i miuirue fk,obuiJ, fed 
ex priifuiidioribui Analylcos penctralibus repeti debear, e* quo 
h;iiid aiienum fire arbttror , fi huic infigni Tljeoremati ari;h* 
rnettco bic locum conccdam , idque eo ma^i» , quod loluio 
problematit hfc enpoGta fine demonftratione iltius Tl.eoremati* 
n.i.iioie foxet perfcccj. 

Theorema Arithmeticum. 

Iitfo. Si habcantur mimcri qrioicitnque n. b, c, d, ctc. 
e\ ii*que dum a qnolibct Jinguli reiiqui fubirahautur, formca- 
tur feqnencfa produfta 

(a-b)( a -c)( 0 -J)( a -e) e rc. = % 

(b-a)(b-c)(b-d)(b-e) cic. — 3J 

(c-a)(c-b)(c-d)(c-e) erc. — E 

(d-aj(d-b)(d-c)(d-t) ctc. = S> 

fcm» 
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femper liabebitar 

Demanflratio. 

Confideretnr fecundum prlucipla io IntrOdnflioae ai 
Analffin infiiiiioriim tradira hacc fraclio 



vfci 2 dciucet eiusmodi funfliimem ra'iona!em integram iftus 
S, in qua fumma potell.is ipfius e minor fit numero fadtoruni 
denominatoris ; haccque frarfiio refolni po:crit in has fraflioue» 
fimpiiccs, quilius ea iunftim fumtis fit aequalis, fcilicet 

Ad qaam rcfoliuionem lumamus illum nurrerntorem Z = e\ 
exiflenre n numcro i. tcgio minore quam denominaror coiiti- 
nct fiilores, atque hi numcrinores ita defiaiuntur, vt iic 





-<){a—aj ttc. 




b' 


(Jt — aj (6 


— tj i_b — J , c.c. 







{e — aj [t—b,{e — dj e-e. 



Cum igitnr ilhe fra.Hones negriue fumtae nempe 

ad fndionem prono^tam adieftac in nihilum abeant, fi X fit 
nu ^erontm propoltornm ff, £, r, d, efc. ykiinus, rjtorum adeo 
multitudo maior ttl quain n-t-i, ponatur 

Y y 3 («-*) 
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(» 


-*)(« 


-<3(« 


(* 


— «)(» 


— <■)(*- 


(' 


-«)(' 


-*)(<■- 


(«■ 


-«)(«■ 


-*)(«■ 


(« 


-«)(* 


-*)(« 



-O (« — =) = « 

-«■) (*—«)=» 



. . («•— at) = S 



,..(«-.r)=3 

Tt ftaflio ptopofita fit 1. Atque hinc perfpicuum eft, fum- 
mam omnium hatnm ftadionum efle 



dnm Ct u-f-i minor numero terminornm. Sumto ergo a^o 
oiitur cafus Theorematis. 

CoroIIarium r. 

jfjo. Haec fi transferantnr ad nnmeros SI, 2}, ff", cfe. 
fupra (n6"o.) dcfiniros , ibi aliquod lciie liilcriiTien in fadto- 
rum conftitutione probe cft notaudum, inteiligemr efle 
i + i + k + & + «<- = ° . 

~~ r — I" — t ~ w~ etc * ~ ° 

-; , -S-?-S-««-=« 

ctc. 

doncc penieniatur ad hanc formam 

± iri ± ^i ± tzi ± s - ±m . 

eirius fumma non amplius eft euancfcens, fed sequalis fractio- 

»i j. 

Co- 
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Oorolkriurn 2. . 

1171. Hoc etiam ex euolutione formae in Theote- 
mate adhibitae colligcre licet; etenim C ea ftatuatur 
' ' ' s"-' ' 

(a _ a) (8 _ ij (, _- f ) (s — J) ' 

exiftente omnium litterarnm a , 4 , £ , etc. nnmero _ », quia 
hic numerator z" - *tot hnbet dimenlioncs, qnot funt fadores 
in denomiuafore, pars integra in hac fraftione contenta eft vni- 
tas; quae ctiam fafla refolutione eonfeniatur, et in applicatio- 
ne ad caTuffl memoratura abit in £. 

Scholion. 

11-72. Poft huius Theorematls demonftrationem dc- 
mum clate a pollcriori oftcndi poteft, quemadmodnm integfale 
fnpra (nfio.) exhibiturh aequationi differentiali ibidem propo- 
litae fatisfaciat. Notatis enim exprelfionibus §. 1170, cum fu- 
pra inucnerimus integrale 

erit continuo differentiando 

= 'fi?'Xdx-t-fy-t*ffi*Xdx->- etc. 
— ~£-e— *{e * X dx - % 1- * '/#> X dx - etc. 

Tsqne ad 

_T_- 1 .^l , e -«/ e ' I XdJf±——.e-i 3 Y { (J*x3r±etc. 
ynde fcquens forma differentialis refultat 

8"/ 
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, : , A$ r ^-Xi»* 

quod poflrcmum .mcmbrum a,bit in ^X. .... -.._., > 

SiMata omncs hac formae. fingubtiln multiplicentur per 

<BW^MT p 8u A». C>P • * -* • H, quoniairi eft . ; 
A-B.« + Ca'~Da 1 + . +N«.'.-fl,, J J 
A — * B-(3 C p* — ' D p 1 h- . . \ nSHjR-po, 

prpptcrca quod n + s, y.-r-*» l -l t . W-HH 

forrnae. _ a ...... ... .... :i >\ 

A + BaH-C£4-P«s 1 -+- ... i, y ..-+■ N s", 

manifcfto obtinebimus ... ;: ,-.„; £ 

j^+B|i + c¥!fl+a5^ *-ft&=x, 

quae.cft ipfe .asquaj^-djffe^entjalis iaitio propofita, _ 

•f ; .' - .Problenia 15?.' ; - ' i: < V= 

1173. Propolit. acquatione differcnttali cniusciuiqt" 
gradus . ... , 1 1 . . - , ■ u 

X —Aj-HB Jj + C— +B j_f»A ••*J J ,. 
jl expreflio algeuraica binc formata' ,,'."' 

P ~ A'+Bs + 6a*-+-D2 i '. ."-VlSa^- 
dtios habeat fattori*s filnplices 'jm.gjn.rios 'fafiotc -tiuplicl 
ff^-tfs cof_0 -fca^s- xoai~»;ns ^.iinue%aie . parics integrali» 
hinc oriundas. ■ n ,- . 
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Solutio. 

Sint a-*-z et p-i-a hi duo fiflnre» imaginarii, vt fit 
«=/(coi~.0-f-/-i.fin.fl) et (3=/(cof.e-i/-i.fi Q JJ, ob 
(a -+■ z) (f3 -+■ z) =f//- i f z CoC S-f * = , 
■c flatoatnr P := (//+ a/s coC P + a s) Q, «tilknte 

Q = A' + B'« + C'e'+ -+-N'a'~' . 

Cnm igirtir inregralis partes ex biiiii illis laclorilms Cir.plid- 
bus itr.aginariii ortac lint 

fcos Talores imatinarios ad ie.ijira'em perduci oporer. Erutit 
■utem Gl et 2} .quanmates ima^inariae rciultau.es CS foiraa 

(/coC 0 5- /— i./fin.* +b; Q, - 
C loco s Icribatur 

— /cor.8 + /— i./fin.#. 
Ai lafla tiac uihilicucione fir 

Q — A' - B'/cof. t -+■ C'//cof. 2 # —Typ cof 3 * 4- ete. 

t.B'/fin. C^fin.!**/— i.Dy^coC 3 #±ete. 

Ponamtif fcreuitatis gratia 

' A'— B'/wf.l-»-C / //'cof.a#^iy/»eor.3<-l-erc. =3» et 

' — B'/(in.e-HC7yfin. aS— D'/ J fin.3#-r-etc. =91, 
Tt fit Q — <D? 9? /— 1, vbi fignornm ambiguorum fupcriit» 
talet pro litcetis * et 9, inlerius pro lirteris p et 3J. Hinc 
ergo erit 

» = — a/— i./fin.*(«H-H/ — 0 et 
» =: -H a / — 1 . / Cq. S(2H — 31 / — 0 , 

idcoque 
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»V<"X.5y ..; t-*?-ffT&* ■ 
K-9»y.._.»r'. 

Eft TWO- ' f-.::i HWKiU» ,11» ;;-'~sVn*-*1 

<«* := et'"f i [cof. (/* fin. C) -I- V — *• ""• V* »"-• (J^iM 
— [ C0 f. fi„. ?)-l^ip'^-i./m.:</-Jf fln-if;]. 

Sic brctritatis gratia angulns fx firi. 5 erit 

Quocirca hitbebimus' intc'grali( partcrh qiiaeiitarn I '* — ~ !> 
(+t-f*"J''($liU.<p4-'m coV;$>/c^''X3.rcr>r.0;i': 
c — (-^"^'(W™^-^ (in . f?);/^'^"X9i-fir 1 . a) [ f 
15 (31 5)1 H-^-ffi/fiiii.* !f -"=""' 

exiilcnte <pz=.f x fiu. J. zunifdffuRifi 

' ' Coroilaritim T. " ' 1 "~ * n ■ 

1174. Praecipimm igitiir opiu hic eonfiltit in "'irtuen- 1 . 
tionc rormulae imaginariac "St-f-Sy' — i, qiiae colligi de- 
bct es quantitate Q, durn loco s lcribitur vaior imaginariu» 

itiuic liof comtnodi naicitiif, "lit ioco s" rcribi oporteat^ ( -,. ¥ 
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poterV, Tbi;nutem notiihritim eit, liac fubiiitutiane t 
iiThm P quatn ... itcriOrr.matorcm ctinnelccre-^ "K* n 



m.mifeflum eft, valorem iltius formulne rite obtineri.eic.lnc 

1 Corollariuhr !: '• ■ fSi 

1176. Quoniam igititr eff 1 1 !• & ' r .:—-', 

fl'fti tL lamiis"" '< :] " : - «^/'■""S^O.na.T-VH-^-j/^^i-^ffl;,!!) ,, 
9 = B-^'iC /fof. 6 -I- 3 D /* cof.i 6 E /'. cof. g » . . r, c 
.'V.'»' ^■fl'N/*T'cof. j|G?' h .t =M-,_ 

O = - * C / £M 3 n/ 1 fin. * P E> #fUj|> Vft - 
-f X - t-*»/^"".*^ r O », , O 

W fiitfa fubfliturione fiat,,,, ;.-.■■ _. , ; ,„-;.■.-,' » '•>i~,„t 

R"=1>"+ ^rr.fr#i: igife'/" : = * 

habebimus ,4 ..... ^ v — - 4 yn-tt-i £i 

1 nf — n-t-y- .-o — -n-i-i"-r.< 

r .1 ^fwmn®**.? *jj"'°-' ' 

MfiWUKft! tinaam jid ,„,„.. , n ., r . f ,i.,.., „„„ 
«l.h..,.^/... lowf 1U! Corpnariurri : 4. "^,^!''?^ y ' '' J 

1177. Immfidiare ' ergo ex quantitatc F ihdeque deri- 
Wh pafi.» /rBu.e = (p. intcgralis pars esfadbre' 
duplici //H- =/s co[V-94-'ja 1 s-nita v fctit exprefla" . V — J 

* 0lu Z«. Scho. 
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■, ,—■ vh.-i- . JWwBtih^ "A :•: O ■ 

ii7S. Quotcunque ergo fornu -. ■' i ., <:-,) t 
P— ■A-t-B«*r-C-^-(-Da a 4-etfl- \ ■ „ 
habucrit faftorcs dnpliccs , pro fingulis ope horum pracceptb- 
•rmn partes iiitegralis fiicilc defiiiiuntur, ct quia liinc inueritip 
partium, quae faftoribus fimplicibus conucniunt, line ii fmt in* 
aequalcs.fiuc acqualcs, uon turbatnr, omnibus partibus in vnam 
fuminam conie<fus habebitiir intei.ralc coni_iletum aequationis 
diffcrentialis propofitac. Vcrum tamen hacc praccepta non 
fnfiicitmt:, fi fWtorniri duplieium bini piuresue intcr fe fuerint 
aequales; huiusmodi enim cafus peculiarem esigunc eu.olutio- 
ncm fimilcm cius, qua pro cafu duorum plurlumuc faiiorum 
fiinplicium inter fe aequalinm fum vfus. Ne autem hauc tra- 
flationern nimis prorraham, fufficiet cafum pro duohus fajaorw 
bus duplicibus inter fc acqualibus euoluiue, cum indc inctho- 
dns-.tad. pllrres facilc extendatur. ... > . . , , ,, " , . . .,._, " , 

iiutai :.: Problema 154. v 1. "i...' min .-i.r> 

1175. Propofitii aequationc differentiali cuinstrjaquc 
gradns ' ■- .Ito -■ ! : - . :«,.- ) . 1 ' : ; .-_•/■ - W 

.(i.:i;.i- ',■ ,- :. fl,v ,. i ■, .3*". 

li ejtprellio algebraici Inde formata . \ 4'. _,-"" "'' ■ 
Pr- A-^Bs-4-,C V-t-^^"-^.._. . -^NV'.' ' '**' 
habcat fafloiem duplicem qimlrnrum r — \ 1» "r 

/t,,n#/+«Af"M+*<! , > ■ .„';., 

partem intcgralis ci conucnieocem iuuelligare. ' 

[•.-,. ■ ■ ■ : ^ » ■ ( - ji! ai.no .,. 

•: ; Sptetia,: i-i f „ . , 

■Ponamus eryj. <P-^ a/ s oof.^-j- zsT Q, fitque 
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Q:— . A'+B'«+C<'3ii)W, . . . -f-N'a—*, 
ac primo imaginaria non curantes ftatuaraus .,■■--_■_ . 

p _:/(«*. fl - j/- x. fin.0), ... >, 

Tt fit '!->.■.. :.■ . • ,", i ■ -j-.- ■ , . ,. ■; 

P -:(*-(-*)' (p-HeJ-Q. ■ ;'■ '";-■" -v ■ ' 
lam ex iis qnac fupra (11S3.) dc binis fiifloribus ffmplicibus 
aequaiibus docuimus, ponamus formam ... ■'. ,.. 

— i-j, _= ((3 -^iz) 1 Q, .pofiw.a: _q,rr«a,t abUftria >»,,-, 
a't hanc fprmmn' '"' ' l: ' '■; '. ■ ' >\*a\t.u-^s 

qnibus tpiantiraribns -Jl- et -» inlientis, ifai- oftcndi. fQre intcgra- 
lis partes hinc.oriiinda* '■ "'r. ' "-' ^ ' : ' ; - 1 1V ''•'< '' r ' -'" ,lj 

x fd x fe •'_ X 3 * 4- £ */• *f 'fi* X'9 * = v, 
quas, cum tam imagjnatia imjoluant, : ad. realitatcm reduci 
oporret. Fanamus- Tt_ in pioblemate praecedente. „._",'., 

SBt — A'— B'/ cof. f 4- C' : f} cof. 3 f - ry / 3 cof. 3 6 *&- 
31= .— B'/fiti'.» : H-C</'fin.a*~D7 J .l)n. 3 
vt quantiras Q, pofito _.-__— a = — /{cof. f"-i- / — i.fia. fl), 
abeat in SDl -H Stt / — 1 , at pofito ... .-.i.jm.:- R 

! (3_:— /(Wfl — -/i.fin.fl), ■■ r " 
in 3Jj_g;/_,. 

Cum iam fit f (3 - af = (— i t./fin. +//__..#■, 
cui quoque (_ — p/ acqn.itur, erit 
,_-.■ S = -+/ffui> („'.*„/:- 1) et . 
:■ i ,0 = - + //.fi_ f* (3» .- * / - > «li-V:':, 
V-./ Zi 3 ideo- 



ideoque". . ... .. ;( j ( .''; 

+ (9B-. K /-.)^-/ai|^-x. an L . 

<-■" = -/••» {imp^Sr^lbi. $), 

*r'»"«'[«<of.t|i-siiii4-!ii/^,ioc$^#i!i"AiSi 

X /,)*/.*<*'••!{.■-;_,;.<;->'*- i. fif-v) 

x , y»*^ sl 'r'*Si < ci>c * -.f ->•'»'■ w>, 

>bl pattes imaginariae^onte fe ce ffruunt, ita n obijneitBr ^ 

t-'*'*»(-cor.!p-siiin.(p)/ax/t' :c W'x3jfcor.(t>i 
(!Qcor.0 <-ai nn..T)/S.r/;»"»' Xlxp.Qj 

ftu Ecfc mo.o " 

ittrf». Eti-m hiec folutio in-goi comition* intjTgrt di-gehtti. Uflc- 
rumr-lidU. ^.--\a-!-(f =_Jii 

CjDrollariurn i. *upc.b. 

nso. Quoniam^mirL^^ / — t 

D.rcitoi ex qu.rttitat. Q, fi Iqco _ fciibator : mawrrSla'*- i. 
-i ",i __. 



y _ -^cof.S-hv,'-!./»^), f 9,,p ' i3t " 

«adcm pofitione qiiaque rcpcrietur cx forma ^ W - s 

-ernm hic iam riumeraior qnam dcoominator prodU. euitDeiceri» 

Corollarium , s.-> -t- , — * 

iigi. Orietox crgo ( quoque idem- Talor exTprmuta 
Tbi cnm idem incommqdum.deauo recuitar, .orietur. qu-ijw 

ffjff Z 0 "»- »,v--V" - .-■.sare - $ lo, «q » * ■ ^ * 

.. ■-. »i -• -?-,-»/. ..'>-«- w\ i 6 \ X ■ 

i - \ .HC%»i,XVwiR|l*^ai-$a<r» «!»*»*>** 

-■ 1 ■ ^ig.". Statuatuc hj- on]-io.,i-, deflomiiifitpr^ 



«:(lt : ! &Stej.&bfiijBliofte.,& 511C 3 ^"uu C it„L.> ;3.r! ro.03 
idcoque . , r muhfiflpioD 

■ - \ »^»vite<,=ii ~',^°.ir' -»:,v.;ig 

et confequenter «"cJiwt 3 o.c.l il .£> wsliMEun *i iDlialEH 

V~, " " '' '• ' " s»= 
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8 s» -capvt m. 

551 — _=i_ et Rc'-=Bp-. 
Qnos ergo valorei in parte inccgrali» inuenta fubflituere lieer. 

Corollarium 4. 

iiS3- Fafia autcm fitbflinitione , fadtor duplex mia-. 
dratus (f/-+- i/e coCS-t-ss)' hanc praebet integralii partem 

L ir/ "»' «-K(^cof.(p-aita.<|5)/d_/r'"*'xa*ct>r.e) 
V ^J-p ■+ £>"O-U('3>fin.0-*-Qcof.tf>/ox/ t ' 1,£ i'-*Xd_ fiu.iji ' 
tbi fp denotat anguliHn /* fin. f. 

Scholion. 

ntf Si lianc e^prcffionero ennr e», quim prob!e- 
mate praeccdenre inueuimns, comparemus, >ix afiuali limili 
cnolutioue. crit opus pro cafibus maijis complicatis. Ita fi 
qtuntlCM 

P_A+B! + C«' + Ilj l + . . . . -i-N a»,- 
fiflorcm habeat dnpliccm ciiircnm 

(ff+,f z co(.6-\-zz)\ ' " ■ 
qnamirates ^ et f_ ita dcfiniiintur, vt Gt 
$_^D-^E/coa+'ioF//-cor..J- 2 oG/'co':3 »-<-,... 

. _ + V'-v'j __ :> N/T'cof. (« — 3) 

Q — — + E/(in.S + IO F/ffin. s« - ao G/ 1 fin. 3 i . . . 

^__=ilt__*?W/ i -< fin. (fl — 3) 3, 
quibus innen-is, erit integralis pars hiuc nara 
' a t; + '~ycor.C|3-C!fin. f 0)/'j.r/3x/f ; "'J'X9rcr)rJ'i 

ncque iam vlrerior progrefTo ' vlfi amplius di'fficuliari eft ob- 
noxii. Quocirca aequatioois hoc capitc ftopOfitae lefolutio- 



nem Ita eoncinne mihi equidem abfqluifle videor, vt nihil im- 
plius delideniri poflit. ' Jnrerim hoe argumentum maximc illu- 
ftrabltiir' , ihacc praecepta ad «-empla pariicularia -accomrfio^ 
dabimus; cui inftimro . fequens caput eft deftinatum. Ante au? 
tem infigtiem propricwtcm circa buiusmodi aequationes gcuc- 
riles proponam , quae in Analyfi iogentem vfum "habiiura 
Tidetnr. • V-- r - -.- tl - ■ ■..«*..> 

' -Problems T55. 1 " ' ' _ . t 

■■' •■ "tiff. * Prbpoiita ^aequatioric differentiali ciiiuseunque 

gtadus ' •■ ■ \ 1 — ■■■'---' V ■* 

'fi formula algebraic* indc pata- -■-.!.■) t<- 

B Ej=A-+-Bs-^Gs'-H-D'a'-t-'.-; -+-»N #*"*** '* 

duobus fafloribus cooflet P = QR, Tt fit ' 

' Q_c4 -H-95rH--€ «'-f- .'. . . . 4- 3} s" et 

R = a-f-6e-r-ca' 4- . .' .'*. ■. ''' ' ;i,6: '*' 
integrationem illius aequa innit' nd integratiouem bihiriim ae- 

quationum fimplieioruni rtmocare. £.» f 'i' fn" v-Sflo» 

,' 1 ^ '* SoIutiO. <- r 
Si fbrmam integralem primo (i'S8.) perpendamiis 1 
nautt -difficulter inde colligimus , portquam banc aequationcrb. 
iniegrauerimni i.% — **"(■■ - ' '- 

x— a w -(-s5_ — i-c — -h — , 

• H)< &x' : - ■ - ' - 

indeque>TaJoreo» ipf^us v per ret X definwerimiis;, ,'taloceri 
ipSus f pro aecuiati^ne, p.ror*fira ex hac aeqaatione entfuin^ 



3 ,o T6*TVT m 

cuius"ratio adeo in promtu eft pofita; dum ex hac aequatio^ 
ne valotes pro v eiusque dinetcntiilibus fubftituantur. Prodli 
fcic enim , 

',, .. ;, *»s ■ t-s&c 

+.c«. . .h-<$&, 6 ...^ u .. ; a 

+ iDi. ■ . 

Cum.autem per hypothefin fit P = QR, feriebus Q et R in 
fe multiplicatis, necefle efl fieri 

A = 9U, B=I6 + »«i C=ac-*-S8-b-<-ea, etc. 
ficque haec poftrema aequatio ad ipfam propofitatn reducitur. 

Corollarium i. 

iijS. Si tantum ad ftflores iimplices refpidamus , 
prioris aequationis integrale per huiusmodi terminos cxprimitur 

• s'rr"/V»Xa* etc • ... : 

pofterioris vero aequationis intcgrale per huiusmodi _. & 

^^iH'/^^* etc 

Corollarium 2. 

1187. Quodfi iam in finguiis termmis pofteriorij in- 
tegralis fubftituamiis fingulos prioris, fiet f 

jzzrArf/^-^^/cxa*, 

quae forma ad hanc reducitur 

cuiusmndi termini per integrationcm aequationis propofitae im- 
mediate. inueniuntur. 

r^.-''* ; . . A '-. Corol- 
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118S. Si hic fuiflet fi — a, fiue vlla reductione fta- 
tlm prodiiflet forma 

y = rc> r-'«»/3 */V»X 9 * 
fupra pro cafti duorum faflorum fimplicium aequalium jr.ucn- 
ta. Intcrim eum tornm negonum ad retolutionem in fhflores 
vel Gmp'ices ve! duplices reales redeat . ipfa aequatio ptopo- 



fita modo aute cxpofito 



ipeditur. 
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.•-': »■' CAPVT IV. 

APPMCATIO METHODI INTEGRANDI K CAPITE 
PRAECEDENTE TRADITAE AD EXEMH.A. 

-■ ■ ' ■ - t -.V\V-i«..-" r *' t-— ~w-.; <r- rr-* 

Froblenra 15«.. . :'>""■ ■. . t. ; 

, ; "•»■ 

X rppoDta hac aequatione diffcrcntiali 

' 

efas integrale completum Inuenire. 

Solutio. !;■■;■ «• 

*. Uie ergo eft P == a* -r- s", vbi primp obfernetnr, II s 
fit numerua impar, factorem fimplicem efle a -t-z, cx qub t*- 
fcinir pars integralis 

f ..T. .' ^'""/'"xs*,.. ; 

exiflente 51 valore ex forma -t^ eraergente, fi poaitnra=~iij 
qui ergo valor cum lit etiam i£~n e*~", ob « — i r nume- 
rum parem, erit 3= ina°— ideoque haec integraiis^pars 

--"/'•*'»*>... . 

Rctiqut fattores omnes in hac forma eontinentur 

aa — a a s cof, ^ -f-s e, exiflcnte 6 ~ l " + " 1t , 
■*biyi denomt numerum lntei»rurn quemeunque et tt angulum 
duobus ~&is aequalem. Comparata hac forma cum Probt. 

S'K-" •■ 153. 
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CAPVT IV. 3, s 

iS3. et CorolL i. fit f= — a, et ob -^-Xcor.*+/-_.fin.{>), 

cx forma ~ coiligitur 

^-rfla—cof.C»-!)? et JQ ==»_"— 'fin. C«— ^ 
cam igimr fit . a 

cof. n S = — i et fin. n t — b t erit 
«• F=— tetf^coC* et ar-n^-^fio.*. ■ ■ 
Q° RI * P 0151 » / fin- 9 — : — fl * fin. * — : $ , integra! ti parj ei 
q-»fi_« feflore duplici *>ri_nd. efl 

.»<>-".' )c-cof.9fiD.$^fin.flcbl.$Ji/t-''"' : 4f-'X3xiiu.tt!\ 1 

M" L *' t --'-*- a ' »'■*•■•;■ c- ■ ;'"V f 

et pro tp Talorc rcftituto ':;■*• • '. 

_^>_*^of^^^ft n .#)/^««/HX3^nCtf^fiii.tf) j 
»-*— > ,2 ■+Tfin.{e^_Tfiii.*)/«!-" w /' , xa*4n.X_*fin.0.-J 
lam pro S fucecfliuc fubiliniantur ang-Ji- .£.,.'*_"., _?, 
9Wdk>fo f w fera : miuotc#, pmncsquf bie form-e ia yplm 
fummam co nieflae quibus 'cafU quo n eft numerus' impar in- 
fupcr addi oportet fbrmam, pryno - iou«at-m '" 

d-bunt iategrale quaefitum. ' r'~' — ■_■'■""-' 

Corotlarium i. : ' ! 



m ^ CAPVT IV. 

inde autem ob^.' ^ - \t~ i ■ ■■. : \ ■■ ' ; -' ■ ■"•'> 

axda. 6 = o et cof. H = — i , " " r " ' . : ' - ■ • 

prodirer vltirna pars imegralis *■ '■"■ "'"' ' &■>■'.:-■■■■■ 

diipla eins qiiam capi coniteriit; cufus rarlo eft, quorj rumfo 
S = ir formula mi+ioH-jj non amplius ipfa eft fafor,' 
fed eius radix quadrars o-t-a, ex quo Jiunc cafum (eoriim 
erui necefle erat. 

Corollariurri 2. . , 
1191. Si eft X = o, iorrriuUe integralcs abeunt in 

Cpnftanres arbitrarias, et ex raclore 

o o — a a e cof. M-s* - 

orlrur haec pu> inrei i ilis 



quac reducitur ad banc formam 

A ^•"'-'cof.(^-!-<rjrfiri. rr ' 

denotante i, an^ulum conftantem qucmcfcnque, Vfi Ism fppr» 
inueoireus. 

Problcma itf. 

noa. Propofira hac aequatioce dirTereuiiali 

X = oV — ~J , , '.-.: v o^oi icaii 

eiut integrale completum inuenire* 

., ■ -> Sojutio. ,." 

Forma'algei]iaica hinc rtata'' P = o". .— ^z* raflorem fem- 
fer L habe'c ff— s/vnde nafciiut. pars inrefcralis if *Y^**\<l25 



CAPVT IV. 375 
exiftente a = ^i- pofito z = a. Cum ergo (it quoque 

g = i|— — nz*~\ erit«— — " "" 1 * * 

ideoque haec pars integralis , ^ 

Deinde fi a fit numerus par, hincque »— i impar, fatfor qno-^ 
que etic a-t-z, qut praebet intcgralis partem 

, .-. _ii_v-*V*" X 3x. " '.^ 

»»- ' ■ . , , ,. ■ „-M 

Scliqai faflores omnes ipfim P funt diiplicis formae aa — 
s d s eqf.e s s, ; esiftente anguto S — ~, qua cum generali 
fupra- vfurpata.JH-a/ecof. 8+3i cffmparata, fir — 
et ex forma — _ — be" — 1 quaert oportet formulam ty-h 
jQ / — i, pofiio s- a (cor. / — i. iin. '"de colligitur - 
,., .^ — -Bfl'— ;c«f;(W-i)« ct Q—-BJ'— fm.(8-x)f» r 
feu ob cof.nS — r et fin.»l} = o, fit 

Pofiro iam angulo - a x &n. 6 = $ , er §. 1177. orirur par$ 

2e ""/- ! C (—coticaC.fp— fm.OGn.Qifir^^Xdxcotli;} ' 
" H l^^ + (_ co r.af ln .tp + fin.flcof.tt)}A-"" i -'X3 J :fin.$ 5 ' 
quae Tt antc reducitur ad Iianc formam 

' _ 5(OIC ./.. f cof^fl^flxfin.O/^^XajrcbfYffjrfin.J)} 
-Z^r\+Q a .y + ax{iB.t)fr-'*" J -'X.dxan.(axan.$).l ■- 

Hic iam pro S fnccelliue . fcribanrur anguli l£, etc. 
qliamdiu iunt ftdnofes quam 1 it, naeque partes omnes cum pri- 

-' ' ■. "' . . 'i... • ;->-i :. h i- ■ 
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„6 CAPVT IV. 

mnm innema «qw e-iam altew, fi « fterit mmem ptr, ia. 
vnsm fummaro eolfeftae dabunt integcile qiueliium feu valo* 
tem ipfius 

Corollarium. 

1193, Cum faftor duplex generauV*» — aocof.lt-t-sB 
eafibus 6 — 0 et 9z=n. non praebeat ipfos faflores Cmplicet 
ieales a — z et a-t-z fed eorum quadrara, haec ratio eft» 
cur pars integralis inde eruta prodeat dupla eius, quam cap! 
oportet, 

Problcma 158. 

np+. Propofita h:ic aequatione diffcrctKiali 

x=^+|i+"i+22+ 

ox dx' «' ' 3** 

eiiu iutcgrale complctuin inuefligare. 

Solutio. 

Forma algebraica hinc uata cft 

P = i-|-s , -|-s ) -f-s'-r- -f-tf 1 , 

cuius omnes faftorcs fcrutari oportct. Cum igitur 2t 

P = , formae i — s*"*" faflorcs capi conucuit, ex- 

' 1 — s 

cInTo i~S; vnde primo patet, fi fuerit i + i numerua par, 
faflorcm fimplicem fore i -f-s, ex quo nafcitur pars integra- 

li»-** - "/«*X3jt, cxiftente M = -|— = , pofito 

'+*! 

8 = — J. Erit ergo quoque a — — ^ rlg , ideoque 
»=;£>-*- 1)» « luec ptrs integralis Ct j^e -1 /* 1 X 3 *, 

Faflo- 
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Faftorum autem dupliciu— forma eft i — aecof.f-i-es,-? 
fumto angnlo S — i^, . ica' vt pro 5. ri'7-. fit /_=— 
Confidcretur forma -' ■ *'' " - ! " W 

dP _ t — f» + Q 

'■ _ s >■; ■ (-1 — : * '- ~- 
quac pofiio s = cof. 8 + / — 1 . fin. fi t abire fumitur in- 
$+Q/. — 1 ',_ fiCque erit 

(W -_f-| ,/ 't -i- '-IM-O".'.". 1 t-ifJfJn ■t';-'^-M )i_i. r/....-. 1 -.. r,.- j _ + , ) | " 

9 + — * = . ,^r«jji _,;...-_..-_ ... . j, ,t ~ , 

Cum Vero fit , 

lin. (n ■+- 1) fi — o fet cof. crit ' 

firi. n 6 — — fin. 9 et cof. n $ — cof. ., ideoqne" 

. . i =-- gi * ,v * 7,- i:d » ftu 

multiplicctur huiua fraftionis numeraior et dcnominalor per 
— cof. fi -+• v" — 1. Gn. fl et ptodibit 

It* tt fit . - - ■■ .■■ . • i . 

» s=-J • cof. .) et Q = !(»•»- O^f^^- 

Vndc fit ■ 1 _ 

' M+flfl = J£ife 

Tum vero pofito angulo ■ — * fin. i — (J), colligtur . 

*f> cof. $) — Q fin. tj> _r '"'-li-gi - «/.i-.-yn ( 

¥ fin. 0 a cof. tp = ^ 1 ! 1 . ■■:'- ! -i;"z .V^ '"-'" - "" 3 . 
cum autcm lit 

cof. _ — co(. i __; a fin. fin. -~° , et 

fin. a — fin. b — — a fin. cof. -ii,' 
FW. /-. Bbb * fit 
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37 8 capvt iv: 

fit hiac " . ' " 

91 cof. $ — Q ftn. tp — i ! et 

9> c <p + a coc » = - f * ■> ■' '») , 

ex quo integralis pars quaefita erit 

!i 2-cor.K3^"a*fin.S)/^«tf-'X3*fin.CJrfin.*jr 
Pro 5 ergo fuccclliue fubilituantur anguli 

quamdiu funt minores quam tt, haeeque partes omties ia Ttiam 
fummam colligantur , cui fi n -t- 1 fit numerus par, addatur in- 
fuper ^-^e-^fe* Xdx, (icque obrinebitur valor tpfius j>. 

Corollarinm r. 

npj. Si aequatio piopofita iti infinitiim progrediator, 

nite parui ideoque niimcro infiiiiti, quoad numerus par n < ad 
n -+- 1 rattonem finitam habere incipiar, tum autem pro g fe- 
qtientur omncs angtili fintti in progrcflione aritbmetica incre- 
ftetites, cuius differcntia eft ji-L-, ysquc ad w, quorum nu- 
merus itidem e(l infinitns. 

'Corollariiim i. 

nptf. Quamdin angulus $ eft infinire "paruus, 'inte- 
gralis pars tx eo orinnda hanc induit formam . .... 

K3 + a x)fc-' X d x —fe~* X* 3 *J , 
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capv.t. ,vr, 83? 

quae cnm per cubimi infiniii fit diuifo, etiam mnirirudo infi- 
oita huiusniodi formularum pro cuancfccntc eft habcnda. 

Coroliarium 3. 

1197. Qnodli fuerit X=o, vt huius aequationi) 

0 -j«.ll+.l>Z+*li * *J 

dx dx' Bx 1 d x' 

integrale fit inueftigandum , erit eius pars quaecunque 

i 1 " 1 - 1 [A fjn.i (3« -+- zx&a.«)t- acor.I (3*-*- 11x611.6)], 
fcu fimplicius 

A e* (cor. £ x fin. #). 
Cum igitur fi n fit numerus infinirus, pro 0 angulus quicun- 
que accipi queat, ertt iflius aequacionis intcgraie particulare 
quodcunque .. . 

/ = A«"*'' (cof. * fin. 9 -fr- O , 
fumendo pro £ etiam anguium quemcunque. 

Scholion. 

1193. Num autem liuius aeuuationis differcntidis in 
infinitum excurrentis — ■ 

X =r 4- T»+ etc 
denotante X funflionem quamcunque ipfius *, integrale com- 
modius expttmi pollir, quam pcr partiutn illarum innutnerLibi-. 
lium euanefcentium fummam, quaeftio eft altioris indaginis-, 
ncque aiiliuc ad hime fcopum Analylcos fiues faris Tideittur 
promoii. Cafibus qnidem, quibus X eft funfiio rationalis ia* 
tcgra, puta 

X b x r+- e '«■■+ d x* -f- # *♦+ etc. 

re» nullam habet difEcuIratem , cum fumto 

Bbb a V = 
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380 CAPVT IV. 

Iii coeflicientes a, (3, y, ctc. femper ira definiri queant vt 
faita Aibllitutione prodeat talis acquatio 

eui particulartrcr la isfacic valor 

c-A(* cof. i> Cn. ( ■+■ O) 
fumtis pro £ et S angulis quibuscuuque. Verum ex dato 

a—a--b, p — li—ic, y — c—zd, 5=rrf— 4-f, s— « — 5/, etc. 
.Verum in gcnerc cum fiat _ „ 

i*— J J <j> + ^4- : etc. "• '; 

euidcns eft len.pet, pofiio j ='X' — + aequationcm U- 
lara transformuri in hanc 

o = v + +|jr 4- »<- etc. 

- Corollarium. : ; . 

1199. En ergo praeter" expcctationem integrarioncm 
complcf.im huius aeqitationis dilFcrentialis in . infinitum excur- 
lentis ^ -* , , s , 

pro qua i.im uouimus efTe 

jz:X-^ + A ( ' ' cof. (x fin. S H- . O , 
quod FOf retT,1,m membrum ob angulos £ ct 9 arbitrarios in 
infinitum muliiplicari potefl. Haccque forma maxin.e com- 
•plicatae illi cx fblniione oriundae aequiualcre eit cenfenda. 

Froblema 159. 

iso'6. Propofita hac acquatioiie differentiaH ^ 

»bi 
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CAPVT IV. 



Tbi quidem fl lit numerus integer affirmatiuus, Tt terminorum 
numerus tit fioitus, eius inregrale completum inueftigare. 

So!utio. 

Formula al',ebraica hinc confideranda fie 

quae ergo mcros habet faflores fimplices inter fe aequales 

z-ha. .Cum igitur fit - = — , ex 5- n*3- ftatim 

(a -h Sj a" 
■eolligitur integralc quaefitum 

y~ a » e —*/dxfdxfdx /o"X3r, 

quoad fignorum integraiium numerus acqucrur cxponenii n. 
Hauc autem formam fequcnii modo in integralia fimpiicia re- 
foluere licet, ope reduflionis- generalis qua clTe nouimus 

fd x f V 3 x — */ V 5 x — f V. x d x , 
Tnde .fit 

fdxWXdx^xffXdx-fftXxdx, 
jixfdxff*Xdx^lx'ft"Xdx-*xft"'XxS.x+lfi"*Xx'1x', 

1. 2. 3 

Cum igitur fignorum iuteyrulium numcrus fit = n, concludi- 
mus fore 

y = t£Z [.r"-/ £ " X3* - 6=3 *»-yi*« xxdx 

ua ? v*— 1 ) 

+-S=!llZ=*x*->f?*Xx m Zx— Mc.J, 
Tbi cum fin^ula inregnli:i conffantem arbitrariam implicent, ma- 
nifeftum eft, hoc integrale elTe completum. 

B b b 3 Co- 



Digiiizcd t>y Coogle 



3»! CAPVT IV. 

CoroIIarium i. 

" ieoi. Si ergo elTct X = o, aequafioms differentialii 
propofitae integrale completum foret 

j=(r"CAj''^'+B*"-* + C^"- 3 -*-Djr ,, -*+ete.....+Mi'-+N), 
ibi conftaatium arbitrariarum A, B, C, ctc. numerus vtiijue 
eft ="-, 

Corollarium i. 

iao2. Si numerus n fuerit infinltus, fimulque quan- 
titas a capiatur ijifinirn, vt Jit a~ne, aequatio integranda in 
infinitum excurret, eritque 

aequatio autem iuiegralis ad hunc cafum applicata nullam lti- 
cem foeneratur. 

Corollarium 3. 

1203. Quaccunque autem y funflio fuerit ipfius x, 
conftat fi loco .v fcribatur *-|-*, eam abire in 

s ■+- j**, + .—V ' ?»- "+" rrribsr ■+■ ecc - 

quae eum elfe debeat —X, vicitlirn patet , y aequari ei fiin- 
ctioni ipfius x quae nafcitut cx X, fi ibi loco * fcribatur 

Scholion 1. 

Quod quo facilius appareat obferuo, fi propo» 
fita fuerit quaecunquc eiusmodi aequatio 

X = A j+ Bii + Cii? + D ( ^+ etc. 
fcmpcr (ine nlla inregrationc integrale parricnlare per appro- 
ximationem hoc modo inueniti pofTe: ftatuarur 



CAPVT IV. aS j 

faftaqne fubllitutione habebitur 

X=AaXi.A(}.y+Av.. , jy + AJ.^+ etc. 
+ Ba +■ B J3 +By 
+Cn +Cp 
*D« 

ficque cocfficientes «, [3, -y, S, etc. definiuntur, Tt fit 
reliqui vero 



quac fi accommodentur ad cafum probler 

j = x - i 1 1 -t- " [ ,"t/ 't" - 11 



Hinc eafu quo n — n et a __ n r colligitur 

quae expreflio etli iu infinitum excurrens manifeflo definit 
eam ipfius x fitnflioncm, quac nafcitur cx X, fi loco x fcriba- 
tur x — £. Quodfi iam hanc noiuim funclionem figno X' in- 
diccmus , ponamusque y =z X' v , aequaiio Cocollarii a. 
abit iu hanc 

o = v -+- i? -f- jf^tj -4- - g j jj - , -f- etc. 
euiu* inlcgrale particularc quodcunque eft »- Ar" 1 *^' 
■exiltente « numero infinito, ec m numero integto pofitiuo. 

Scholion 2. 

1205. Haec me deducunt ad fequentem fpecularifmem 
circa feiierum fummatiojiem. Sit nempe ieries quaecunque 
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CAPVT IV. 



A, B, C, D, T, 

euius terminus indid x refc.ondens fit T funflio quaecunque 
ipfius x. Statuatur fumma omcium hornm tcrminorum 

A+B + C + D+ -+- T = y, 

at perfpieuum e(l y fore ciusmodi funflionem ipfius *, Tt fi 
in ea loco x fcribatur x — i , prodituta fit eadcm illa fumma 
i termino rltimo T mulflata , fcilicet y — T, At loca x 
fcribendo x — i, funflio y abir in 

3 — H "+■ — rrtT^ "+* etc - 
Tnde oritur haec aequatio 

quae femel infcgrara pofito /Tdx = X, fit 

quam quomodo iwegrari conueniat vidcamus, dum eam afi« 
quanto gencraiiorem reddcmus. 

Problema 160. 

1206. Propofita hac acquattone differentiali 

«ius integrale complctum inueftigare. 

Solutio. 

Formetur inde haec quanritas algebraica 
P — - — ■-('-!)* 

a 1. n «• 1, i. 3«' s ' 

feu P := 0 — -2 . cuius faflor dunlex quicuuque hanc 
a n z 

faabe- 
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habebit forraam 

a a — 2 a (a — e) cof. z$-t-(a — «)*, 
exiftentc angulo 2 % = !iS. Abit autem haec forma in 

2 a a (1 — cof. a — 2 a s (1 — cof. 2 £) -1- 3 a ,- 
vel +aafio.< 1 — 4 o s Jin. + = s, 
quae cum generali 2 /a cof. 0 -f-s £ comparata dat 

/= 2 « 15n.<,..« cof. »=s — fio.<, i 

S — 9 o a -|-<, et fin.( = cof.<, 
exiftente £ = L^. lam ad partem integraiis hinc ortam inue- 
niendam confiderctur forma 

in qua pofito 

a = — /{cof. fl-f- i.fin.S), feu 
S = 2afin.<CfiD.<-/-i.cof.O = oC 1 -" f - :l <-y- I -fin-a^)» 
vt fit 

a—Z — a(cof, 2^-H]/— i.fin. 2^), 

ptodit 

Cum autem fic 

cof. 2 B £ = 1 et fin. 2 n £ zz o , erit 

cof.a(n— 1)<= cof.a^ et fin. 2 (11— 1) fln.o£, 

ideoque 

quac redncitui ad lianc formam 

rw. i/. c c c r-H 



38* CAPVT IV. 

^H-Q/-t= T7 ~ T ,Ccor.^-/-i.nn.2^-cor.4^-i-/-tCn.4^) l 
vnde concluditur 

3> = .-Wfc? C eo1 "- ' t- tor- + 43 = itfcf fi«- 3 <, 

O = («»•"?- C». t <J = j^Jjj,. tof. 3 ?, 

ficque elt * 

¥^ + 0^ = ^^^, 
et pofito 

$ = 2 a x Hn. 4 cof. % = a x fin. 2 fiet 

^ cof. £p — G fin. <P = TTTJ^ fin - (3 ■< — <J>) et 

■' y Qd. <p q cof. ^ = ; „*„. j toC Ca < — <!>)• 

Quocirca intcgralis pars hinc oriunda erit 

<BJJW i .„ Jh .f S fi"»- (3 K ~ <t>)fr-*"J*-fi Xdx eof. <p> 
cof.C3 < - «-*•*• X 3 * Cn. cp y 

Tbi pro £ fucceffme fcribi debcnt hi augull 

quamdiu funr an-ulo reflo minores, at fi n fit numcrus par 
ad has partes inliiper addi oportet 

-^(•■'/(-'"xa,, 

fieque colligetur verus valor ipfius r- 

. _ Corollarium i. 

1207. Si eft X — o, pars inregralis ex quolibct an- 
gulo % = nata induit hanc formam 

feu hanc 

A ^«''"'^fin.Ca-r-o^fin. a 
denotante 0; angulum quemcunque confiantem. 



CAPVT IV. 3&7 

Corollarium 2. • 

Inuento intetjrali particnlari quocunque y~V 



quod aequationi propofitae fatisfaciat, fi ponamus 
f = V -t-v, orietur haec aequatio 

ex quo inlegrale complcturn erit 

j — V + At' C fin. («-.- ax Gn. a 
vltima hac partc fecundum omnes valores ipfius < multiplicat». 
Corollarium 3, 

iao<>. Si iumamus h =oo et a= », vt haec prodeat 
aequatio differentialis in infinitum excurrens 

erit j terminus fummatotius progrell onis, cuius terminus ge- 
neralis indici x refpondens eft T — Quamdiu crgo an- 

gulus K = ~ e ft iafitrite paruus, ob 0r:2i7ijr, intcgralis pars 
quaelibet efl: 

^ i^x{ fin.fUS- a i it x)fe r 'S^X 3 * cof.fai wjr)) 
(+ cof. ( J il — 2 i tt jr) /e X 3 a- fin. (a i it x) > 

et omifTis cuanelcentibus 

+ /7r[cor.(2i7rr)/Xa*-fin.( 1 /TT)-fin.(iiTj;)/X3*-cor.C2(Tj;)] 1 
fi iam hic pro i fuccefliue omnes numeri integri 1,1,3, etc 
fubftituantur, omnium formularum hoc modo rcfultantium fum- 
ma dabit vcrum et completum valorem ipfius y. 

Scholion. 

isio. Pro aequatione autem propofita methodo ante 
indicata intcgralc pacticulare per fcriem diffcTCntialium inueni- 



;„ -CAIVT W. 

re iicet, ponendo 

fatfca enim fiibfticiitione reperitur 



euius quidcm feriei diffkilc e(t lcgem progreairjnis _ in gencre 
allignare. Verum Fro cafu ei qui imprimis 

in doflrini progreffionurn cft notatu dignus, hi coefficientes 
ita fe habent. 

A= i, B — i, C — 5, D = o, E^=?fe ftc. 
vnde ea ipfa forma oritur, quam olim lii genere p"M> Term(iro 
fummatorio dedi. Conceflb auicm hoc tcrrr.inD fummatorio 
qui fit = V, probc notari conuenit, aequaiioiiem y — V Mn- 
tum effe integrale particularo acquationis propoiitne, comple- 
tum vcto tacile cxhiberi, fi modo ad V addannir omnes ]iu- 
iusmodi formulac A (in. (a -*- a i * #) , pro i fcribendo fucces- 
iluc omnes numeros j, s, 3, 4, etc. vbi pro quolibet an- 
giilns a pro arbitrio amimi poteft. Quod «uiein finguli bi 
valores acquationi 

o — v—^~-*- '-0 — ~r, + — r~£i **- etc. 
fatisfaciant, ita faciliime oftcnditur. Pofito breuitatis grafia ■ 
tin — m, yt fit u=:fin.(a-(-wjr), cc facla fubltitutione fira 
debet 

tfin.(tt-H«r)(i-^+r«-ctc.? _ Wn.fa-i-m^Alin.w 
°~^cof.(<x-*-m*)(-T+; , 1 '- r ;;+etc.S " ?cof.(_+M *)*(«> f.«-0- 
Cum autem fit f = * f »> mamieilo eft tam lin.»M=:o quam 
cof- m — * = °* 

PiO- 
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C AP VT I*?. 385 

Problema 161. 

laix, Propofita hac aequatione differehtiall 
eius jntegrale completum inueftigare. 

Solutio. 

Qiiatititas algebnica hinc formanda eft 
P = t+ ■ ~ -+- , i? -f- etc. 

quae ad banc formam mauifefto reducitur 

cuius faftor quicunque trinomialis eft 

Ca + ir— S(4i— 5J)c6f.«^H-(S-^, 
fiuhendo 

Haec autem forma abit in 

a aa <i-Mp a ^+ a «Ci+cof.a^= + «fl^^ 4 «;cof.<" ) 
qui faclor generalis repraefemetur hbc modo 

a a tang. 1? 4- s s, 
ficque comp.iracio cum forma gcnerali 
//+a/£cof.«+-ss 

praeoet 

f ~ — a tang. £ et J ai oo" , 
vnde fit 

0 ss « r tang. (ii 7 7-> 
et Taior pro e fubHitucndus 

— /(eof. » + i/-i.fin.*) = « tang- K ■ V — 1 » 

Ccc 3 qno 



3S0 CAPVT IV. 

qtio paflo 

■ 3P _ n(a + -)"-■ — n r a — 3 )-— - ] 

abirc ponitur in ^-t-Q/ — i, 
vnde fit . . . 

$+a/-i-:i[(i+tnns.^Y-i7-'-Ci-t a ng.?./-0 B — ] 

-)-/-!. fin. («-00, 

ideoque 9-0 et Q = ?|gg!^_l£ At ob »<= l££l 

hincque cof. n^ — o ec fin. n £ — _ i , prout f fuerit numc- 
rus par \el impar, erit fin. (n ■ — i) £ — : cof. ideoque 

Q — 1 — Quocirca ob cofJ— :o, infcgralis pars ex 

hoc faftore oriunda eft 

feu ob 0 = — a * tang. 
_ »gcof. ~— j fin.(<7*tang.O/X3* 
" !-eof.C<r*taDg.^/X3 
Tbt pro £ fuccefliue fubniiuantur angi 



;3rcof.(o.rtang.£) ) . 
>ta*fin.(flrtaiig.<) ) * 



quamdiu funr retlo minorcs, pro quibiis ibi alternatim -|- et 
— fcribi oportet; baeque partes omncs in vnam lummam 
colle&ae dabunt Talorem compktum. jpfius j, dummodo pro ■ 

vltima 
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CAPVT IV. 3S i 

vltima parte ex angulo oriunda, quod enenit C n nu- 

merus impar, eius tantum ftmiflis capiatur. 

Corollarium i. 

tats. Accommodemus haec flatim ad cafum n ~ 00 
et tt~nc, vt propofita fit haec acquatio dilFereniialis 

Cum igitur hic valores ipfius £ fint infintte parui, etit 

cof. £ = 1 et tang. < — ^ — 
hinc fl*nng.< = (+f±0'*v«» 

pro quo angulo fcribamus u. Ergo pars integralis quaecun- 

±«f (fin, w /X 3 * cof. u — cof. w/X 9 * fin. u), 
\bi figna ambigua libi mutuo refpondeat. 

Corollarium 2. 

1213. Si tantum angulus %cx ponatur.. = 0, integralc 
raiuerfum ita erit cxpreiiiim 

£ = -*-fin.0 /X3*cof.0 — cof.0 /X^Cn. 0 

— Jjn.a0/X3*cof.3$-Hcof. 30/X3rfin.30 
-1- fin. 5 0/X 3 x cof. 5 0 — cof. s 0/X 3 x fin. s 0 

— fiu-70/X 3A-cof.70-t-cof. 7 0/X9*fin-70 

quae formulae in infinitum funt continuandae. . 

CoroIIarium 3. 

i2i+. Si ponamus i 
aequatio infinita 



4* $»» AHjMllunCf i'f vntpmm-il-' -/ .. ■ 

. > • ''-4 

,. t '' • Si holicx ■ .J.. ; - • 

r « e, P ofe'- q onu ...™*„ d0 s 

• ( J -f- 7 *; * «c. 1 ■ - ■ ■ '™ 

Problema ifo. ■ 

««». Propofc, „<,„„■„„ m „^j - - » 

«™ uttsialf co w k,o„ in,i,ra s ,„. 

Sohitior. ,'. ■ '"'.' 1 * * 
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enm ex praecedentc nalcarur, fi ibi loco zs fcribatur z, fum- 
to augalo %=^'~-l Tt, fattor quicunqne erit ! c a taHgJf* -+- *, 
ita vt huius formae omnes faflores fimplrces fiot reales. Hoci 
ergo fafiore cum formula a-t-z comparato, erit a-aatang.tf, 
et fumio 3— — — pofito z~ — a, erit integralis pars ex 
Jioc faflorc oriunda i X 3 x. Quia vero P euane- 

fcit pofito e — — o, erit quoque a_: at eft differcntiaodrj 

Quia igitur poni oportet tl — nng. £ . j/ — •!, erit 

i + tcj.<~v-< ./,*.{ e[ j _ _. . 

hincque 

ffl _ « ■ fin.r<r~Q< _ «fiu.fn — 11< 

+ 0 ■ tau S .<?. y'-! ' cof. <■-' ^flflim.^col.^'-' 
lam qbfcructur efTe fin. n % ~ fin. (2i+i)J — + i, (vbi 
fi<;num fuperius valet fi i numerus pat, inferius fi impar,) tum 
vcro cof.n^zzo, vnde fit fin. (n — i) £ ~ ^ cof. £, ex qua 
conficitur 

aa afin. £ col. <" — »' 
et pars intcgralis quaefita habebitur. ■ ' 

± aoafin.<cof.cT'-» _„, an) .;.. B y fi i„ t . t .. M xdx< 

Nunc igitur ipfl £ fuccefiiue tribuantur hi valores 

i, g, 11, i!, etc. ■ : :5 

quoad angulum refluin non fuperent, atque omne» HUe piu> 
■ VnU II. D d d tei 



tes in TMBi-rumraim collediae, dabunt integralc cornplcmm feu 
valorem ipfius y. , , ., . ( 

.- r Corollarium I.;..,, 

1217. Si pjmtamus n — 00 et a — nc, 
poflta io infinitum excurrit, eritque 

- ■ X-7T.'feT "~ 

et fbrma algebraica inde nara 

■ qme omnes. fddores fimpliees Uahet reales, et oi> infioitc 
paruum ' er.it tartg.^ = £ = '1 indeque, fatforum. : tctfra». 
gcncralis "'. . ..: 

i+r.^Nn»,^ 1 +' , ilt ' .'f',-,» - 

.-- - <i Gorollarium 2. - ■ : .y - -■ 

12.13. Ponatur breuitat.is. gratia angRja*, , , * _ - 

a a taiig. = M c c, tw» Tero ■ r 1 ■>■<>.. : ..... * 

ex quo integralis pars qnaecunque erit 

a: a#ffe-» # '"/«* t, ""X-aar, - ~ : "; ' ; 1 
\bi pro t fiicccdiue omnes hos angulos ftcibi .bpo.rf.et 



Corollarhim .3. 1. 

1219. Perinde hic eft (iue c e ■ negatiiifl. fiue pofitjOfi 
capiatur, hinc iftlus aequationis difffrenrtalis infinjrae. 
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iHtegnle erlt^' ^s-v™- -''■•■■' -^k; »■■". w> ■ ;>) 

loco # fcribendo fucceffiue omues hos-angulos, ambiguitate 
figni iam fublata :.■■■•:-'■'. ■ t 

— L!, -f-£3, — I*,. 4- etci ? ■ • -:■ ' 
Tnde fi X — o, iotegraie particulare quoduis eft '- . 
j-Ae- 1 "". 

Pr-ob!ema 163. . r - 

Hio. Propofita aequationc diffireuti^' r-i sr> 

eius integrale completum inuefljgire. 

Soliltio. ' ' ' '"'■" " ' 
Etii haec aequatio 'WfAm dnfla fponte femel integM- 
tur>, :praeftat tamcu banc formam retinere, fnde fit, - ■ 

quae mralfefto ita exhiberi poteft 

ciiius quidern Itstirh 'VHUs faflor fe offort 3; reliquf veto jfc 
hac fotma contlnentnr ■ r. , ,-,,.r .... . 

(«•-«- - • (x - i) coC* 1 +6 +&X>,>, Ur 
Tumto angulo , .. ■ . * 

>*=t:£'Ku ?=£, ' .. ■ •■' ■ - ; 

haec vero forma abit-rh 1 

•"• + ' '■■•■' '. 

■V«3c pafet ■in genere fc&trern fore W Vfflhfe. 

liriam ^rtium^m^^omplecljfur fum» /■=»; Hioc T B- 

'"'<•■' Dddi fit» 



aftq g 0.fffl)g.iJV=,i_: int_ralii pars liuic faftori cerpijinfenB. 

_& ■.'.<■ ; i'',' ■.' "■ .',, :. - 

- ' . j f"Ur. X .-, .'..,,'...,! 

II poiito ■ i 

»=— «. Mfi? n V* = « w 5 . ?y— i, 

■capi-Ur"- .■"•i.'.'',?". ~ ■ '■ ■■-.„,. 

b=H=;£k.+¥>--c.-.^-]' • . '- ', 

*fiI'Ci^'¥/-*<.-'¥/r-]. At , 
,, . t.y— toK-y ' — ■ "■■'. ,.,,, ■■. ._ <ot«;- ( / -i.e.X 
,:.-•! ".'.' , .,.>..? ' '■ .... ' ' 

quamobrem fiet ... .;, „_ . 

_ l-tj , «cof.fn-.K _ " _» '■> 
-.u„g.<coi.<- -«cof.ir— -,»,»_(.<—'' 
ob fin. ■ < — o ,et cof n < _ 1, prout nomcms i fuerit rel 
par vel impar. Quocirca intcgralis pars quaecnnquc ita cri: 
ejtprefla 

^'""/".r—jrx}*, , ... 

.xiftenie a — _ _ tang. lam augulo if fucceffi-e trlbuaator 
hi Valores ' *; - " '' .'. ■ **" ' * 



15110-d— npgul-m reflum _ non exce.ant> h.eqfle formul_e 
'omncs cum fuis fignis in ynam fummsm epaieflae dabunt ya- 
lorem comple tum pro j. 

CorolJarium i. 

i.ai. Prima igitur inwgralis- par. ,„?fcitur ex aognlo 
= o, v_.de ea erit +^/X_ * ( cuiui^autem Ipco ob fi- 

_ v. * U a ' ' 1 ™»« 
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liones ftipra Mlegatas" cfrca fiftores ([mplices, cius fsntum di- 
-niidium ftrrli debet, vt hacc prima pari fit = °/XBx, quoi 
etiam inde patet, qand pnJitn ;~o lut rcaaifeCo -. 

Corollarium 2. 

1333. Idem tenendum cffer dc parte vltima, fiquidora 
ex valfiie £ = " o;fearur, quod eucou fi n Jit ourr.ejus psr. 
.Quia vcro hoc cafu fir cof. £ : — o, bacc toia iotegralia pars 
per fe cujocfdt. 

Corollarium j. ..'■-■) 

faaj. Si cifer X — o, quaclilict pars intcgralis foret 
^j-iitai.!.'^ uetioranre A qti.imitarem conftantem atbirn^ 
riam ; foretquc adeo haec acquatio ™ " ' 

Inregralc parriculare aeqtiationis, dummodo eapiatcr anguluit 

K = -i- ■ " - 

'Scholiqn. 

H2f Hinc pofiro n—'oa -et r^rn-j/S, iotegrari po- 
tcQ haec ocqaatio cjiffereotiaiis iri infinitum cxcurrer.a 



Tel etiam haec per vnam integrationem ex ifta riata 

Cum cnim fit angBlus % — infinite parmis , erit 

cof. £ = 1 , et a tang. ^ = a^ — iti^ 4, 
ideoque ■ 1 - ■ -' 

' it'i= d a taog. ~ i iiritb, 
habebitux pars integtaiis quaecimque 
u " Ddd 3 



tfct CAPVT IV. 

■rnde parrc prima cx 1 = 0 nai» ad dimidium redufla, ob rz- 
tiones fupra.,ai(cgatas, erit integrale completum 

£=^'3*i.v^« , »/f^ 

_ 3e -. 1 r^(.Y J . J 'it ir fc*x3jf+ar-'" r,r ' )i: /("^T ir X3*— etc. 

'" ~'- r " Exelnplum. ' ^ 11 ^ - 

xa^j. Sit »=:«■«■«= «, Tt -integranda propona* 
tut haec aequalio 

X — i^-h'-^-^'-^, fcn ." 

/X 9 * = 6 y + sii + i»i 3 . 
"Valorcs ergo pro angulo £ et inde pendetites funt 

c — . ■ ■- ~1 ' ' ' I - J. t- « t /, K 

a — o, J, 3, 
ex quibus colli^itur integrale quaefitum 

#=i/xa^ft*7.**/4*x3*.+*r-«v^*xi*; 

quod etuun acqnationi -fatisfacere 1 tentanli patebit. 



CAPVT V. \ 

:db 

integratione aeqvationvm differe.ntia- . 
....... . iivm hvivs formae , '_.'' 

X = A 3 -h !ff! H- + Si£i ■+■ ESi 1 + <«• 

Problema 154. 

• . . i p ■. laatf.: 
Propolita aequatione didcxeatiali'. houta formai 

dffiftiio fijtndioatm.ipAw. x, per qiwn ca mujltipiic;«3 fitt ifis 
tegrabilis. 

Solutio. 

Art^denti . mox patclijt, CmpjliMin.pOteJUteiii iph*u> * 
hoe praeilare.. Sit igitur intcgrabilis hacc aeijuatio 

*^»«A^a»Hj«^a,»£^5 : r* . . . ^."SU 

Ciiiu* integrate fii; 

Cum. igimr tinrti* dtfferentiale illi debeat efle aequa.c, feflueu- 
tci aancircemur dctciiniuatiot,ea 



3*- ' 



39 o CAPVT IV. 

quo paflo 

_ n(a^-zy~ ! — n(a — e)"-' ; 
dz ~ za" 
abirc ponitur in §1 -f- & / — i , 
vnde fit ... 

gj + Qi/— — -( I -tang.<./-i)' l -'3 
-H,/_i.fi n . 

ideoque ^oeiQ = ^Hg^iH . At ob n -J±l *, 

hincque cof. n?, — o et fin. n% — + i, prout i fuerir nume- 
rus par \cl impar, crit fin. (n — i) % ~ + cof. ideoque 

Q — Q u °citca ob co(".£ — c, iutegralis pars ex 

hoc faciore oriunda eft 

feu ob 0 = — a x tang. 

aacoC ' f fin.(a.rtang.t;)/Xd.rcof.(<j:rtang.£) ) . 
~ " ?-cor.(a*tang.<)/X3*fin.(a* tsn S . 
vbi pro <J ruccelTiue fubftituantur anguli 

qusmdlu funt reifio minores, pro quiblis ibi alternatim -J- et 
— fcribi opnrtet; Imeque panes omnes in vnam iummam 
colleftac dabunt yalorern ccmpletum ipiius y, dummodo pro 

■vltima 



CAPVT IV. 39 i 

tltima parte ex sngulo % — \ oriunda, quod enenit fi n nu- 
tnems impar, cius tancum femiilis capiatur. 

Corollarium i. 

iaia. Accommodemus haec ftatim ad cafum n = eo 
et a — u, « propoMta fit haec aequatio diffcrcntialis 

Cum igitur hic valores ipfius £ fint infinite parui, erit 

cof. £=i ct rang.^ = g = '"';''' f ) 
hinc a x tang. £ = (4. i ± i) * x . ?, 

pro quo angulo fcribamus w. Ergo pars integralis quaecun- 
que : 

■± a c (fin. w/X 3 * eof. u — cof. u/X 3 x fin. u), 
vbi figna ambigua fibi mutuo refpondenr. 

Corollarium 2. 

1213. Si tantum angulus \cx ponatui;, — integrale 
vniuerfum ita crit expreffum 

i=:-i-fin.$ /X3*cof.<P — cof.cjj /XdxSn. tp 

— fin. 3 CJJ/X 9 x cof. 3$) -+■ cof. 3 0/X 9 jr fin. 3 <J) 
^-fin.jCjJ/XSx cof jtj-cor. j 0/X 9*fin.sQ> 

— fin. 7 cj)/X3jrcor.7{p-t-cof. 7 Cp/X d x Gn.7<p 

quae formulae in infinitum funt continuandae. . 

Corolfarium 3. 

1214. Si ponamus t = — r, vt habetnr haec 
aequatio infinita 

X = y U*-. -+- -gjU -i -1- etc. 



ac iam" ; angWm~1i.r"vpcemus ent-fateg&Ee^c^mp.letum . 

-ip.I.s-v- e -J*/ ( ]*'x 3t + ('* /'^ ! *l'&'Sf " ■ - ■■' - > 

;-;-; .i i ^r.Lii - , ScholiOli. ' /T .J~-"-~ " 

*'"''' 1 iratj'* 'Sit-pro aeijnatioiie CoroJIarii r: ■ nwthodo- fi> 
pfi^eXporTta^quaeraltius integra-Ie particuface per 'differeutialii 
ipfius X cxpreflum, ituncq-e in fincm poqamus 

repsrierous hos CMfficientjurn ralpres !_'.;'__. ■.*■ .> j 

' • * ■E.= -^ r i r! F---' r -^-^, etcv _ l{ 
HUqne vator C ponatur = V , vocato al.gulo '? t x = <J>, erie 
fnte^rale compjctum' 

\ ' y~ V + A fin.O+<}>) +.B lin.r (3 V _0>) + C G-.Cy+i $)] 

" " ' "+d !ed. cT ^ y<j>j + bk. ■ ' ; 

FrobIema..if52. - s 

jiiS. Propolita acquationc differentia" 

x= , +^.g'+te S | e c|i_4 1: "> « 

eius integrale. completum innefljgare.,, , -i . , . ... , , . 

Soiutio?-- ■<t' ;, 
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cum cx praecedente nafcatur, fi ibi loco u fcribarur s, fum- 

to angiilo £ 7r, faclor quicunque erit e a wng^ -|- *, 

Ita vt hnius formae omnea faclores fimpiices finr reales. Hop 
ergo fafiore cum formula m-s comparato, crit a-aotang.^*, 
et fumto ffl — TT~i P oI ' [0 z — — a ) er i [ integralis ptirs ex 
lioc fafiore oriunda j f—"ft" X S jt. Quia vcro P cuanc- 
fcic pofiro s~ ; — o, erit quoque 9=j|s at efl differentiatidaj 

Quia igicur poni oportet ' ? ~ taug. £ . / — i , etit 
1 ■+■ ~ = « 1 - T" = 

hincqne 

z _ n_ _• g/-i.fin.rn-i)< _ = nfin.fit — Qj[ 

40 ■ raug..*. /— i *■ coi. ' laaiin.c.coi.i^ - *' 
lam obfeructur cife fin. i» < = fin. (a ("-r- i) 7 — ± i , (vbi 
fi,;nurn fuperius valet fi f numerus par, inferius fi impar,) tum 
vero cof. n£— : o, vnde fit fin. (n — i)£ — + cof. ex qu« 
conficiiur 

a- ■ , 

2 « a fin. £coi. ^*" -1 
et pars integralis quaefita habebitur - ' 

± a g _ fin. < CQf. ~~» ,-«.!«..;.■, y f ,.it.f... y g y< 

Nnnc igitur ipfi £ fucccfiiue rribuautur lu valorc* 

_£., !_i, tz, etc. ';-» 

quoad angulum refium non fuperent, atque omne> ifUe psr- 

• m. II. D d d tci 
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tes in vnam fummam collcftaej dabunt integraic cornpletnm feu 
valorem ipfuts y. ( .. - . ,;>•'-. ■ 

■.-■ i -.T t :-;:;'. CoroIIarium .„ .. . c 

i 2 17. Si ponamus » = 00 et a — nc, ae.qualk» pra» 
pofita in infinitum excurrit, Critquc ... 

et forma al^ebraica inde nata 

p~ 1 4,^ + ^-;+ — S— -+,etc, * +Sij. ' , 
quae omnes. faftores limplices ftabcr reaJes, et o.k infinite 
paroumetit tamj.^ =^ 5t> icdeqiie : faftorum tqrnw 

generalis „ _ ..'^ 

z 4- _±_ TT-nf f , feu 1 7 

- :• '■ ■ ■iCoroHarium £. ..< 

n.tS. Ponarur bretiitat^. gratia au^u.ln^ ; : 

a a t.ing. <f —- 0 9 cc, Mm vero^ r 1 ■ ■•■<■., : ; . t> 
cof.<-_ttet — a-_»Vfi ■'';■ ■■■ •' 
ex quo Integralis p.irs qnaecunque erit 

± 2(f;r"'"/(' M 'X3r, ■ - : -5 

vbi pro S fucceffiue omnes hos angulos fc.ribV opdjjet 
I, !Z, 15, etc. 

Coroltarium 3. . 

1210. Perinde hlc cft fiuc cc negattuq: fiua poWM 
capiatur, biac iftius aequationis dif^rcnrialis infinitae. 

... . X;=.f-t-;^— + — t£^tt&+ jrrr&m,- t eic - . . 
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loco ) fcribendo fuccefliue omnes bbs aogulos, ambiguitate 
figni iam fublata ;^ , 

+ 7, -(-"» — 4- «KJ ■• ■ •-; 

Tude li X~:o, integrale particuiarc quoduis elV 

J — Ar" ir . '•■■;'...' ; j 

Problema 163. - - 

uao. Propofita aeqnatione : difFercntiali r f 

eius integralc compietum inucltigare. :A 

Solutio. '<■"" * 1 
Etfi haec acquatio ia 3 jt dnfla fponte femel inwgra- 
tun, ;praeftat tameii hanc formam retinere, <vnde fit, . .. 

quae manifello ita exhtberi poteft 

* = ¥ [(■ -t-Sv — (* — £>■], ' > . .. 

cuius quidem fraiita Vnus -faflor fe «fFert S; teliqul vero in 
hae forma contloentur t .1 i SJ M .'■■(* 

(» -+- rry/(?- „-.) «- ffjfti* 0 „ Ut 

tumto angulo , ,. . , ■■ ■ , „, , * 

haec T«ro forma abirrh 

•*■•" ■ tof. •a+^ci-^wtna, " 

•VHfte patet in gencre fe&orem fnre ttivtorrij. fr^if^tf&k 
Ttwjh' ftflrriurn IflHira* «onipIceTifur fum» »~:« ; Hinc :p8- 
'"'"V Ddd a fito 



flto £fl ta.ng.. ( f — a,- intograi.is pars huic. . faflori EcfpiJOfieni.. 

1!» ',..'>.*__ «: :-,v:- :-.y , - -.: .- 

. , _.i X^jt, , . 

- pofito > - .; , : :_i 

x — — o-t.ng.^ 1 ftu »/'_ '__ a bunjl^i 7 — i, 

■eapiatur^ ,•'■"_>''.?"-- . > -, ,. . 

'• «=-B=.*«'*Sr-f-W. ; 

{T , ar)._ cof.P^}/-..fin.< FfC . Vffi .._ c 0 f.<-/^i.n n .n^ 
qmmobreni itet ' ' : , 

.cof.f»-.x _ - ±» : 

. ? t,a e .<coi.<- .«o_fr-«: -,», L «pf.?- 
"ob fio.« _r o et cof. H £ rz: i, proat nqmcnis i fuetit yej 
par vel impar. Quocirca iii regralis pars quaccnnque ita erit 
«xpreua 

exiftcnte o — a a tang. Inm angulo £ fucceiiiue tribuaniur 
hi valores .- ' ' ; . '..- ■ ■' 

•<jijoad j a,pgulum rectum ? non excedant^ haeqiie formulae 
: omnes cum fuis fignis in vnam fummam epnieflae ilabunt va- 
lorem completum pto j. 

Corollarium u 

isai. Prima igitur integralis pars .uafcitur « angulo 
__ o, vnde ca erit H-^/Xi)jr, cuius auwin loco ob ja- 
% F l . 'ij ' 1 ' SonM 
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circa faftores fimpliees, eius tantum di- 
vi hacc prima pars fic — l/Xdx, quoif 
etiam iude patet, quod po/iro s zz. o fiat maaifeflo f-rz -. . 

. . •; Corollarhim 2, : - 

taas. Idem tenendum elTer de parte vJtlma, fiquidera 
ex Talore £ — * uafcatur, qnod enenit S n fit numejus par. 
-Quia Tero hoc cafu fit cof. j-o, iiaec toia integralis par* 
per ft cuanefcit. 

'.'/■'--- -Corollarium 3. — . -1} 

iaaj. Si eflet X — o, quaelihct pars integralis forct 
A f— ""-i i' 1 , denotante A quantiratem conftantem" afbjfrai 
riam i. foretque adeo haec Vequirio "\2. ' * -' ■ "■ 

" ' 3 == iaV-"*"*.*-** 

integrale parriculare aeqnationis, dummcnlo capiacu* angiilns 1 

Scholiqn. 

iaa+- Hinc pt)Ii(6 »—"00 «t a~nyh, integrari pr> 
teft haec aequario ^ifferenrialis in . infinitum eJccurrens 

rel etiam haec per vnam integrationcm ex ifta nata J 

Cum enim fit angulus %='-Z infinite paruus, crit 

cof. i, et a tang. £ — a% = i i<y b t 
ideoque ,t •■'... ■ J 

V' ffl 0 tjji^. — f i ir nt b, 
iiabebitiir pais iutegralis quaecunque - *' J £ 

Ddd 3 ± * 
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vnde parte prima ex <~o nata- ad ditnidium redufta, 6b r«- 
tioncs (upra alkgatas, erit integrale compietum 

^j^.—M/^^xa^+ar-^^^/^^^^xa*- etc. 
j - ? ' !- "'Exernplum. ' ■' < - /i — = •-■ 

Sit n — 6 ct o__ i, Tt -integranda ptopona- 
tur haec aequaiio 

/xa.v — isj-+- 

Valorcs ergo pro angulo K et indc peuJentes fuac 

£ — 6» _d% -o* " ' ■ >> 

t — ■ -■-«1 . - » -■ - ^ ___._. w \ ^ 

* — °, !. 3. 

cx quibus colli_itur integrale quaefitum 

y = i/X d x-~ 5 5 */<! * X3 --4-* *~ ! ■/*" X.*,' 
quod ctiam aequationi faiisfacere teotanii .patebit. 
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CAPVT V. 

» : ■ 

EXTEGRATIONE AEQVATIONVM DIFFERE.NTIA- 
... , .. , , LIVM HVJVS FORMAE 

X — A y -h -t- + 5^ -i- + e tc . 

Problema 154.' ; 

isatf. 

Propofiia aeqnatione diffcientiali . huius farmao. 

dt&oirg %aioa«fli-'pfiw. «t P« W»m ea. mui.tiplica.ta fiat in^ 
tegrabilis. ^ 

*•'■"■' ' A ~ Solutio. 

Attesdenti, moi pateMr, fim Pj licem . poteflatem ipGu> * 
hbc praeiiare.. Sit.igitur integrabilis haee aequatio 

enins. integrale 

Cum igitnr bnius dt^erentiale illi debeat e.fc acqualc, fcquen- 
tes naneifccmur detcrmiuatiunes 



A=(X+t)A', ■hinc'(X-»-i}A'=A- ■ - -- ' -« * \ , :i 
B^(X+a)B'+A', (X- i -iXX-*--)B':r(X-t-T)B-A - >i 

C=()t4-3)C-+-B', (X+iXx+i)fX+3)C'-(X+iXX-»-i)C-(X+i)B-t.A 
D^W+^-t-C, (X+lXXH-2)(X+3)(X-+4)D''=(X+r)(XH-=5(X+3)D 
i ,. ■ ^(X^JCX-HajCH^^B-A 



integralis enim termini fequcntes, qui inuoluerent differentialis 
gradum <Fj/ altioresquc, cuanefccrc debenr, quia alioqiiin inte- 
gratio non fucceltiffet. Cum igitur in integrali littera N' cui-; 
ncfcat, pctuenimus ad hanc acquationem \ 
, o = A-(X+i)B + C^O(^=')C-(X+0(X- ) -e)(X+3)D . .... ' 

±(X+r)(X+_) (X+»)Pf 

cx qua aeqiiatione exponens X poteftatis quaefitae dcfiniri 
debet. Formctur ergo talis exprelTo aJgebraica ■ 

P=A-4-B'(»-i)+C<^-i)C«-»>+Df«-«X*-"X»-3)-»- ■ • - * 

4.H(*-iX»-«x«-») : <M) » 

iuiusqne quaerantur omnes faflores fimplices, vt Dt 
. P-N(« + s)(p+ a )( Y +*)(5-*-*) Mb- 

faflorum horum numero exiftente = ». lam es quolibet faflo- 

re a-i-a'ad nihilum rcduflo, valor Z — — a dabit poteftatera 
per quam propoGta aequatio muhiplicata integrabilis cuadit,' 

ita yt eius iuiegrale fit futimim 
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tbi dlfferentialinm gradus rniratc eli infcrior.' Tta iutem haecA 
wquauo intcgiata .pcr propolitam deteriuiiiatur, « fii . . . . - 
/-«'• *E»t>-Hi>A' t '■ ■-!,■«•■ ■ « >>- 

B = (a+5)B'H-A'..,: ..' ■■ . -Z 

d =(*-+-+) c+c 

. ete. 

donec perueniatur ad vltimum coeffieientem N, qui Ttrobique 
elt idem. 

Coroltarium r. 

1127. Quia aeqnario inre-;fata fimilis elt ipfi propn- 
fitae, ca pcr cer am po cilatem ipfius * multiplicata denuo f tt 
inregrabilis. Ad hanc enim potefhtem inueuicndam confide- 
rare opor et hanc formam algcbraicam 

Q^A^-i-B^a-rj+CV-OCs-^-t-^-lX^-OCs-S) * 

+Kf«-iX«-«)- C«-"+0, 

cuius (i fuerit fafor fimplex quicunque «H-fA, crit a^* 1 ilta 
poteftas ipfius x y aequarionem integtabiiem reddens. 

-,;>--. Corollarium 2. 

iaSS. Quodfi tpfa aequattn propofita per poreflateni 
jr" 1 "" mulriplicata reddita fuefit inregrabilis , hic probe norari 
conucnit< quantiiarem Q es integrata formaram ita pender* a 
priori P ex ipfa propofita forniaca , Vt fit Qr^-^-, quando- 
qoidem per bypothefin a-t-z e(l faclor ipfius P. , - . 

,....,.„ , Scholion 1. 

V. iasp. Ad .haric.infigncm praprieutem demonftrandim^ 
quod tciiicet fit P == f-i -+- z/Q, rantum opus elt, vt qiianri- 
tas Q per a-+-z mulupiicMur; verum quo couclufio elarius 

" Vtl, iU E e e ia 
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in oculos orcurrat, pro fingulis rermims ipiius Q muliipticator 
bipar'ito eft rcpracfciitandus ; ac pro prin.o quidcm rermii»0 
loco a-f-o fcriiiatur (a-*- i)-t- (a — j), pro fecuntio (n-i-2)-i- 
(3-2), pro ler.io^ + g)-^-^, pro.quprro (a+ .4.)^ (s- +) 
eic. ira \t. cuiusque termini produtfum binis pariibus exhibea- 
v . tur, qpttm operariouem hic roram appouam 

Mnltjpl.s+t I a-4-i I a + 3 I + 
.g—n., -1 — -3. -| — 3 j z — j- 

Prod.( a + 1 )\'-<-A'- z-i ) -+W(z-~j<z-i) -t-C-fs- . /z-i )(s-s: etc." 
^(«-.iajB^-rJ+^a^aiC^-./^-O^^+^D^-iXs-^Xs-Sj 
In folutioiie auiem vidimns e:Tc 

' ;(a+0 A — AvC^^B^A^B, ( a i-3)C'^B'=C»e£c. 
quocirca hoc produdnm :hac forma exprimetur • <■ 

•-. A*««5--i-)*C («-»)-* D (.z-tXz^X^y* ctc. 
cui valor tpCus P cft acqualis , fkouc dcmonftrata eil infignis 
liila proprietas memorata, quod fit Qr — — . 

Corollarium 3. 
1130. Qitodfi ergo .valor ipfius P in factores fimpli- 
,ccs refolurus ira rcpraefeinetur 

■et c* faclore a-i-z acquario propofiia per jniultrplicata 'in- 
■tegretur , tum vero es inregratai.funili modo valor Q foime- 
tur, erir _ . ,,. iS . f vr( , ( , . -„ • 

Q=N((3- T -aj(y-l-4.(3.^ 7 J!),eic J . 

■ : CorollaHtar 

1*31. Aequafio ergo intcgrata, poflquam ad formam 
fropofitae fuerit perdttda, vt pofiV ;.-i"" : -> . 

i 3 jii v 
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^""'fx^Xdx^X' 
habeacur 

X' = A' 3 + 5^2 4- ^fLiLL + + ete . 

Iiaec denuo inte rabilis rcddetur , li multiplicetur per qmm- 
piam hnrnm poreftatum *'\ x\ x s , etc. quitc etiam ipfam pro- 
pofium iutegrabilem reddidiiicnr. 

, , ., Scholion 2. :.i 

1233. Anteouam continuaiioiiem harum inteerarinnum 
TlTerius profcquar, conuenict eum cafum formac priipojiiae *e- 
neralis fe<.rfim enolui , quo prius acqiutionis membrtim X ia 
nihilum abit. Hoc enim cafu hoc .-ommndi vfu vcnit, vt fta- 
tim fmc iutegratlonibus rcr-ctitis inte;ralc complrtum exhiberT 
qneat,- idtnie fimili modo quo fnpra in Capite II. fum vfus. 
Uuic quidem cafui uuia iam rnulto ficiliua traftari poielt, prol 
p.rium caput aftgnarc nolui, nc praeccpu > ninits muiiipiicflri 
videaiitur. ... 

Problema 165. .'„' ... , , ■■ 

1533- Propofita hac aequatione differentiali cuiuscun- 
que ordinis 

vbi variabilis j cum fuis differentialibiis nusquam plus vna di- 
rr.enfionc, altera vero x adeo nullatn obiincac, cius incegraie 
complecum inucuire.. 

Solittio. 

Partienlaritcr huic aequationi fatisfieri perfpicunm cfl," 
li y ccrtac ipfius x potellaii aeque>ur, pnnamus crgti ei^c y-rx* 
ec fifla fnbftitutione, cum vbique per diuilcrimus , perue- 
niemus ad hanc acquationem 

o'=A+^lB-f^-(n-r i) C+fifji-xJGw a)D"*«tc. 
b Eeea Tnde 




hanc forrr.emus formulam algcbraicam ' ' ''" * w " JU 
P.= A+BC3-0^C(a*-i.J(JS^=) : -*-BCi' L 0C«-a)C2-3)+eic. 



euidens eft pofito fj.~s — i, primae aequationi (atisfieri fii- 



u— — a— i, vcl /jl = — (3 — i , Tel /J, — — y— li 
it» vc quisque Mor Tbppediwc "InregrSlc 'partlcularf. Citm 
Sgitnr factorum numerus aequetnr gradui differcntialiirfh' furS- 
mo, hiuc colligetnr integrale complecum oeqtiatfohfs~prop ofitae 

j = a -4-» ar*-« -t- € jT*- +*J 
vbi tanriirn bbfcroari conuenrr, fi facioruni -iliorurri'- firrplici- 
-itrm,dl«> iplflretue ^fuerint inler fe aequales, inTegrilis fonoifhl 
^firnili .mouo imnititari debcre,,quo fupra Gapite 11. furn vliis. 
Scilicet cum aequationes ibi traflatae sd praefentem .formajn 



tur pars ineegralis "'^' 

=.) Si forma P &cT*>rem<. Uibeit (st + s)', pars inte- 
i^rnlis inde.(»rta:>left,,,s " '.r.mu H!:ni8 ,?-;e ; 

. «JS Vttl <*•*/«* «. (/ *XL + 

-iintaKmi 3.) Si fbrma P factorem habMt (*-H «)*)' >pars'-itate* 
•jgrgjfciutitaiam^eitaii -.iii^Ilo» t>nt>bW»$: iouiujo 



-eamque 



. fimplices' rofoluamus , ttiSt .t< 



jneudu 




Si,fai1ores occupaotjrnsgmarii, partes infle .orfqnftft ..pe* folj- 
tam imjginariorum reduftioiiem ficile ad formam reaiem r.e- 
Yocabuntur, vii fn corollariis docebo. 

.-,•1 (=--=■:: i Coro.lariurn. r.- • ■-; .■ ■'■■ ■£ 

1*3+. :Si:forma P duos. habeat facTotes fimplices ima- 
ginarios in formula //-t- i/s; cof. t z z comentos, hac cum 
produiio (« s) ((3 -l- s) compprata . erit v ^ 

a — /(cof.fl^- [/— I. finfflj et{3 :=/(cof. lifin.fl)-, 
TOde, fit- f - — ij !i» ;,f , r - .: ., 

.Eft VMP : . -..„■;..,- .. I 

at 1=-l «-">'-' — cof. a— i. fin, u , , ,. . 

jdeoque habetor,. y ■- , ■ r .. 

f n $ *Z"Zl=r.$-{%\' ( fr^'^''" '',"!~\~ ''■ f " | .' 1 ^* , '*|*"> j rr ' ". ,. f 
vQuare emn '■ fimili modo exprimaiur, mutato figno ip- 

,-fiu< pi:i- ; il, ex fiaore duplici //4- a/scoCiS-i-.ss hacc 
.~IHtfrirtr pars integrilis ' ■ ■■. -i '-i.f.i.-.,,, ■■■.■; 

«vi.^e,»*!-» fa - cbc ^dr.-:»») v »-fin. 'cffirf. « 1 

quae etiam ira poteft repraefentarl 

dcnorante 0 angulum couftamem arbitrariufli. ~ ft 

-3JJ,i Jlr.q t e (s4-») jfitMiolJflritUIl f G_. ;i 7f 1 f.s 

lagj. Simili modo fi faftores aeqnales innoluit, vt fit 
(« + «)■ J-a~'£3j¥* Vfe eof. * + z s/, 
=JitttBft.j« ec'4=4*c^dMii qtios ante. ifottieniur. valores- imagina- 
rios, es quorum reduflionc colligitur haeeipare ij 
de oiiunda ^ V) q + . - ^ s fc -. g, _^ R } , . 
12 Eee 3 
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qiaruor conftautes atbifrarias 51, «&,''« « 6 cjjntinens. 

Corollarium 3.- ■ . « - - •--i 

1136. Hinc crgo eiiidcTis cft, quomodo ex fafloribus 
ftffmne P, fiue finr fimplices fiue dnplices, fiiie inacqualcs fi- 
ve aequnles, fingulas integrilis partes aifignan indeque totum/ 
iuiegrjle complelum formari coniiemab 

Scholiotf. 

n iJ37." "Totum ergo riC.t;otium huc redit, xt quantitas 
algebnica cx aequatiunc diffcrentiali furmata 

P=A-*-B(z-i)-<-C(z-i)(z-^ + D z-i)(z-z)(z-sy^-etc, 
in fuos faftorcs rcalcs vel fimpliccs vel duplices refoluctur, in 
quo ' plerumqne maxima diflicultas verfatur, quoniam huius- 
modi formae minus traclari funt folirae. Cum' vero haee re- 
folutio ilii acquatioiii cum gcr.erali, quam lioc tapitc euoliic- ' 
re> fufcepi^ eft commnnis, quicoiiii) bic praeftare licuerit, potiiis ' 
im aequatione gcrerali oftcncj cnmieniet; ad quam reloluen- 
dam proptcrea reucrror. 1d tantum hic obferualle neceile dil- 
10, quod fi pro aeqnatione eenerali ; ' V. - . ,- _ 

vndccunquc intiotucrit integralc particul.ire, puta y =r V exi'--, 
llente V cera fun<!tione ipfius x, tum polito j — V-t- v per- 
■vc-niri ad hanc acquationcm - ' - 

Ctuus integrale completum pcr praecepta huiiis problematis in- 
ventum fi loco v fcribatur, habcbitur intcgralc complctum il— 
liOs aequationis 3 quo pafto certe iufigue calculi cotupcndium. 
obtinctur. ; ,, ':■■<.•■ 

■ * ,,,a Proble- 
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Problcma \6*>. 

■i'a38. Frnpofita acquatiouo ditFcrentiali gradas coius- 
cnaque n Iiuius formae 1 

X _ A j. + + _____ +. . . .. . -—^- t 

eius integrale per integrationcm n vieibus repetitam inuenire. 

Solutio. 

1i;r. hac acquatione forme.ur haec quaniitas algebraici 
T=A + B(«-«)^CC 3 -.JC^-f-'.:..-.-NC*-i)<«-2).'.. .(*-»), 
cuitis quaeranrur omncs faiHnres fimplices, nuilo habito fefpe- 
.tlu liue iint re.iles fiuc in.aginarii , vt cii hoc modo exprimatur 

P.= NC« + «KP-*t*Uv-i-^ (n + sX"-*),. 

faSorum numero exiftcnre — n. Quo fafto, inuio huius ca- 
■piris vidimus, quemlibct fiilorem puta ct-Hs praebere .potc- 
ftarem per quam noftra aequatio fiat integrabi'is , atque 

adeo oftendimus, intograle inde ottum, fi compcndii grati» 
poaamus. , , u _,. , , > ■ i.i . , . . • 

*-*—/*" X 3 x = X<, 
fore . . 

-, cae-eriqnc coefficientes ita fe habeant, tH 
ibiJcm docuimus; hic autem fuffictct ad primum potiilimum 
jelpexifie. Abfoluta.iam. prima intcgratione, fi eadctn Jege c_ 
aei),iin ijnne femcl imegrata formeni|is quantitarcm . .. . ..- 

cnius rcfnlutio in faP.ores iam ex jrima foima P eouftaty poft- 
quam iais- deuio-ftraui ejTe 
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P' = N f (3 + z) (y + «) (5 + ») . . . . f> ■+■ ») C ' ■+■ *) , 
ita Tt fit P* ^ -'— . Hine ergo fimili modo fa&at p + j 
fuppeditabit mulipJicatorem x p , quo bacc lequatio integmbilii 
redditur, ac pofito 

X' 3 * = X", ■ ' ' 

Tt fit 

intcgrale crir 

exiftente hic A" = ^ilj = (j^rjvi - — T)" Q uodu noc modo 
tot integrationes fucccfliue abloluah:ur, quot viiitates ifcintinen- 
tur in indice », ficque omnes tactores fimplices fortnae P io 
\fum Yocentur , tandcm ad banc penienietur acquationem 
X U1 = A°"j, quae eft ipfa integralis defioerata. Cum auteffi 
Jiic futurum lit 

At " - t- ^,,(il -,i,v + .)..— " 
«ttidens eft denominatorem nafct es forma * , fi loco z fcriba^- 
tur vnitas; tnm autem fumto *~Xi prima forma manifefto 
dat P=A, ita vt dcnominator iflc fiat r i, idcoque A"»c:N' l 
(jnod etiam inde patct, quod omnium aeqtiationum ?Itimi tcr- 
mini babeant eundem coefficientem K, n,uo crgo in poftreita 
inregrali ip(c primus termiuus j debct cfie affcetus. Deinde 
Tero eft i ■< 

xmsjt*-* /*— "-'a*/^— a* f*—-p*r*TQ*i 

\bi cum numeri a, p, y, etc. vtconque inter fe permurarl 
poffunt, integrale quaefitiim etiatn hoc modo repracfentarl 
poteft 
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_..ir. ... • Corollarium i. . 

1>39' Tor.um.ergo pcgotium.hue redit, vt forma al- 
gebnipa , ' 

f=A^Br«-i)+C(i-x)fel a )4.DC*W)(*_*)Cs-3) + «c.; 
ju fuos faftores fimplices refolustur, quibus iiuientis vt fk 

p = N( tt _ S j(p + «)(^ r _«) (*+u) f t 

Mnc inrcgrale qiiaciitum facile exhiberur, et quMetn pro fa- 
("ip/nm ,varia permutatione pluribus. modis, qui autem omr-es 
eundem valorero cxprimurir, wJLiat. Hejquentibus daiius puebiff 

• Corollarium 2. ■■ . 

12+0. Cum fiacc forma integralis innenta tot inuol- 
( Tat inregraiiones, quoti gradus fiierir acquatib dtfFerentiali» 
propofira, totidem quoquc cnnftantes arhjtrariae inuercrittjc 
^uemaiimbduirt indoles integratimiis completae poitulat. 

Scholion. ■ ■■■> 

1341. Quoniam irrrezrale inuenrum pluribus integra* 
tinnibus «&' rnuoHitftm, ad vfura faeiliorem conneniet hane 
formam in parre- relolui. quae fingulae vnicum tantum fignota 
lmcgralc contineant. Hanc autem refolutionem . firaili rnodt» 
'in.ftituere- licfit, qnn fupra fumus vfi, atque hic quidem toturn,., 
negotium ad huiiisrrodi iormulam reuocatur .. .3 

/*•- — ;* dx/*yx.dx r - 

quac manifefto ita reducitnr, vt fit ^ :aS" j 

vbi ratrcn obferuandnm eft, fi (nerit mzzn, peculiari reduf.io- 
nc opus efle, hncque_ca_fu fore 

/£ X 4*-=-/-* **X 9 jr--^**^-** rWr. ' 
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Hac crgo regula vtcrnur in refolutionc fenuentitim problema- 
tum, quibus Incceli uc ointie? gradus diBetteti«Iium j-ercurra- 
ir.us, piaccrniiiio quidem gradu primo, cum aequattoiiis 

X— Ay-htlp, ob. 
: P — A+N(i- i)=N<«-+-a), - - : 
intcgrale ' fic -. ■ ■ - ' : . - ■• ' ' 

Nrz:.r»-7/X5*,' .• , .,'..• : ;-i 
quod nulla redtiftioiic indigct. ' '■ , ' ' 1 
•tt-i.-."; :'-'.*"*.. Problema 167. ■ -r 

1142. Propolita huc . acqn.itioiic, diffcrentiali fccundi 
gradus. . ; .'. '^ ^ - . -. .. -* • 

eius integrale pcr formulas intcgrales fimplices cuoluere, 

Solutio. .- 

Cum f lt . ' ■ ■:■., 1 | -c 

(latuatuc . 

- . P,~NC*-r-s)C(3-H2), 
eritque inregrale pcr n.ethodnm praccedentem inueotum Nc=X" ' 
exillente 

quae forma cuoluitur in hauc 

jhif" fx*Xdx — p^/^ X 3 x> 
fictjue crit 

— iC^l x 3 * ^Tj/^ X 3 *. 

, , ■. Hinc 
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Hinc mitem cafum excipi oportet, qno |_ ~ «, tum enim dz 
■ ^'X'' —fi£fx«Xdx =2lxfx*Xdx-fx*Xdxixj 
pro hoc igitor cafu habcbimus . . ■ 

Nj = j— '/^^"xai, rcu 

■ ■Njr-r' — X 3 JTt-; fx"X dxix), 

Tbi quidem prior forma praefcrenda xidetpr. 

Corollarium i. 

St ambo faftores fimplices fint imagiuarii, po» 
-.V .i . K?.T+". *) (P -1- *) = // ■+- * f~ cof - { ■+■ 3 * > 

eritque 

h = /fcof. 6 -+- / — i. fin. f) et 

|3=/(cof #— /— i.fin.0), 
indeqne ; 

f_ — <x = — 2//— i.fin... 
Tum ycro 

' V = ' [cof. (/fin. 5. /.r) + /- 1. fin. f/fin. (. ? *■)] , 

= 'jr**' [cof.(/fin.e/;r)-/-i.fin.(/fin.(/*-;3, ) 
quae formnlae muuto figno ipfins / — i ad jc^et JT.P trans- 
fcrHntur. 

Corollarium 2. ■ ■ ; • 

12+4- Ponaiur.breuitatis gratia angulus 

v '>'/fin.'('/j£:£f), ?y ...v. 
et fafta fubiritutione habebimus 

f ,: f _ >-'-"^r.T-/-.lii,.»)M*'X3>fc , ftl./ ; 
— -//— l.iin.J 

.,-/»-.-- I or.(|^/-,.i;„. <t i,/,)«.v,i./. of 0_i/ -t . li „.0 ) 

. . ' -//— ,. iin. t 1 

F I f « »bl 
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vbi partcs 'imaginariae fc (ppntcdcftniwiti fietqBe , ; '. - : ||»-* 

\T : ." "', Corollarium 3. ; 

ii4S. FoVma ergo haec realis morJo inuenu acqui- 
Talet illi ima s inaria implicanii ' 

.. N *>"'= ^j/** X 3 * -4* J^/xfl-K*»,, _ 

fuerifc - '....!.,'■''' v ; ■ -t- ' 'wp 

ponarurque (J) i=r^fin. *7 ar, quae reductio femeiraria etlam" 
in fequentibus ¥fum praeflabit. ,'}*■- 119 

ProbSema i5$. ., , '. 

ti- ( J;; ra+tf. Propofita hac aequalione differenriali terrii grndiis 

''V=W> + S^VS2^^5^*j 
eius intcgrale pcr form,ulas integrales fimpliccs. euoIfjfeK. "''"^ 

is«xSX^\i.i.'-»---v Solutio. 

Cum hic iit ' ■ • - 1 ■ - j - - '3.-, 

p = *CJ# + C (s-0 (z--0-*-N (*--) (*-») ferdM 
ponarur " "V " , ' ' "-• ■.'.'''"" " 

P = N(<t + 8) (|3-r-*)( V -r-s), 
et -cum. -per InregraLijinem gei.eralcm prodeat N_? z=X'", no- 
tetur clfe = at — v " i "'/«' v X" 9af, fiqtridem \alor«m jpfiuj 
X" ex binis facloribus i+s ei p+s iam iriueriiitfus; hinc 
enim per problema praeccdens habetur'. 

■ X''=^^/^x3i+-5-^V^-X^ f 

-rndc 
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/^v a i - ggl^ H* - /^* 3 * : ' 

'* (p-«j(y — •) <P~;«Xy**« 

ER tero , 5 j.^, ,„, ,■ .•' ■ ■- '■'■■' 

qnod quemadmoduro cum per fe Hqiiet, lum vero «X TheO- 
remate §. nfip. . demonttrato pcrfpicitur. ^Quockca iQtcgrale; 
quaefitum rra' obrmeim^Bj^ffuifl 1 : .. " i ■ * ' 

' ~~ (P-«AYr^> 771 (rVBtr?) («-Y)G*-K) ' -i 
'■' Corollarium iJ 

p»4>fi -Si fortrli P duos habeat faflores aequales , ft 
fit |3= a, quia ram oft '. .ffl — 

i , .v**"** ■ — 1 ■ 
Tnde eolligltut. f ■.[ - "t- • .i ' . '■.;-! 

Cofbllariuril 2. ' ' 

'1' 1248; fomills forma oritur, fi .fnmitini y = (3 , tKri 

enim fit . ,.. ■' 

^ ! T/, Fff3 /** 



ideoque .,, ' \ ''"'' V 



idep.q 

■'V.wlTT^.-. --■■;?". rf** '-.)'" cp-«/ " 

( . Corollamim 3. 

Qi^fi ™«m onipo uet fecWkt<J 1 ? e "fo£ 
tint sequ^es a.~ fJ^y-, ,-«tt? p'- r ; _r, , " — —— n 

-■■ /^x^wc/^i^xa*. »• .!..»•■•• * ■ 'mci ; 

ideoqt.e rfofc-caru-in.c8r.Ie £ a Winfie e x r ri m i;ur 

" ~'- : "■" ,'.',' Corollariumv^.-. . ' •"' 

1250. Si duo faflorcS fint fnroginarif , fcilicet 

a = /-(cor. S -h /_ 1. fin.S) et- i -,-'- ■ — ;■■ jfj 

P =/C«»r. # ^ 5*>;fi»: < j, ;. - ' ' . . 

pollremum qnidem noflri integnlis mcn,brt.ir, rhanet reale.ob 

'.(%■— \y(p— v ) svV-^vfifcfct*^'-^ ■'■■* 

at biua prtora .fient , pofito Cp _/fin. e / j-, 

.;n„.s,] 5 



qtiac redocunttir ad Jiauc formam ■ renlera 

*- w 'r-^$-,ri.r^t v^'i^--^";Hc ^-.fcqM>)Y.^xa 1 rfii 
jfi n .s^- 2 ^coi'.e^j . —-7? ; — 

*'* 1 :- 1 1 i . . Seho- ! 



DlTtiZO-J L' .' C 



•>s: Qt 



S.:io,ior.. . r_ 



ntjitpres ii 
negotio' ni- 



4»coi >tajim . Iciic tcr cuiifT.m li . 
do ib, ilT.ro .lo,.rH„id«modi-„„,™ ' C L ?? 
E».™. iiic „o„ ^.f-,«cfccod,, m ™c,n. o - . 

hil lub .pecie 'itimiite nrtir- ne .li.i. V negotio n i- 

«* cmncrce n te a „ alm ft •'-**•» ""SM ! W*, 

h,„e,„ e *'-^'-=':':r='-^+»^,; 

habcbimu, ■ , r ' .... 

-TiyL.!?- - — i±-^*_*£r- 

Qilia nunc eft 



pritis membmm induit Itanc' lorrrrarrT 
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poftcrius vero cuolutuin iftam 

v-'WX9* v ~ ' Tr /r" X 3 r — * ~ J /V X & r /* . ".' " 

' : ^Fpy" H " v-p . *„ 

ficque *alor quaefitus cafu E = « concluditur _ , 

' y — a. 

v _ a / at . tV — a ' 

cWiis formulae poflcrius mcrrbrum, quod in vitiora illa me-.. 
thodo erjc omiffum, tndc reiiilut, quod qic ad dLcrin-en in-- 
ter expreff.Qnc» y — « el V,— (3 «Ipeximu» ,. gBttp oeccfl*. 
tiim cautionem fupra neglexiiEus. . . - ■,. 

Probleim ifig. U , , s 

**-'' T taji.' PropoCu hac aeuuanone 1 aifferentijiE .qu.Wti; 
gradus- . " Wyj - w'a*»*3^ ' ''''' 

" eius integtalc per formulas integralcs umplkes euoluerc -'■ 

Solutio. - ., 

Formata riioc exprelTone algefetaiea 

+ N (a- 1 ) (s-aj (a-3 ) Cs-4>v 

Ihraawr 

p = m C* ■+- »3 (P + s ) Cr + (? -b *i »? 
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et per praecepta generaKa eft 

Ny — X™, exiftente X lv == x~*^' fX'" 3 x, 
iiquidcm X'" ex tribus prioribus fadtnribus determiuetur, quem- 
sdmodum iu. probkmate praccedente eft faftum. Valorem fci- 
licet.ibi pro N xy iauentum hic per — * 3jt muUiplicari 
oporret, vnde oritur , 







xt-PfxPXdx 


~ A*X3* 











vbi ob rarioncs fupra demonltratas tres poftrcmi tcrmini CO a- 
<° + (T37^^=5.' '■"«fint.gnl.q.-fAW 



<fi-«. (y-«hs-«. («-.Wy-PJto-PJ 

, _-y,? x3» *->rSx3, . , 

• («.-y) (|3-yj (i-yj (»-Sj(|S-ij(V-SJ " 
fiqnidem omnes faftores fint inter fe inaequales. Cafus autem 
quibus duo pluresue funt acquales, in coroliariis cxpiorabimus 11 . 

CorolJarium i.. 

is<!3< Si fuerint duo faclores aequales nenipe S-yl 
feu C fit 

ex eadem forma pro X'".. aorc imicnca oritur intcgrale , 
- Vvl. U. GS6 ' N*> 



s,i8 G A P VT « 

■~ & — 1 »— )Cv —)'■■■ 

-' " : .v- :i'Xi> ■j-lftM.ii" ■ ■'- "' 

-. . :.' ■' (■— wcy— w c«— w 

{": A ''' X '^- 

_ '•'■. .(« — Y)C(S-Y) ' 
Vbi"incmb'rsi tiegatiua ita repraefentati polmnt 
j-V^Air / r _ r \ 

■ ... •(*>— p) Vy «.•• <-, ,%v ...... 

-— Corollarium 2. 

raja.. Si fnerint tres fatrores aequales, W fit . 

t 'p=N.(«+>s)t3s : r-»:/ , > '.~, 

iaeoque S = y=P> ex formula §. ra+S. inuenta collisirur 
incegrale - - ■ , : — '. - — - . . 

-• N « = ^(^ «rrir- 

> f!sfx>Xt* x->fijfl!f*>XZx 

: ' cu-«)- — p 

* Corollarium 3. 

1255. Si omnes quatucr factores fuerint acquales , 

\t iit 

P_N(«n-a)S exiltente 5 = Y = f> = B > 
ex forma pro tribos acqualibus §. 1:49. inuenta fitintegrale 

N», = »— /'ifj/^fx-X"*- 
..... Corol- 
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CAPV.T V.' 
Corollarium 4. 



Hnt aequali 
vbi fadtores 



Corollarium 4. 

astf. Si habeatur fi~a et S:=yi vt blni faftore» 
ales fdlicet P — N (« .-+- z)' (y "+- z)*, ex 5.11+7. 
res erant (a +- e)' (y -+- s) , coliigitur integrale 



(y- a ; (y-a) 

( y - a y J ( V - 2 ; 3/ (r^-r " 



quae ob 

* ^ . _ T _ y ^^ ( _ y-« tM 

contrahitur in lianc formam 

Froblema 170. 

1257. Propoiita hac aeqnationc diffbrcntiali qliin,' 

gradus 

eius integrale per forraulas integrale* fimplices euoluere. 

- Solutio. - 

Cum hic ilt quantitas algebraica formanda 
p'==A+V(*^i)H-C<*-i')(s-'0-K'. . r '• • 

. . . -r-N( a -i)(*-=)(s-3)(*-*)(z-5) 
-- ■"■ •' Ggg a ftatua- 



4** CAPVt" VS" 

flaraarnr 

ac fi hi factores omncs fint inter fe inacqualcs , ex inte^rali 
praecedente nouam initituendo integrationem prodibit mtegrale 
quacfirum - . . ... 

■ - (p-aXr-^-aX^;) C«-PXv-P)C«-PJC»-« 

■ --)■■ Jf- y A"X3jc y-'MX3«- . 

■ C»-vXP-yXS- rX<-v) (<^xMXr^X*-5) 

" '' " -j- x-Tx-Xdx 

( tt - £ j((3-yCy-OC3-o' 
Cafiis quo duo plurcsue factores fuat aequales.,.. in corollaiiis 
euoluemus. 

-■' Corollarium i. 

125S. Si fucrmt fluo faitorefi aerjiraleTy VE fit 
^^C«^CP^)Cv + 2i^+»)V .We<Kin6 e=5 ' 
tx praecedente problcmate rollfgifttr' integrale 

. r ,-.,. '-V' , '"'-'r7''»'. .. 
(P-« Xv~«)(i-« / 
i-P i /VX9*-.*-EyVXgy 

(«-ff(v-»9 i W 
. «-yyxax-i-^iyxaj : 
■ - ' («-vJfS-vXJ-v/ 
it. «-'jB?M»»ir-:j ) 

" - ' (a-o) (p-S)(v-a; ' 
i:' a " ' Corol- 
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Corollariutn 2. 

lasp. Sl fuerlnt tres ladtores aeqmles, Tt fit 
P = N C« + s) ((3 -h «XV -I- B )'i i^oqn» 

ex corollario r. problematis praecedentis eolligitiir 

9 (p-dJCv-*)* Cp-«)Cy J <0" 
' -Xt_ — <*— tj>Cy - W 1 ' ' 1 C«'-PKv-P)* 

. _• ^-V^-^ ' ( ,^ 

■ Coroliarium 3. 

iitTo. Si quatoor fad*Eore3 fint aequales, Tt fit 
P = NCa-t-*0CpHr2)*> ideoque 
« = 5 = y — (3, ctit pcr 5- I2 54 ■'..... 
N — *-'rx*Xdx x^tfjfiXdx . ___[___ 

<fi-*y W-«Y CP-«/ 

x-if&f&.fxtXix x-VfizJ } -£fiZfxexdx. 
~ , CP — «)" **" * « — JJ r 
Ac fi omnes quinrjoe fint inrer fe aeqoales fett 
rsif (»••+. »/i crit rotegrale 
•■ Hxj = x-"f>Zf%f>lf%fx*Xdx. 

Corollarium 4. 

i:a£r. Si P habeat duos fuilorcs quadratos, Vt fic . 
P = I^(ce-^•2)Cr ^ • , ■ B ) , (V^ s )*' 'deoqna S=y et e=(3 y 
Ggg 3 erit 



j. 1S53. intcgrale, redufllone neceflaria faflaj 
((3 — a/ (y — u/ (Pr"'«J (« — V/ (P — V) 



(« — PKv — P/ . (* — P)(P — Y) J ' 
* (« — yj tp — v)'. (" — v) (P — v) s _ ' 

quae porro rsdigitur ad Iianc formam ■•'■"/, 
' ^«^xar x- ? f^/x"KSx _ x-PfxPxsx __^___; 

N ^-(p-tt/(-y-a/~V-p/(Y-P/ GhVCy-P/ ("-w(v-P/ 
__/_____5 _ ^yy*xa» _*____ 
(P-v/ («-v/(p-y)' («-yXP-v/: 
Corbllariurn 5. ■ ' 

.1369. Si P habeat et fafloreni quadratum et cubi- 

cum , vt fit . ■ '. .'-■■■.' 

- FiM(a + !) , (Y+!) 1 , ideoque p — ct et t=i=y, " 
ejc §. .ias-f- colligitur integrale 

x-yp^f^fWKdx ^ ______? _ _____ '< 

(« — v/ > — .v/ (« — v/ ' 
Scholiort;- 

1263. Ex his formulis parum conftat, quemadmo- 
doirr eas vlieritts pro maiori faflorum numero continuari o- 
ponei, fi quidem faflorum aliquot inter Jfe fuerint aequales ; 
- inte» 
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Integralinm enim partc., quae facloribus Inaequalibus relpoa- 
dcnt, Icgem feruant manifeftam. Quae autcm partibus aequa- 
]ibus rcfpondent, adhibita certa rcductioric commodius expri r 
mi poiTunt. Veluti pro cafu corollarii I, _ breuitatis gr-.ia. 
pottatur a— S=p, @ — $ = q ct y — 3=_r, forma x-*fx s Xdx 
dufla eft In _ ~. ■' .. """ 

l_-fKr'-fl.> + l_-...,-r|«. -^ l r- tl '„-r 1 ,P » f ™ 
( ,- r ,,,_- r + |r - mp -,._^_,,; f ,3 



cuius fraflionis i 
ita yt haec fradio rcducatur ad iitam , ... j •> 

-VM.Vr" fr = -n-r(t + { + »; 

Quand,o. ergo eft ■ ■ < ■,— - ... . .- - 

■ P = N O ■+- *) CfJ + *) Cv + *) (5 + s) 4 , 
Integrale ita fc habet , 

H „- *-■/»■" °* t .-»/.»xi, , --y^xa- 
(J-")(y-«Xi-«/ OhsXy-PX*-"' (i-Dfs-yXJ-v)" 
_-'/g/^xa- / . __v 

<«-JXf<-SXv-5) <— JXfJ-iX-y-5) U-i">-s "V" 

Pro cmu autem P-zMCa+z^^^ .^Cy^- .y-iabebitur ■ 

N ..— /.v-X3. r'fJXi. 

CfJ— a)<V-« X .C«-(3)(V-B" 

ggwggg»» «-vy/^xa- / , _j_v 
C.-Y)(f3-v) («-vXP-v) U-v+fJ-v/ 

- ^+s^ + + ,-^-.). 



(«-rW-v) felg + C-rW-v) + pV| 

Tora 
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4*+ CAPVT V. 

Tum Tero pro cafu P = N (* -+- s) (p ■+■ «)* fit 

(f3_«/ *_(3 
_*-*fi2f?zr.xPXdx t x-Pf^fx^XSx •__ 




(P - (y - «/ C* — (V - PJ* 

. ■ x-tfxfXdx- /j __\ x"*f±fxi>Xdx i 

(*-pJ(Y-PJ'V»-p v-P/ («-VJCP-V/ 
_ a-Vj*X3* / i « \ 

(a-yj QJ— v/ \«~ V p-y/ 
Denique pro calu P — ; N (a 4- s/ (y ss/ efl 

(y_ a / ( Y _ a) > "y-, 

x-yizfizfxixdx _*-*f^fx-*xdx a - - 

<« — y/ (« — y)' * « — y 

± *-*fx*Xix 3 - 
(« — V)' ' 1« — yj* ' 
Tnde iodoles harum formularum iam magU fit perfpicua, fi- 
muique patct partem integralis ex aliquot fafloribus oriundam 
non pcndere ab aequalitare reliquorurrt, Quocirca iam pro- 
blema generale aggredi Uccbit. . • . 

Pro- 
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CAPVT V. 4-s 
Problema ijt. " •"■ 

12.64. Propofita aequatione difTereutiaH cniujemique 
gradus huius formac 

ex qui forma algebraica hac lcge formata 
P=Ah-B( S -i)+CCs-0(s-0+D(*-i)C*-0(*-3)+.« 

i v ; ..^NCi-OM) C«-«), 

omnes faitores habeat inter fo imijunies; valorem ipfius / 
complenim per loimufas integrales Cmpliccs exhibcre. 

Solutio. 

Sint prtmo forrriae P omnes factows fimplices realea 
P = NC* + s)(p + s)(v-J-«) - . i/i-f -(-*), 
faetornm numcro exiftente = », et ex antecedentibus patet, 
ex quoliber faftore nafci integralis partem. Ad has pattes 
inuenicndas, eiiciantur fequcntes valoces 

1.) pofito a= — a fit Sr: J_, feu 31= 
a.) pofitO.Z= — p fit-SS^^i., feu-© = ||, ' 
3.) pofim z = —v fit £ = feu £ = ||, 

etc - " 

Cum igitur fit 

(P - «) Cv - <*) (5 - *) . ■ • ■ (* — ») = 1 , 
littera N ex fuperiotibus formis per dinifioncm tollerur, fiet- 
que integrale quaefitiim 

xy = yafX 9* X 3* + ^ V^X 3 x * etc 
ouoad finguli fa&ores fuetint exhanfti. 

^rf. H h h Quodfi 



., Quodfijam forma P.faflores habeat imaginarios:, par- 
tium inde ortarum imaginariarum ad realitatem redufiio fei 
quenti mpdo -inftituetnr. Quoniam bini frflores .fimplices, ima- 
gi[_m prac'beot faflprem duplicem realem, pouamus .'. ' 

- J : :-ir4-i${£+.n) =//4- */* cof. • -t-««r" -•■ 

ita vt fit , * ... •. : -i 

«— /(cpf.0- ( -/-i.fio.3) et |3— /(cof.f-/-i.fioJ)r. 
vndc primum valores literarum 3 et 3 definiantur, quarum 
cum.ttraque deiiueiur 'ei' forma iila pofito e^ — a haec 
Tcro pofito c — — (3j in ipfa forma ^| loco s Tbique fcrt- 
baiur 

i S,:.._-/i(c©f.f;±y — l.fin.S),' 

prodeatque 9*±QY — t. Ac pcrfpicuum e(t fofe, t 11 

Sl =g> -4- & / — r« ■ et 18 = 9> — iQ / — * , 
Vbi ■ ootandum cft, quautitates et Q eflercalcs. Dcinde 

cum iit .: .:. :-. »' " * •i-",V t* *-." f ■) 

^+»y-r~^~ e .y-.-;« = y n |; cor ,f B /^/_,.(i n ;(; n /j r )] ) .i 
fi breuitatis ergo ponamus ahgnlum j_n. *f# -3$ \ erit 
— j^^-' (cof. (J3 + /— i.fin. (J>), : 
*— = (cof. 0-V - i. fin. 0), « 
«' «P-za-f^Utof.^-/- i.fin.0), 
= J :^ = *-^-«(cof 1 0-K/-i.fin..(t)).--- '.*■■ ; 
Quare pro binis partibus 

ir'/jCX3 „ H- i X 9 *, 

ob«8 = f>9-l-i__i habebfmw .«v-> ■ -'. ■'. 

Cf$_£ r /-^)(coi:Ci^/-I_n.*'^^ 

quac 



CAPVT/fr 4 t, 

qme forma ob parte» Imaginarias . fe tolleniei reducitur ai 
hmc 

C (^eof.$-Q6i.'$)/*'^*X&*.eor.<|)> 
' a'*~ f " J -' ( Q cof 0 + y flo, CjS)/*"* 1 X 3 r fin. $ i 

. , $$-1-0.0. 

TalUque forroa ad iutegtale acccdit, quotles forma P huius- 
modi habet faflorem duplicem //-f- _ /a eof. j a a. 

, , Corollarium i. 

«.<Si-.-E*fi- faclorum .fimplicium ipfius P qui. 
dam funt imagiuarii, eorum' qui furit reales cuolutio inde uo» 
perturbatur, fed cx lingulis partes in integralc inferendae a 
natura rcliquorum faftorum minime pendent. 

.. Coroltarium 2. 

latffi. Pars integralis e_ binis fafloribus imagiu.rii» 
feu vno factore duplici oriunda aliquanto fucciniftius reprae- 
fentari poteft, fi ponatur 

9J_=Ocof.< et Q^Ofin.^, 
fic enim ca fiet 

i * [cof. + tj)/*"** X 3 * cof. $ . ' ' " ' 
+ fin. (?'■+■ 0» /*"*■• X d * „■_$], 
vbi £ et i funt anguli conftantes, Cp vero variabUis ob $_= 
ftia.t.lx. • 

: Problema 172. '._ ■, '. ' ' " 

i_o"7. Si pro aequatione dlffereatiali ifl praeeedent? 
problcmate propofita quantitas algebraka P inde tbrmata duos 
habeat fadores fimplices aequales, integralis partela inde ori- 
undam inueftigare. 1 '■.'.' '■ \ ■; '' ; 

Uhh 2 Solo- 



*_» .CAjpvar.». 

Solutio. v 

/- In forma crgo ante exhibita . . " : ' ' L 

.. ' P = N(« + «)(p + »)CV + .«?-•' ! 

pqnamus elTe f3 = a, quoniam vero tum vriaqtie. integralis 
parsoritur infinita, altera (igno '-f-j altcra figno ; — affecta, 
ii_ TC iunttim fumtae partem cootlituant finitatn, ad- harjc clf- 
ciendam ftaruartus /3— a — _, denotante _ quanntaiein cuaJ 
.nefcentem, erirque 

N_(y — n)(S — a)(e- — _) etc. et 

•'• ""*"="+K«Cr— fl>(*— PKv— » V;. .'„ 

Ponatur iam 

vt fic * + " iP ~ h J"" 4 "-' 1, ( ■ ■ .-- I 

"Q=_N(y + -)CS*s) etc. . J ".,'.,',,!_! 

K inaqifeftum eft fieri * 
<J '""''" — _"Q, pofito' «__•—_;« j ■ »..»--_+ f.- -- ijJl 

: - 25 _= _Q, pofito = = — (3 = — a + «7" ' ; ""'•' 
vnde intelligitur valorem ipfius Q pofteribrem exeedere p«D- 
rem fuo differentiali 3 Q, fi fiat '. '■ ".i-T*- 

* = — ct et d z~ w, 
it_ Yt fit ; . 

■ » = _(QV«»|), pofito ..'.'■ .!;-" 

hlncque -" ■ ■ "" 



jfi — _**--__: *"..<(t — «.;*)■: cEjf-P =3._T*~ (i ct 
fcinae paitcs integralis quaefitae erunt ' '"*" "-" - 
-x .1 _r_ 
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\bi cum membra per u diuifa fo deftruant, rcfultat 

jl #-« Qxffxdx-firxdxixi) ■+■ ^a. i. x-'fx>xdx 

fco • ■ • ... ' ,'. ' 

fiquidem ram in yalore £ qnaro in 3. i. vbique lDco"s ftrf- 
bator — ^.^jCuniNertf fit Q_ lT -I^r'lii valorc^mde fa- 
eflc ioueniuntuK ' ■ vl ' ' * ^ 

CoroUarium r. > .... 

rafig. Quodli ergo quaniitas algebraica P ei aequa- 
donc differentiali formata faftorcm habcat quadranim . («4-«)'", 
iade in integrale transferenda cft haec portio ' " ~ "' 

fiLjif x^fif/fX 9 r -k. £ 3. «i+S; ^r"«jTi«' X 3 
pofito « = — «;. «lum .fi_.hic. faftor *+« efler.folitarius in- 
icgruiis jars inde oriunda forct 

^±1 x~ " f x* X 9 x , pofiro z == — «. 

Corollarium 2. * — • - ■ ' ■ 1 

■iaS 9 . Cum fit Q — wfu » — — a fiet 

Q — Jiji; Tctnm qnia hic ipfi. s iam valor determinarus eft 
tributus, hinc |2- colligere non iicet, fed prima eft TtewJam ■ 
qna -fit - fct^" r 7 i l P J ' < cuin9 ftaflionis cum numcra- 

tor et denominator cafu s_ — « euanefcat, erit pro codeffi 

-afl._ 'tx+*3tr~i*3P _ la-t.-.ia')? _ a«>_ 
— ■ Hhh 3 Corol- 



CAPVT V.. 
Corollarium 3. - ■-■ ■-■ 

1 2.70. IToc Yalorc inuent» , quia oft eodcm cafu 
X = — a, quantitas Qz=iii erit 

ex quibus formulis, fi fatfores ipfius P non fmt euoluti, par- 
tcs integralis facilius reperiunrur. 

'—--Problema 173. 

1971. Si pro aequatione difTcrcntiali praecedente 
qrtantiras aigebraica P inde formata factorem liabeat cubicum 
(a-t-s;% integralis paitem iude oriundam iuucitigarc. 

Solutio. \ ' 

Ponamus ergo effe ', _-„,■,,',- ;,i7*t,- 

P 3p (a-t-a) 1 (y -t-a) R, exiftente y = a—- tii^ ( 
rti u pro quantitate euanefcente affumitur. Quod ergo ante 
erar Q, id hinc fit Q=Cy-f-s)R, et.fafto z =. — a, erit 
Q— — iuR, fi ctiatn in R ponatur z=z— a, Deinde "cam St ■ 

eodem cafti' erit 

Qnocirca ex faftore quadrato (a-H*)* per praecedens pro- - 
blerha haec obtinetur integralis pars 

. *i x - x 3 * - fi=s * S7-. ft 5) *r'fr x 3 

cnius ambo membra in infinitum excrefcuot ob u = o. . 
Adiiciamus autem partcm ex tertio faclorc 
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capvt v.r. +3 i 

oriundam, quae ob = (a-*-s)"R eft 

[V-f'h- k. x ~ y f** X 3 jt , polito « = — y = — n^-ii. 
Quod fi iam R vt ante is fuerir valor, qui orituc pofito z — ' 
— a, augendo hunc valoiem particuia to, loco i fcribi debet 

fi quidem valotem 3 = -a et hic retineamus: vnde hacc in-- 
tegralis pars ob tt-i-z — &i erit. •' ■ > 

{ ( ■ -f- ^ 9. 1 ■+. g j g 3 3. ^r?*'/»— * X 3 x } 
fifqnf i T niiii fi i fl i t i* IH TIm iplius ^ valorem Ysque ad fecuu- 
dam potettatem ipfius in continnari debuilTe, atque eadem Icgi* 
hic alteram partem x inuolueatem esprimi conueniet, .Atfc 
quod obfetuo , fi habeatur huiusmodi formula x" f x~ v V d x 
fecundum poreflates ipfius weuoluenda, id hac ratione com- 
modifiime ficri. Pofito 

o = «"/r«V3j, vt fit x-"v—fx-<*Vdx" } 
ciit differenriando dv — — Vd*, quare pofito 
- , V = T?+«T / -i- T" + *»» T" + etc. 
habebitur, terrainos fccundum poteftatcs ipfius w difpouendo, 
3 T -+■ u 9 T' ■+ HH 9 T" -+- 9 T" -h etc. > _ 
_ V 5* - »T % - u u. T^-u 1 T" =£-«tc. $ ~ 0 
ideoque . ; , - ■ > 

T -/ V 3 x, T-f-^fV. d x, T"=/i?/^/V3 x, etc, < 
Confequenter-cum in applicationc fit V — *°X, erit pars in- 
rcgralis ex faitore y + a — a — to-*-a nats 
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CAPVT V. 



quj cum pnrtc ex (a-t-s)" nata itmclim fiimtn, omrM mem- 
bra infinita fe mutuo deftruunt, et pro quantitatis Pnjrt-t-a/R 
faflore cubico (a-t-z)' in iniegtale ingreditur haec pars 
. / J -J5 ^x°X 9** JL3. i-. *- vsg / V X3* 

li modo in quantitatc VL = t -^~-, vbique fcribitui »'=-«. 

Corollariuin i, ; :l 

■ ! -.ixjt: "Methodus iir folntione huius probiematis ad- 
Iiibita facile ad quotcunque faflores aequales exteodi poteft. 
Si enim faerit (k + sJ" faftor quantitatis P, atquc in hac 
fraflione 1 1 £f L luisque differcntialibui , poftquam . fuerint 

eiioluta, ponatur z = — a, partes intcgralis inde natae ita fe 
habcbuut. .... . 

Faftor 

quant. P . a.-*-z fa-i-*)* (tt-t-e)' 

Pars in- U^/VXdx ^'*-°/^/*=X3x i££l'x~*fijifi£fx"Xdx 

tesrafis. ±d.^.x~yx'Xdx ±d.^.x-y£$SX3x 

* :ts hnj - v • • " ^ai^.o»Ur. 
CoroIIarium 2. 

1273. Si fuerint duo plurcsue. fafiores duplices intet 
fe aequales , fumris 

a=/(coty*-r-/— -l.fill.0 M - 

p ==/( toC » -r — • r. firr. ♦> , 
partes pro (a-t-s}' et 6r*-*-'0' ^otSsa euolutae methodo fu- 
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pras adfiibittt noo" : airEcuIter conitmgentur; 'ct- U -VtaKtit&tt-iel 
ducentur. ' 3 ;i ... ■■ t . CI z D ■+- 

Scholion. ?i"r-f- n-t- 

12-74. Simili methodo, qua hoc Mput cft~pcrtra<fta- 
tum , in euolutione capttis III. huius fedtionis vti oportcbar , 
neqUe_tum Tilum iperieuium.in crrores prolabendi rufffet pecw 
timefcendum. Snpcrfluumi antem nunc foret, errortB 'ibi cora-j 
miiTos hic cmcndare ,. cum non. fohira methodus plane eiict 
eadem,. fed etiam ..aequatio hic traflata facile in formairr ibi 
confideraiam trahimptari fjnaa* et-riciiilin. Quodfi jnim in 
aVqnitidde eapitl» llfc - ■" ' '..-,,..: ,j "'' 

flituatur x — Iv, tt fit jjfjc"=£2', functio autcm X abeat in 
fnnflionem ipfius y quae fit V, proueniet , aequatio_ eius for- 
raae 'quam', hictra&auimus.' ' Dum 'aiitem ibr elementum 9 jf' 
pro conUiinti cfl habitum, ad hauc conditionem exucndam po^' 

rW : f ■ ■'■' ! ■ :-° 1 ' '."„". ; -l M 

Vt haec aequatio reiultiti" . • ' >—- ■'-'.:!. .'■ - !. , 

■-•nrtX-cg V^_=A^'*B-Jn--Cy-+-D r+Ei + F t ■+- etc. I . 
Hnnc anteih pb' dx = %? adipifcimur, eiemento 3v conltante; 
(umio ''.'," " ' _', ' -' , 
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-+-C +jD +SE -+.10F .itiTtiy.itb 
-+-D +7 E >~ 

^v-ws*» - ■■:< l.a.i? 

euius integrationem hic ■Jociumus. Imprimis aurem notauduiD. 

c4t quantitattm.algebraicanviP .fainc forinandam . uut.nv. <.■<■-' 1 
w FfcA + tB^C-^O^E^Fyi;* — »-ji'<^'.n 

;< :- *-^tc.+_* d -h 7 e 'i j p-Xi'^ 1 y( x - ky- "' 

u -li (D + « E 4- £5 f ) (i - ^'C» r.^.. 1 ^ -JP.tK 

ad hane formam reduci . , . . ■ r . ,. 
. P = \ + _ t> - 0 + C (s - i)* + D ; t> - i)> E (s — 

r '' _ '' '' '••■' ' +r(i5- ly + etc ' • •• 

qimc quarmtis' algcbrnica 'ab iila, qua in capite III. ad iotegra- 
OQUcm jumus^li., hoc tanrum dtfcrr, quod >b. j.rtera z xd 
qurfd hic formula _ — 1 enpreiEmus; ex quo etiam ambaium; 
imcgntjio .facillime j.ltpra ad_alteram rcducitnr. _,. r , __ 

Concluiio libri prirrii.- <■■■■ ■■-■■ w-r- ,r 

.!■»}•;• Atnuc haee fcre fuut, quae ad librura primnm 
de paJcolo iotegrali pcr..!ierc- fuot rifa , vbi mcibodum tra- 
dere inftitui, foo_i'ooes »ol"us tariabiiis ex di.a quacunque dif- 
fcrenrialium cuiu^qne ordinU rela.ione inueftigandi ; quod opus 
mihi equidem i.a pertmtlafre lideoc, vr vi\ quicquam eoiiim, 
qoae ndhuc de hoc argnmento ab aliis fiior inuenta et io wc- 
diu.n allj.a, fn piattermifluin. 
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